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Preface 


This book presents tensors and tensor analysis as primary mathematical tools for 
students and researchers of engineering and engineering science. The presentation 
is based on the concepts of vectors and vector analysis in three-dimensional 
Euclidean space. A vector is primarily defined as a quantity representing a mag- 
nitude and a direction in space. Vectors are in general independent of any particular 
coordinate system and are therefore coordinate-invariant quantity. However, in 
most applications, vectors will be represented by components related to a coordi- 
nate system defined in the space. 

The book is intended as a textbook that takes the subject matter to a rather 
advanced level. However, as the presentation starts elementary with geometrical 
vector algebra, the book may serve as a first introduction to tensors and tensor 
analysis. 

Vectors and vector analysis are import tools in classical Newtonian mechanics in 
which forces, displacements, velocities, and accelerations are vector quantities. 
However, these tools are essential in all branches of mathematical physics and in 
two- and three-dimensional geometry. 

Tensors and tensor analysis were developed by Gregorio Ricci-Curbastro (1853- 
1925) and his student Tullio Levi-Civita (1873-1941) as an extension of vector and 
vector analysis. Tensors are used to formulize the manipulation of physical quan- 
tities and geometrical entities arising from the study of mathematical physics and 
geometry. Tensor analysis is concerned with relations or laws for physical quan- 
tities and geometrical entities that remain valid regardless of the coordinate systems 
used to specify the quantities. Tensor analysis was used by Albert Einstein (1879- 
1955) to develop the theory of general relativity. 

In the mechanics of bodies of continuously distributed material, the analysis of 
mechanical stress and deformation leads to the definition of stress tensors and 
tensors related to the deformation of the bodies, e.g., the strain tensors. 

The word tensor means stress, and the stress tensor is defined to be independent 
of the chosen coordinate system and therefore said to be a coordinate-invariant 
quantity. The analysis of the state of stress was developed into a mathematical 
theory that became the beginning of tensor analysis. 
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In the mechanics of continuous materials, the mechanical and thermomechanical 
behaviors of materials are described by coordinate-invariant equations, i.e., tensor 
equations, relating stress tensors, and deformation tensors. These equations are 
called constitutive equations. 

My contact with tensors and tensor analysis relates to the study of continuum 
mechanics, constitutive modeling of materials, the theory of elastic shells, rheology, 
and non-Newtonian fluids. 

During my years as lecturer and professor at the Norwegian University of 
Science and Technology, I have taught courses in Applied Mechanics, Mechanics 
of Materials, and Fluid Mechanics for undergraduate students. I have written 
textbooks in Norwegian on Statics (Statikk), Dynamics (Dynamikk), Strength of 
Materials (Fasthetslere), and Engineering Mechanics (Ingeniormekanikk). For 
graduate students, I have designed courses in Continuum Mechanics, Rheology, 
and Tensor Analysis. The graduate courses were based on my compendia and my 
two books written in Norwegian: Kontinuumsmekanikk published in 1974 and 
Tensor Analyse published in 1982, both by Tapir Akademisk Forlag, Trondheim, 
Norway. The compendia were translated into English. 

The major part of the material from these books and the compendia was pre- 
sented and published as my Springer book Continuum Mechanics in 2008 and in 
my Springer book Rheology and Non-Newtonian Fluids in 2014, in which tensors 
were applied. However, I came to feel that there was enough material in the 
Norwegian books and compendia that had not been included in my book 
Continuum Mechanics to make it opportune or relevant to introduce this new 
book which I have called Tensor Analysis. Although some of the material from my 
book Continuum Mechanics is included in the new book, I have made an effort to 
improve the presentation in the present book. 

The development of the materials in the book has been inspired by my former 
colleagues and graduate students at the Norwegian University of Science and 
Technology (NTNU). During the preparation of the present text, Professor Hugo 
Atle Jakobsen at NTNU has given valuable support. He has read through the 
manuscript in many stages and given me inspiration and good advice. I thank him 
and acknowledge his valuable comments and corrections. My friend, English tea- 
cher cand.philol Karin Hals, has read through the manuscript and sorted out some 
grammatical errors in addition to giving me good advice concerning the English 
language. 

Finally, many thanks to my wife Eva, who has helped me with the index and 
otherwise supported and encouraged me during the writing and the preparation 
of the book. 


Bergen, Norway Fridtjov Irgens 
September 2018 


A Short Presentation of the Contents 
of This Book 


Chapter | introduces some of the necessary mathematical foundation for the pre- 
sentations in the following chapters. Vectors and the algebra of vectors in two- and 
three-dimensional Euclidean space are first given a geometrical presentation. After 
having introduced a Cartesian coordinate system in three-dimensional Euclidean 
space, I define: “A vector is a coordinate invariant quantity uniquely expressed by a 
magnitude and a direction in space and obeys the parallelogram law by addition of 
other vectors representing similar quantities.” Examples of vector quantities from 
mechanics are forces, displacements, velocities, and accelerations. Vectors are in 
this book denoted by small boldface Latin letter, e.g., a and b. The algebra of 
vectors is then given in terms of scalar components of the vectors related to 
Cartesian coordinates systems with axes x;,x2, and x3, e.g., a; and b; for vector 
components. The basic law in classical mechanics is Newton’s second law relating 
the force f on a body of mass m and the acceleration a of the body: f = ma = 
jf, = ma;. In the algebra of vectors, matrices and some aspects of matrix algebra are 
needed. Matrices are described by Latin letters, e.g., A and b, and the matrix 
elements by, e.g., Ajj and b;. 

Chapter 2 introduces the equations of motions for bodies of continuous material. 
The concept of stress as force per unit area t on a material surface provides a 
convenient introduction to the mathematical definition of a tensor. The word 
“tensor” means stress, and tensor analysis was originally a stress analysis. The 
primary stress tensor is the Cauchy stress tensor T. 

Chapter 3 presents a general definition of tensors and tensor fields in 
three-dimensional Euclidean space. Based on the presentation of mechanical stress 
and the stress tensor in Chap. 2, tensors in three-dimensional space are then defined 
as multilinear scalar-valued functions of vectors, and the definition is independent 
of a coordinate system. For example, a tensor of second order, exemplified by the 
stress tensor T, is a bilinear scalar-valued function of two vectors. This definition of 
tensors is inspired by the presentation of Jaunzemis [3], (the number in the brackets 
[ ] refers to the reference list on page ix). The definition implies that tensors are 
coordinate-invariant quantities, and directly leads to the definition of tensor 
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components in Cartesian coordinate systems, as will be shown in Chap. 6, to the 
definition of tensor components in general coordinate systems. Tensors are in this 
book denoted by capital boldface Latin letter, e.g., A and B, with an exception for 
tensors of first order for which the vector notation is kept, e.g., a and b. 

The definition of tensors preferred in the present book also connects tensor 
algebra and analysis to vector algebra and vector analysis as presented in Chap. | in 
a straightforward and natural manner. In the literature, tensors are defined in dif- 
ferent ways. In some presentations of tensor analysis, e.g., McConnell [6], Spain 
[7], and Lawden [4], tensors are defined by their components in an n-dimensional 
space without the application of the geometrical vector concept. The components 
are functions of n variables or coordinates that obey certain transformation rules 
when the coordinates undergo a linear transformation. Green and Zerna [1] use the 
same approach to tensors in two- and three-dimensional space. In other presenta- 
tions, the special concept of Cartesian tensors is introduced, e.g., Malvern [5] and 
Hunter [2], restricting tensor analysis to only Cartesian coordinate systems. 
Malvern [5] also defines tensors in general coordinate systems by their components 
obeying linear laws of transformations when changing coordinate systems, and he 
introduces tensors as polyadics. Section 3.2.2 briefly presents and discusses the 
alternative definitions of tensors. 

Some aspects of rigid body dynamics are given as an example of application 
of the tensor analysis. The inertia tensor is introduced in this chapter. 

In Chap. 4, a new family of tensors related to the deformation of continuous 
materials is introduced. Examples are the strain tensor that is applied to describe the 
behavior of elastic materials and the rate of deformation tensor related to the 
mechanics of viscous fluids. 

Chapter 5 gives a brief presentation of constitutive equations for elastic materials 
and viscous fluids which are presented as tensor equations relating the tensor 
concept of stress to the tensors describing deformation, rate of deformation, and 
rotation. 

Chapter 6 introduces general coordinate systems in three-dimensional Euclidean 
space. From the general definition of tensor presented in Chap. 3, different sets of 
components are defined. The algebra of tensors is now expressed through these 
components. General expressions for differential operators as the gradient, the 
divergence, and the rotation or curl of vectors and tensors are presented. 

Chapter 7 shows how tensor equations discussed in Chaps. 4 and 5 are presented 
in general coordinates. 

Chapter 8 presents surface geometry in three-dimensional Euclidean space. The 
surface represents a two-dimensional of non-Euclidean space called a 
two-dimensional Riemannian space. The material in this chapter is inspired by the 
presentation in the book by Green and Zerna [1]. The theory developed in this 
chapter is suitable for analysis in the theory of elastic shells. 

Chapter 9 contains the most common integral theorems in two- and 
three-dimensional Euclidean space applied in continuum mechanics and mathe- 
matical physics. 
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Appendix: The book is supplied with an Appendix containing problems related 
to the text and with solutions to these problems. Most of the problems are referred 
to in the relevant chapters of the main text. The problems are meant to familiarize 
the reader with the formulas and the usage of them. To show the solutions to the 
problems in the main text would have made the text less readable. 
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Chapter 1 ®) 
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1.1 Matrices and Determinants 


A two-dimensional matrix is a table or rectangular array of elements arranged in 
rows and columns. The matrix A with 2 rows and 3 columns is alternatively 
presented as: 


Ay Ai Ap 
= (Ay) =A 1.1.1 
& Ao 7 (Asi) ( ) 


The elements may be numbers or functions. The symbol A,,; represents an arbitrary 
element for which the row number (a) may take the values | or 2, while the column 
number (i) may have any of the values 1, 2, or 3. If not otherwise specified, lower 
case Greek letter indices shall represent the numbers | and 2, while lower case Latin 
letter indices shall represent the numbers 1, 2 and 3. 

In the present exposition matrices will in general be denoted by capital Latin 
letters. An exception to this notation applies to matrices with one row or one 
column and is presented below. Many textbooks on Matrix Analysis prefer to use 
capital boldface letters for matrices. But this book reserves boldface letters for the 
coordinate invariant notation of vectors and tensors. 

It is convenient to let the symbol A,; represent both an element in the matrix 
A and the complete matrix A itself. The table and the two other symbols for matrices 
given by the identities (1.1.1), and also the symbol A,; alone, now represent four 
different ways of presenting one and the same matrix. The matrix A,;, which has 2 
rows and 3 columns, is called a 2 x 3 (“two by three”) matrix. The matrices Bag 
(2 x 2) matrix and Cj (3 x 3 matrix) have as many columns as rows and are called 
square matrices, due to the forms of their tables. 

A one-dimensional matrix is an array of elements arranged in one column or one 
row. A matrix with one column is called a column matrix or a vector matrix and 
will in general be denoted by lower case Latin letters. For practical reasons it may 
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be convenient to write the elements of a column matrix on a horizontal rather than a 
vertical line, e.g.: 


a=(a)= | @ |} = {a; a a3} (1.1.2) 


From a two-dimensional matrix A = (A,;) we may construct a transposed matrix 
A’ = (Aj) by interchanging rows and columns. For a (3 x 3 matrix) C: 


C= (Gj) ec = (cl) scl=qy (1.1.3) 
The transposed matrix a’ of a column matrix a is a row matrix: 


a’ = (a, a) a3) (1.1.4) 


An n-dimensional matrix is represented by a set of elements with n indices. For 
example will the elements D,, represent a three-dimensional matrix. The matrix 
algebra, as presented below, is designed for one- and two-dimensional matrices. 

Addition of matrices is defined only for matrices of the same size. The sum of 
two column matrices a and b is a column matrix c, and the sum of two 3 x 3 
matrices A and B is a3 x 3 matrix C: 


at+b=ceaqat+),= ci, A+B=CSA + By = Cj (1.1.5) 


The element Cj in the matrix C is obtained by adding corresponding elements Aj 
and Bj in the matrices A and B. We easily see that the operation addition is both 
associative and commutative. Addition also applies to n-dimensional matrices. 
The product of a matrix A = (Aj) by a term & is a matrix 7A = (Aj). The 
matrix product Ab of square matrix A and a column matrix b is a column matrix c, 
and the matrix product AB of two matrices A and B is a new matrix C, such that: 


3 3 
Ab = cS > Aube = ci; AB= C&S > AgBy = Cj (1.1.6) 
k=1 k=1 


The element c; in the column matrix c is obtained as the sum of the product pairs 
Ajxbx of the elements in row (i) of A and the elements b; of b. The element Cj in the 
matrix C is obtained as the sum of the all product pairs A,B, of the elements in the 
row (i) of A and the elements in the column (j) of B. 

We shall now introduce an important convention of great consequence when 
dealing with matrices in the index format. 


The Einstein’s summation convention: An index repeated once and only once in a term 
implies a summation over the number region of that index. 
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The convention is attributed to Albert Einstein [1879-1955]. By this convention we 
may write: 
3 
S 0 AixByj = AnBy (Lacy) 
k=1 


The summation convention does not apply if the summation index is repeated more 
than once. For example: 


3 
S/ AnByae # AnByjar (1.1.8) 
k=1 


An index that does not imply summation is called a free index. In the inequality 
(1.1.8) the index (x) on the left hand side is a summation index, while the index 
(k) on the right hand side is a free index. A summation index is also called a 
“dummy” index because it may be replaced by a different letter without changing 
the result of the summation. For example: 

AnBiy = AiBy (1.1.9) 


Multiplication of matrices is not a commutative operation, which is shown as 
follows: 


Ax By x BipAxj <= AB # BA (1.1.10) 


Multiplication of matrices is an associative operation. Let A,B,C,D and E be 
3 x 3 matrices such that: 


D=AB®& Dj =AxBy, E= DC & Ey = Dy Cy 
Then: 
E = DC = (AB)C > Ej = DyCy = (AixBuy) Cu = An (By Cu) = AnBuy Cu 
These results are conveniently stated as: E = (AB)C = A(BC) = ABC: 
(AB)C = A(BC) = ABC (1.1.11) 
From the definition (1.1.6) it follows that: 


(AB)’= BTAT (1.1.12) 


Note that in general byAyy A Aide = c; > AD = cc. The product byAg = dj may 
alternatively be expressed as: 
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by Agi = Anibe = (Aj) be = di @ A"b =d (1.1013) 


Two unit matrices or identity matrices are now defined: 


i. 10 0 
1= (68) = (4 - 1 (0) = : ; : (1.1.14) 


The element symbols 6,g and 6, are called Kronecker deltas, named after Leopold 
Kronecker [1823-1891]. The elements have the following values: 
6j=1 wheni=j, 6;=0 wheni¥j (1.1.15) 


The effect of a unit matrix is shown in the following example. 


Al = 1A =A S Ajdy = SnAg = Ai 


In the definition of the determinant of a matrix we need two special symbols and 
matrices: 


The permutation symbol e.g = 0,1, or — 1, such that: (exp) = ( he (1.1.16) 


The permutation symbol ejjx: 
0 when two or three indices are equal 
= 4 | when the indices form a cyclic permutation of the numers 123 
—1 when the indices form a cyclic permutaton of the numbers 321 
ex are elements of a three-dimensional matrix: the permutation matrix : (ejx). 
(1.1.17) 


For example: €j22 = e333 = 0, e123 = €231 = €312 = 1, e321 = €213 = e132 = —1. It 
follows from the definitions (1.1.16), (1.1.17) that: ej, = eg; = —exi, exp = —efa = 
€4p3. We also find that: 


ew = 5(i-DU- Rk 2) (1.1.18) 


The permutation symbol ej; and the Kronecker delta 6, are related through the 
identity: 


Cijkersk = Sir Ojs = OisOjr (1.1.19) 


The validity of the identity (1.1.19) may be tested by selecting different sets of the 
free indices i, j, r, and s on both sides of the equation. 
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The determinants, det A, of 2 x 2 and 3 x 3 square matrices A are defined 
respectively by: 


detA = det(Ayg) = expAizArg = expAniApe (1.1.20) 
detA = det (Aj) = ejjkA 1:A2jA3x = et An AjpAwg (1.1.21) 


From the definitions it follows that: detA’ = det A, and that the determinant of a 
matrix is zero when two rows or two columns are identical. For example: 


Ajj = Arj > detA = 0 
By inspection we find that: 
CnpAayAp, = (detA)e,,,  eijnAirAjsA = (det A)e st (1.1.22) 
This result may be used to prove the multiplication theorem for determinants: 
det(AB) = (det A) (det B) (1.1.23) 


Proof of the theorem for 3 x 3 matrices: Using formula (1.1.21) for det B, then 
formula (1.1.22) for det A, and finally formula (1.1.21) for the determinant det(AB) 
of the matrix product AB, we obtain: 


(det A) (det B) = (det A) (€;sB,1Bs2Bi3) = (det A erst) (B,1Bs2B,3) = (eijnAirAjsAnt) (B,1By2B;3) 


= ex (AirBy1) (AjsBy2) (ABs) = det(AB) = (det A) (det B) = det(AB) 


The determinant of a matrix A may be expressed as a linear function of the 
elements Aj, in any arbitrarily chosen row or column. The coefficients in the linear 
function are called the cofactors CoAj,, or the algebraic complements, to the 
corresponding elements A;,. For instance: 


detA = Ct An AAs = Ai (€ijrAjrArs) = Aj,CoAj; => CoA; = €tApAw 


By inspection we find: 


1 A(det A 
CoAj; = 7 CiikerstAAjsAns = we ) (1.1.24) 
detA 
CoAny = expe Apa = ae ) (1.1.25) 


detA = 5 Aj;-CoA; = 5 >A, COA;, r= 1,2,0r3 (1.1.26) 
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The cofactors are elements in the matrix Co A, and we find that: 


(detA)1 = ACoA = ACOA!’ = (CoA)A™ (1.1.27) 

> (det A)d; = AyiCo Aj = AjgCo Aj = (Co Aj Aj _ 

If the product of two square matrices A and B is equal to the unit matrix, i.e. 

1 = (6,), then we call one matrix the inverse matrix to the other. The inverse matrix 
to A is denoted A7!: 


AA"'=A'A=1 (1.1.28) 


The inverse matrix A~! may be determined as follows. Using the formulas (1.2.27), 
(1.2.28) we get: 


A7'(detA) = A7'(detA)1 = A~'ACoA’ = 1CoA’? = CoA? 
1 ‘ Li 1 (1.1.29) 
re CoA & Aj = —— Co Aji 


sAl= 
detA 


It follows that a condition for the inverse matrix A~! to exist, is that the determinant 
det A is not equal to zero. 

Natural powers of the matrices A and A’, where n is a natural number, are 
defined by: 


A" =AA----A, A" =A7'A7!.--- AT (1.1.30) 


In addition to the determinant, det A, of a matrix A, we shall also need the trace, 
tr A, of A and the norm of A, denoted by “norm A “or by ||A||. These quantities are 
defined respectively by: 


trA = Ag = Ay +Az2 +A33 (1.1.31) 
normA = ||Al| = V trad’ = \/AjAj (1.1.32) 


The norm of the matrix A is also called the magnitude of the matrix A. 


1.2 Cartesian Coordinate Systems. Scalars and Vectors 


In order to localize physical objects in space and to define motion of bodies in 
space, we need a reference body or reference frame, here for short called a refer- 
ence and denoted by Rf. The reference may be the earth, a space laboratory, or the 
Milky Way. A quantity that is not defined relative to a reference will be called a 
reference invariant quantity, an objective quantity, or a reference invariant. The 
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distance between two space points and the temperature in a body are two examples 
of reference invariants. A quantity defined relative to a reference, will be called a 
reference related quantity. The velocity of a body with respect to a reference frame 
gives an example of a reference related quantity. 

Figure 1.1 shows a reference Rf in three-dimensional space, a reference point 
O fixed in Rf and three orthogonal axes x; that intersect in O. The point O and the 
axes represent an orthogonal Cartesian right-handed coordinate system denoted by 
Ox. The point O is called the origin of the coordinate system. The axes represent a 
right-handed system in the following sense: If the right hand is held about the 
x3-axis such that the fingers point in the direction of a 90°-rotation of the positive 
x,-axis toward the positive x2-axis, the thumb then points to the direction of the 
positive x3-axis. If the direction of one of the axes is reversed, or two of the axes are 
interchanged, the new system becomes a left-handed system. 

The origin O and a pair of any two coordinate axes define three orthogonal 
planes: Ox,x2, Ox2x3, Ox3x,. The distances x,, x2, and x3 from these planes to a 
point P in space are positive or negative according to which side of the planes the 
point is. For instance, x; is positive when P is on the same side of the Ox2x3-plane 
as the positive x-axis. The three distances x; are called the coordinates of the point 
P relative to an orthogonal right-handed Cartesian coordinate system Ox. The 
x;-axes are called coordinate axes. Coordinate planes are defined by x, = constant, 
x2 = constant, or x3 = constant. The lines of intersection between these planes are 
the coordinate lines. Three coordinate planes and three coordinate lines intersect in 
every point P in space. 

The geometry presented in the three-dimensional physical space in which a 
Cartesian coordinates may be used, is called Euclidean and is based on the parallel 
postulate of Euclid [ca.330 — 275BCE]. The space is called a three-dimensional 
Euclidean space E3. A plane, in which we may use an orthogonal right-handed 
Cartesian coordinate system Ox,x2, Fig. 1.2, with two orthogonal axes represents a 
two-dimensional Euclidean space E,. A curved surface embedded in the 


Fig. 1.1 Cartesian x 
coordinate system A 


Vv 


x 
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Fig. 1.2 Two-dimensional 
Euclidean space E>. Cartesian 
coordinate system Ox xp. 
Resultant displacement vector 
u. Component displacement 
vectors u, and up 


three-dimensional Euclidean space F3, e.g. a spherical surface, in which we cannot 
introduce a Cartesian coordinate system, is called a two-dimensional Riemannian 
space R>, after Georg Friedrich Bernhard Riemann [1826-1866]. Chapter 8 Surface 
Geometry presents vector and tensor analyses in two-dimensional Riemannian 
space R. 

In the general exposition we shall use orthogonal Cartesian right-handed coor- 
dinate systems until Chap. 6 where general curvilinear coordinate analysis is 
introduced. The quantities we call scalars, vectors, and tensors are defined to be 
invariant with respect to our choice of coordinate system, and they are therefore 
called coordinate invariants. Reference invariant quantities are coordinate invari- 
ant, but in general the opposite does not apply. 

The following definition of scalars is useful and important. 

A scalar invariant, or for short a scalar, is a coordinate invariant quantity 
uniquely expressed by a magnitude. 

Examples of scalars: the distance between two points in space, the temperature 0, 
and the pressure in a fluid p. Scalars will in the present exposition preferably be 
denoted by Greek letters: «, 6, y, the pressure p being an exception. 


1.2.1 Displacement Vectors 


Figure 1.2 presents Euclidean two-dimensional space E, and a Cartesian coordinate 
system Ox,x2. A small body marked as a point is at time fp at the position or place 
Po on the plane and is displaced to position or place P on the plane at time ¢. The 
displacement is given by the arrow u, representing a length uw and a direction in the 
plane. The quantity u is called a displacement vector. The figure shows the dis- 
placement vector u decomposed into two component displacements vectors 
u,; and wp in either of two ways: either by the displacement vector u, followed by 
the displacement vector uy, or by the displacement uy followed by the displacement 
u,. The construction of the displacement u from the displacements u; and wy is 
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also shown by the parallelogram PoQPR. The displacement u is called the resultant 
of the components displacements u; and uy. The resultant u is also called the 
geometrical sum of the two components u,; and up. 

The construction presented in Fig. 1.2 is called vector addition and may be 
presented as: 


uy) +Uu =u+u,; =U (1.2.1) 


When the resultant displacement u is constructed by the parallelogram on the 
components displacements u; and uy, we say that displacements follow the par- 
allelogram law by addition. Equation (1.2.1) may also be interpreted as a com- 
position u of the two vectors u; and wy, or as a decomposition of the vector u into 
the two vectors u,; and wb. 

Each of the displacement vectors u,u;, and uy represents a magnitude given by 
the length of the displacement vector and a direction. The magnitudes are presented 
by: 


jul, Jui], and fup| (1.2.2) 


The magnitude |u| of the resultant displacement u may be calculated by the 
cosine-formula: 


ju|?= fu,|° + ju|? + 2/uy||u2| cos (1.2.3) 


@ is the angle in Fig. 1.2 between the two component displacements u; and up. 

It follows from Fig. 1.2 that if the two components u,; and uy have the same 
magnitude but opposite directions, then the geometrical sum has neither a magni- 
tude nor a direction and is called a zero vector 0. In this case we write: 


u; +u, =0>u,=-u, (1.2.4) 


The vector —u, is interpreted as a vector of the same magnitude as u, but in the 
opposite direction of u;. 

General definitions: A product of a scalar « and a vector a is a new vector 
b = aa with magnitude b = wa, and in the direction of a when « is positive and in 
the opposite direction of a if « is negative. A unit vector e in the direction of a 
vector a is defined by the expression: 


eee lale (1.2.5) 


lal 


The unit vector e defined by formula (1.2.5) is called the directional vector related 
to the vector a. 
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(a) 4% 


O 


Fig. 1.3. a Base vectors e,and e. Scalar components u, and uw. b Vector addition: u = uy + Up > 
Uy = Uy + Ud], Uz = U2 + U2 


In a plane we introduce an orthogonal Cartesian coordinate system Ox, Fig. 1.3, 
with two axes: x,-axis and x2-axis. We define base vectors as directional vectors in 
the positive directions of the coordinate axes: 


e; in the direction of the positive x-axis, (1.2.6) 
€> in the direction of the positive x-axis -_ 


In Fig. 1.3a the displacement vector u is decomposed into two vectors: 
uje; and uze2. 


U = u1e; + U2e2 (1.2.7) 


The quantities uw; and wu are called the scalar components or the Cartesian com- 
ponent s of the vector u in the coordinate system Ox. Note that in general the scalar 
components may be positive or negative scalars. The magnitude |u| of the vector 
u may now be expressed by the formula: 


2 2 
lul = 1/ (w1)° + (uz) (1.2.8) 
Figure 1.3b presents the displacement vector u as the resultant of two dis- 
placement components u, and uy. The three vectors u, u, and uy are decom- 


posed into components in the directions of the coordinate axes such that: 


Uwe, t+u2e2, Wy — Wye; +uUj2@2, Uy = U2 €; +222 (1.2.9) 
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Fig. 1.4 The resultant u of 
three vectors u,, Us, and uz 


From Fig. 1.3b it follows that: 
U=Utwh) Sy Huy +1, Wa = Uj2+U22 (1.2.10) 


The results (1.2.9) are easily generalized to additions of more then two dis- 
placement components. As an example Fig. 1.4 demonstrates a geometrical sum- 
mation of three displacement vectors u;,U2, and uz to one resultant displacement 
vector U: 


U2=Uu+w, U=—uUuyt+w> 
u=u,+H+uy3> (1.2.11) 


Uy = Uy, +2, +31, Uy = U2 + Ug? + 32 


As is easily seen the order of geometrical summation is arbitrary. The polygon 
PoQRP in Fig. 1.4 is called a vector polygon. 

A generalization to a geometrical sum of n displacements vectors uj i = 
1,2,...,n to a resultant displacement u is presented as: 


u=Souem=> um, wm = S— up (1.2.12) 


L L 


In a three-dimensional Euclidian space we introduce an orthogonal Cartesian 
coordinate system Ox, Fig. 1.5, with three base vectors e; as directional vectors in 
the positive directions of the coordinate axes. A displacement vector u may be 
represented by its vector components Uj, or by its scalar components or Cartesian 
components u; with respect to the coordinate system Ox: 


u= Sou = ue; & u; = u,e; (no summation w.r. to i) (1.2.13) 
i 


The vector u may also alternatively be presented as follows: 
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e, 


} Xe u,=Ue, 


Fig. 1.5 Vector components u; and Cartesian scalar components u; of a vector u in an orthogonal 
Cartesian coordinate system Ox in three-dimensional space. Base vectors e; 


u = [W1,U2,u3], U= | ue | = {uy U2 U2} (1.2.14) 


In the last formula u is the vector matrix related to the vector u. 

Let the symbols (u,e;) represent the angles between the vector u and the base 
vector e;. Then the Cartesian components u; of the vector u in the coordinate system 
Ox are: 


u; = |u| cos(u, e;) (1.2.15) 


Because the vector components u; are orthogonal, the magnitude of the vector 
u may be determined as follows: 


2 
Jur +up| = up t+u3, u=lul|= ( it-+08) +2> 
—— , ae (1.2.16) 
u= ful = \/ui+u+u3 


The resultant u of n component displacement vectors u; i= 1,2,...,n may in 
principle be determined similarly to in a plane and is demonstrated in Fig. 1.6 for three 
component vectors U,,U2 and us, and their resultant u. In Fig. 1.6 the four vectors 
are projected onto an axis parallel to the x2-axis. The components u2,uj2, and u22 
are positive, while the component u32 is negative. It follows from the figure that: 


Uz = U2 + Ug2 + 32 
Similarly we find: 


Uy = Uy Ug +31, U3 = Wy3 + 23 + 33 => Uj = Uj + Ug + 3; 
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Fig. 1.6 Resultant u of three 
component vectors u,, U>, and 
u;. The figure shows the 
scalar components in the x>- 
direction of the four vectors. 
Note that the component u32 
of the vector us is negative 


The figure consisting of the four vectors u,u;,U2 and us is called a space polygon, 
and shows the vector u as a geometrical sum of the three component vectors 
u,,U) and us. 

A generalization to a geometrical sum of n displacements vectors uj i = 
1,2,...,n to a resultant displacement u is presented as: 


u=Soueu = Sou, wm = S— up, w= Sup (1.2.17) 


L L L 


1.2.2. Vector Algebra 


Definition of vectors: 


A vector is a coordinate invariant quantity uniquely expressed by a magnitude and a 
direction in space, and obeys the parallelogram law by addition of other vectors repre- 
senting similar quantities. 


Examples of vectors: displacements, velocities, accelerations, angular velocities, 
and mechanical forces. These vectors will be introduced in Chap. 2. The addition of 
vectors is exemplified by the addition of displacement components in Sect. 1.2.1. 

Vectors will in the present exposition preferably be denoted by bold face lower 
case Latin letters: a,b,c... Bold face upper case Latin letters: A, B, C ..., will 
primarily be reserved for quantities we define as tensors in the Chaps. 2 and 3. 

In an orthogonal Cartesian coordinate system Ox a vector a is represented by its 
Cartesian components dj, i.e. a = ;@;. 

Scalar product of vectors. The scalar product of two vectors a and b, also 
called the dot product, is a scalar denoted by a-b (a dot b”) and defined as the 
scalar: 


a- b = |a||b| cos(a, b) (1.2.18) 
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Fig. 1.7 The scalar product 
of the vectors a and b: 
a- b = |al|b| cos(a, b) 


|b|cos(a,b) =a-b/|a| 


The symbol (a,b) represents the angle between the two vectors a and b. As 
demonstrated in Fig. 1.7 the scalar product a - b = |a||b| cos(a, b) is the product of 
the magnitude of the vector a and the normal projection of the vector b onto 
a. Because cos(a,b) may be positive or negative the scalar product a- b may be 
positive or negative. 

It follows from this definition (1.2.18) that the scalar product is commutative: 


a-b=b-a (1.2.19) 

Figure 1.8 shows that the scalar product follows the distributive rule: 
a-(b+c) =a-b+a-e (1.2.20) 
The scalar products of the base vectors e; in a Cartesian coordinate system Ox are: 
ej ej = Of (1.2.21) 


According to the rule (1.2.20) and formula (1.2.21) the scalar product of the two 
vectors a = aje; and b = bye; becomes: 


Fig. 1.8 The distribute rule 
for the scalar product 
a-(b+c) =a-b+a-e 
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a-b= (ajei) 7 (d;e;) = ajb; ej ej ajbjoi ajb; 


1.2.22 
a-b= a;b; ( ) 


The magnitude of a vector a, i.e. the length of the vector arrow, may now be found 
from the formula: 


la| = /a-a= aja; a+a+a (1.2.23) 


Vector product of vectors. Figure 1.9 shows two vectors a and b and a third vector 
p =a b (“a cross b”) normal to a and b. The magnitude |p| of the vector 
p =a x b is equal to the area A of the parallelogram spanned by the vectors a 
and b: 


\p| = |a x b| = A = |al|b| sin(a, b) (1.2.24) 


Here (a,b) represents the smallest angle between the vectors a and b (always less 
than 180°), such that sin(a,b) is always positive. The direction of the vector 
p = a x b is determined by: 

The right-hand rule: The right hand is held about the vector p with the fingers 
pointing in the direction of a rotation of a to b through the angle (a, b). The thumb 
then points in the direction of the vector p = a x b. 

The vector p =a x b is called the vector product, or the cross product, of the 
vectors a and b. Let e be the unit vector in the direction of p = a x b. Then we may 
write: 


p =a xX b = Ae = |a||b| sin(a, b)e (1.2.25) 


From the definition (1.2.25) of the vector product p = a x b it follows that the 
vector product is not commutative, 1.e.: 


axb=-—bxa (1.2.26) 


Let e; be the base vectors in a right-handed orthogonal Cartesian coordinate 
system Ox. Then: 


Fig. 1.9 Vector product p of 
the vectors a and b: 
p =a x b = |al|b| sin(a, b)e 
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e€; X @ =e) X 3 = @3 Xe, = 1 
@3 X @2 =e Xe) =e; XQ=—-1 €j X €j = eixex (1.2.27) 
e) Xe€; =@) Xe =e; Xe, = 0 


We shall now show, applying Figs. 1.10 and 1.11, that the vector product is 
distributive, which implies that for three vectors a,b and c we may write: 


ax (b+c) =axb+axc (1.2.28) 


Because we will emphasize the geometrical nature of vector algebra, the following 
proof of the formula (1.2.28), i.e. the distributive rule for the vector product, is 
strictly geometrical. 

Figure 1.10a shows three vectors a, b, and b, and a Cartesian coordinate system 
Ox with the x3-axis oriented in the direction of the vector a. The vector b is the 
normal projection of the vector b onto the x;x-plane. It is seen from the figure that 
areas of the parallelograms OP; P2P30 and OP,P4P5O are equal. This implies that 


(a) * (b) Xj 


Fig. 1.10 Proof of the distributive rule for vector products: ax (bx c)=axb+axe. 
(a) Proof of formula (1.2.29): Vector product p = a x b = a x b. The vector a is directed along 
the the x3-axis. The vector b is the normal projection of vector b onto the x, x2-plane. (b) The 
vector a is directed along the the x3-axis. Vector d = b+c. Vectors b, €, and d and are the 
normal projections of the vectors b, ¢ and d onto the x, x.-plane 
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x 


Fig. 1.11 The arrows of the vectors b, ¢, and d=b+€ in the x, x2-plane are rotated 90° 
counter-clockwise and multiplied by the magnitude |a| of the vector a. The result is a 
parallelogram of three vectors: a x b, ax €, and ax d=a x (b+6) From the figure it follows 
that: ax d=ax (b+¢) =ax b+ax Using the formula (1.2.29) we may conclude that: 
a x (b+c) =axb, axe This result is a proof of the distributive rule (1.2.28) for the vector 


product 


the vector products a x b and a x b are equal and are represented by a vector 
p perpendicular to the three vectors a, b, and b : 


p=axb=axb (1.2.29) 


Figure 1.10b shows the vectors a, b, c, d = b + ¢, the unit vector e = a/|a|, and 
the normal projections b, ¢, andd=b+€ of b, c, and d=b+e, onto the 
X,X2-plane in a Cartesian coordinate system Ox. The x3-axis is oriented in the 
direction of the vector a. 

Figure 1.11 shows the x;x2-plane with the vectors b, ¢, and d = b+¢. The three 
vectors are rotated 90° counter-clockwise and multiplied by the magnitude |a| to 
give the three vectors a x b,a x €,and a x d=a x (b+). It then follows from 
the figure that: 


ax (b+¢) =axb+axe (1.2.30) 


We apply the result (1.2.29) to each of the three vectors in this equation and obtain 
the distributive rule for vector products (1.2.28). 

Let three vectors a,b, and c be represented by their components in a Cartesian 
coordinate system Ox: 
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a= ae, b= bie;, C= Cree (1.2.31) 


From the definition (1.2.25) of the vector product p = a x b, the formulas (1.2.27), 
and the distributive rule (1.2.28) it follows that: 


axb=c> (aje;) x (dje;) = ajbje; xea= ajbje ijk = Cree > (1 > 32) 
axb=c=> ajbjeijpex = cree > Ce = ajbye ix _ 


a x b = ajbjeine (1.2.33) 


Using formula (1.1.21) for the determinant A of a matrix (Aj), we rewrite 
formula (1.2.33): 


a4, 4 4 


axb=det{ b, by db; (1.2.34) 


Scalar triple product. The scalar triple product [abe] of the three vectors a, b, and 
c, also called the box product, is defined by: 


[abe] = (a x b)-c=a- (bxc) =b- (cx a) (1.2.35) 


Using formula (1.2.33) for the vector product and formula (1.2.22) for the scalar 
product, we obtain the result: 


axb= AD jeje, (a x b) ‘c= Ab je ijnCk > 


a 42 


(1.2.36) 
[abc] = ej AiDjCK =det] b)} bh b 
Cy C2 © 
The base vectors e; are related according to: 
[erere3] = 1, [ez3e2e3] = 1 etc. > [eserex|] = eu (1.2.37) 


This relation may be taken to define an orthogonal right-handed system of unit 
vectors. 


1.3. Cartesian Coordinate Transformations 


Vectors and tensors, to be introduced in Chap. 2 and generally defined in Chap. 3, 
are coordinate invariant quantities, which in any coordinate system we have chosen, 
are represented by their components. It is important to determine the relations 
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x, 


Fig. 1.12 Two right-handed orthogonal Cartesian coordinate systems: Ox with base vectors e;, 
and Ox with base vectors @;. Place P defined by place vectors r and r 


between sets of components relative to different coordinate systems. Let Ox and Ox 
denote two right-handed orthogonal Cartesian coordinate systems, see Fig. 1.12. 
When the Ox-system has been given, the system Ox is determined by the position 
vector c from the origin O of the Ox-system to the origin O and the base vectors @;. 


C= Cc = Ce; (1.3.1) 
@; = Oxer, ee = Qik,  Ojix = cos(@;, ex) = G; - ex (1.3.2) 


The elements Qj, are called direction cosines and are elements in a matrix that is 
called the transformation matrix Q for the coordinate transformation from Ox to Ox. 
The 9 elements Q are, as will be shown below, connected through 7 relations. 

Both Ox and Ox shall be right-handed orthogonal Cartesian coordinate systems 
and the base vectors e; and e; shall be unit vectors. These requirements are sat- 
isfied for e; by the conditions: 


@-@ =6,, [e@r€3] = 1 (1.3.3) 


Confer the formulas (1.2.21) and (1.2.37). Now, also using formula (1.1.21), we 
obtain: 


ej - & = (Qixex) - (Qer) = Qi Ojlex - 1) = Qin Qjpdu = Qin Qjx 
[€€ 63] = [(Q1,€-)(Qas€s)(Q3:€:)| = Q}Q25Q3;[€-€s€1] = QO}, O25O31€ rst = det QO 


These results show, when compared with the conditions (1.3.3), that the transfor- 
mation matrix Q has to satisfy the conditions: 
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OxOx = 6; 2 0O0' =146Q'=0', detQ=1 (1.3.4) 


A matrix with these properties is called an orthogonal matrix. From the formulas 
(1.3.2) we see that the rows in the matrix Q represent the components in the 
Ox-system of the orthogonal vectors e;, and that the columns in Q represent the 
components in the Ox-system of the orthogonal vectors ex. 

A place P in three-dimensional space may either be defined by the place vector 
r from the origin O to P, or by the place vector r from the origin O to P. From 
Fig. 1.12 we obtain: 


r=c+r (1.3.5) 


Let the coordinates of the place P be x; in the Ox-system and x; in the Ox-system. 
Then: 


rH=Xe = Xz (Qix€;) => OixX,€;, and r= Xe; (1.3.6) 


The representation of the relation (1.3.5) in the coordinate system Ox provides the 
coordinate transformation formula: 


Xj = C; + Onxpe SX = C+ Ox (1.3.7) 
The inverse transformation is easily found to be: 
Xe = —Ce + Oak: @ x= —c+Q7% (1.3.8) 
For a vector a with the components a; in Ox and G; in Ox, we get: 


A = AO; = AjOQxpex = age = a,Ojn€; = Oinaeei S (1.3.9) 
7 ~ 7 a. 3. 
Gi = Oia @a4=Qa, ay= Qnai A a=Q'a 


In plane, two-dimensional analysis we introduce plane Cartesian coordinate 
systems Ox and Ox with the the x,-axes and the x,-axes in the plane, Fig. 1.13. 
The x,-axis makes the angle @ with respect to the x,-axis. Then: 


O = (Qnp) = (cos(€x,ep)) = ( 
cos0 sind O (1.3.10) 
O = (Qi) = (cos(@,e,)) = | —sinOd cos@ 0 
0 0 1 


cos 0 fy 
r 


—sin0 cos0 
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OM 


O 


Fig. 1.13 Transformation of plane Cartesian coordinates: from the Ox-system to the Ox-system 


1.4 Curves in Space 


Let the parameter p be a scalar variable and let the symbol a(p) represent a unique 
vector a for every value of the parameter p. The components of the vector a in a 
Cartesian coordinate system Ox are then also functions of the parameter p: 


a(p) = a;(p)e; (1.4.1) 
The derivative da/dp is defined by the limiting process: 
Ap) — Aa(p, A 
pe ie) (1.4.2) 
dp Ap-—0 Ap Ap-—0 Ap 
The following differentiation rules are easily tested: 
da da; d(aa) da da 
= ej, = a+a 
dp dp dp = dp dp (1.4.3) 
d(a-b) da db d(axb) da db _ 
=—-b+a-—, =—xb+ax — 
dp dp dp dp dp dp 


The function r = r(p) = x;(p)e; describes a collection of places in space that we 
call a space curve. If the function r(p) is a continuous function of the parameter 
p and has continuous first derivatives dr/dp, the curve is called a smooth curve. 
Figure 1.14 illustrates the space curve in a Cartesian coordinate system Ox. Three 
places are marked on the curve in Fig. 1.14: Po for parameter value po and with 
place vector r(po), P for parameter value p and with place vector r(p), and a place 
given by the place vector r(p + Ap). 
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Fig. 1.14 Space curve r(p). P_ /Ar(p, Ap) 
Tangent vector t = dr/ds 


Ar(p,Ap) dr _ dx 
dp = Ap—0 Ap Ap—0 Ap dp dp 


(1.4.4) 


A curve consisting of a finite number of smooth curves is called a piecewise smooth 
curve. The length s of a smooth curve between two places Pp, for parameter po, 
and P for parameter p, is given by the arc length formula: 


(1.4.5) 


We assume that there is a one-to-one correspondence between the parameter p and 
the arc length s. The formula (1.4.5) may then be used to substitute the parameter 
p by the arc length s as a new curve parameter. The space curve will now be defined 
by the place vector: 


r=r(s) = x;(s)e; (1.4.6) 


d. dx; dx; 
Oe [SO 8 ds = del, dr = dee; (1.4.7) 
dp dp dp 


We define the tangent vector t to the curve and at the place r(s), by the unit vector: 


_ dr dx; 


=a = 1.4.8 
ds’ ds ( ) 


A normal vector to the space curve at a place r(s) is a vector perpendicular to the 
tangent vector at the place. The infinite number of such normal vectors defines the 
plane of normals at the place. Two normal vectors are of special interest: the 
principal normal vector n and the binormal vector b. Before defining these two 
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vectors we define the curvature « and the radius of curvature p of the curve and at 
the place r(s): 

ar 
ds? 


dt 
ds 


1 
— 1.4. 
= (1.4.9) 


The principal normal vector n to the curve is now defined by: 


ldt 1d@r 1 x; 
Se ee ee 
xkds «ds? K ds? 


(1.4.10) 


The plane defined by the tangent vector t and the principal normal n is called the 
osculating plane, Fig. 1.15. The unit vector b = t x n is called the binormal vector 
to the space curve: 


b=t x n= Dj = ejxtjng (1.4.11) 
We can show that the vector db/ds is parallel to the principal normal vector n. 


b-b=1>%-b=0 
b-t=0=> => 
t= —b-G=—b- (xn) =0 


db 
os is perpendicular to both b and t, and therefore parallel to n 
s 


We use this result to define the torsion t of the curveby the formula: 


db 
A St, (1.4.12) 


It follows from the formula (1.4.12), that the torsion t of a curve is positive if for 
increasing value of the parameter s the principal normal b rotates about the tangent 
vector t clockwise when observed in the direction of t. 

We shall now present the three Frenet—Serret formulas for a space curve, named 
after Jean Frederic Frenet [1816-1900] and Joseph Alfred Serret [1819-1885]: 


Fig. 1.15 Space curve r 

(s) with tangent vector t, 
principal normal n, binormal 
b, plane of normals, and 
osculating plane 


plane of normals 


= space curve r(s) 


osculating plane 
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dt i dt; 
—_—=$K — = Kn; 
ds ds 
dn dn; 
= th — xt > — = 1b; — xt; 1.4.13 
7 Pie da ane K ( ) 
db, Abi 
xs ame 


The first and the last of these formulas are given above in the formulas (1.4.10) and 
(1.4.12). The second of the formulas (1.4.13) is derived as follows: 


dn db 
(a)b-n=0 ae dp =t 
dn dn 
(nists ta Sates | pal eo 
~ ds ds ds ii ds ‘i 7 


The results (b) and (c) show that the vector [dn/ds + xt] is parallel to the binormal 
b, and the result (a) shows that the magnitude of this vector is the torsion t. Hence: 


d d 
= 4xt= tb +S = ch — xt > (1.4.13), 


From the result (a) we obtain the following formula for the torsion of the space 
curve: 


d d 
= in| = exntiny (1.4.14) 
S 


d d 
t=b = (txn) 
ds 


n 
ds ds 


An alternative expression for the torsion t of a space curve is obtained as follows: 


Fig. 1.16 Helix r= 

Rer(0) + ze, Tangent t. 
Principal normal n. Binormal 
b. Cylindrical coordinates 
(R, 9, z) 
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dn d (25) _d (23) _ -ldkd’r ld’r ldk ld’r 
~ ds 


ds ds \kds xds:) «2 dsds? «ds? «ds " K ds3 
eu dn dr dr SnD 1dr 1 fdrd’rd*r = 
t= . => . — 
ds ds ds*« k ds k ds3 x2 | ds ds? ds3 
1 fdrd@rd*r 
ee 1.4.15 
K2 s ds? 3] ( ) 


Example 1.1 Helix A helix is a space curve defined by the place vector r(R, 0, z) = 
Rer(@) + ze, in Fig. 1.16, where we have introduced cylindrical coordinates 
(R, 0,z) as defined in detail in Fig. 1.20: 


r = Rer(0) + ze3 = x7e;, x1 =Reos0, x» =Rsin0, x=z=b0+x% 


R,b, and zo are constant parameters 


The angle 6 will be chosen as curve parameter p = 0. The arc length formula (1.4.5) 
gives: 


0 0 0 
_ dr dr A dx; dx; A ; 2:5 21 pa77 2 h2 
(0) Waa Vane [vi Rsin 0)? + (Reos 0)? +b2d0 =\/R? +220 
0 0 0 
1 


do 


ds /R+p 


The tangent vector t, the curvature x, the radius of curvature p, the principal normal 
vector n, the binormal vector b, and the torsion t are computed from the formulas 
(1.4.8), (1.4.9), (1.4.10), (1.4.11), (1.4.15): 


; dr drd0 1 [ Rsin@.R 0 b] 
ar — sin 0, Rcos 
ds d0ds J/R+P ) 
1 
joe 
@r 1 i = 
Gt = Reg pl Re0s 0, —Rssin 0,0] = pee 
dt} R _1 R+0 
fae] RR? PR 
1@r 
=- ZT, = er 
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Yh hb & 


1 
b=txn=det| nm m nm | > b=—[bsin 0, —bcos0,R] 
,/ R2 2 
Qe; Go 6&3 R+b 
1 
= ———— (Re, — beg 
ae ) 
@r 1 1 1 far@rdr 
—~ = [Rsin0,—Rcos@ = 
go CRO ea pee ea 
—RsinOd Rcosd b 
1 1 1 1 b 


1 
=2 det} —Rcos0 —RsinO O 
Rsin0 —Rcosd 0 


VE IR RIPRIP VR oR | R+P 


1.5 Dynamics of a Mass Particle 


A mass particle is a body of mass m and which is small enough for the extension of 
the body to be neglected, and the position P of the body may at any time ¢ be 
localized by a place r(t) in space. Figure 1.17 illustrates a reference Rf, a Cartesian 
coordinate system Ox, and the path of the particle as it moves from the position Po 
at the time fp to the position P at the time t. The length of the particle path from Po 
to P is denoted by the path length s(t). 

The velocity v and the acceleration a of the particle are defined by the vectors: 


dv 


v=r (1.5.1) 
Using the definition of the tangent vector t from the formula (1.4.8) and the 
principal normal vector n from formula (1.4.10), we obtain: 


dr - dr ds _ ds 


= =*aH= 1.5.2 
A ha a (2) 


v= 


Fig. 1.17 Motion of mass P,t, particle path 
particle of mass m. Velocity v. 
Acceleration a. Path length s 
2) 
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a= 


dv ds. ds (dtds 5? 
= = st+— LS. 
a apt + ($2) ita ee, 


The acceleration vector has two distinct components: 
tangential acceleration: a, = S. 


ey (1.5.4) 


normal acceleration: a, = — = — 
p 


nN 


The mass particle moves under the influence of a force given by the vector f ac- 
cording to Newton's second law of motion: 


f=ma (1.5.5) 


The equation of motion of a mass particle (1.5.5) may be decomposed into the three 
directions t,n, and b : 


fi=ma, fr=Man, fy =0 (1.5.6) 


Example 1.2 Mass Particle Moving on a Helical Constraint 

Figure 1.18 illustrates a particle with mass m on a fixed curve with the form of the 
helix presented in Example 1.1. The particle moves subjected to the vertical grav- 
itational force mg and two constraining forces: N in the direction of the principal 
normal n and B in the direction of the binormal b. The geometry of the helix is given 
in Example 1.1. We shall find expressions for the motion given by the angle 0(t) and 


the constraining forces N and B. The initial conditions are: 0(0) = 09, 0(0) = 0. 
The acceleration a consists of a tangential acceleration and a normal acceleration: 


a=attamn, a=s8= /R2+b0 
3 1fds:\? oR ae 
i ( 0) = pep (VR + PO) = R(8) 


p p\do 


Fig. 1.18 Particle of mass 
m moving on the helix r = 
rer(0) +.x3e3. Vertical 
gravitational force (—mg)e3. 
Constraining forces Nn and 
Bb 
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Newton’s second law of motion (1.5.6) yields: 


f=m=> 
. 4 —bg : —bg 
fi = ma, => (—mges) t= mVR +H 0=a iG, = 0= Bat 
—bg 2 
2(R+ By) TO 

; Rb? g? 

fy = may, => N+ (—mge3) ‘n= mR(0)° => N= mR(0)° = m & 5 2 
(R2 +b?) 


mgR 


»p =~0=> B+ (-—mge3)-b =0 => B = — 


1.6 Scalar Fields and Vector Fields 


Scalars and vectors, representing physical or geometrical quantities related to places 
r in a defined region in space, are represented by fields. Here we define two kinds of 
fields: 


a=a(r,t) ascalar field, a=a(r,t) a vector field (1.6.1) 


The symbol ris the time. The temperature 0 in a body is an example of a scalar field, 
while the velocity v of a particle or a body is a vector field. If the time ¢ does not 
appear as an independent variable in a field function, the field is said to be a steady 
field. If the time ¢ is the only argument in the field function, the field is called a 
uniform field. The fields « = «(r,t) and a =a(r,f) are also denoted by: 


o = a(r,t) = o(x1,x2,%3,t) =a(x,t), a=al(r,t) = a(xy,x2,x3,t) = a(x,t) 
(1.6.2) 


The partial derivatives of a field function f(r, t) with respect to the time ¢ and the 
space coordinates x; in the Ox-system and x; in the Ox-system, are expressed by the 
symbols: 


a ee ee ee ee Baits OS 
Of =a fiz ae fis oe ig p= Tt Td= Ge (1.6.3) 


Using a comma to indicate partial derivative with respect to a space coordinate is 
called the comma notation. For the partial derivatives of the vector components 
a;(x, t) of a vector a with respect to the space coordinates x; in the Ox-system, and 
the partial derivatives of the vector components G;(X, t) of the vector a with respect 
to the space coordinates x; in the Ox-system, we introduce the comma notations: 
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Fig. 1.19 Level surface «(r,t) = ao(t) at the time ¢ with a space curve r(s). s = the arc length of 
the space curve from the reference point Po to the point P at the place r. The gradient of the scalar 
field a(r,t) grad is a normal vector to the level surface 


0a; _ 0a; 


Qj = Ox,’ Qi = Bx, 
J J 


(1.6.4) 


The equation a(r, 7) = a(t), where a(t) is a function of time only, represents at 
any time f a surface in space, see Fig. 1.19. The surface is called a level surface for 
the scalar field «(r, t). From the place P on the surface given by the place vector r, 
we introduce an axis in an arbitrary direction given by the unit vector e = eje;. 
A coordinate ¢ along the axis is introduced representing the distance from the place 
P toa place P’ on the axis. The place P’ is now given by the place vector r + ee. The 
value of the scalar field « at the place P’ is equal to «(r+ <e,t). The rate of change 
of « at the place r for the direction e is defined by the directional derivative of « at 
the place r and in the direction e, and is given by: 


On Oo O(x; + €e;) Out 
Oleg. ' = 561 = Hiei 1.6. 
08| 9 lacs + £e;) de 7 OF: €j = 0, (1.6.5) 


For an arbitrarily given direction e the directional derivative defined in formula 
(1.6.5) is a scalar field, and it follows from formula (1.6.5) that the components 
Oa/Ox; define a vector field: the gradient of the scalar field «(r,t) denoted by 
grada : 


grada = oe, = 4; (1.6.6) 


Xi 


The formula (1.6.5) for the directional derivative of the scalar field «(r,t) in the 
direction e = e;e; may now be presented as: 
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” aa (grad a) -e (1.6.7) 

Geometrically the gradient of the scalar field «(r, t) represents a normal vector to 
the level surface «(r,t) = a(t). This fact may be seen as follows. Let the function 
r(s) =x;(s)e; represent an arbitrary space curve at the time f on the surface 
a(r,t) = oo(t), see Fig. 1.19, where the parameter s is the arc length of the curve 
measured from some reference point on the curve, and with as the tangent vector 
t = dr/ds from the formula (1.4.8) to the curve. The equation «(r(s),t) = ao is 
then satisfied for all values of s. Thus: 


Ou. Ou dx; dx; 
= = 4); 
Os Ox; ds " ds 


d 
= (grad a)“ =0 (1.6.8) 
ds 


The vector dr/ds is a unit tangent vector to the curve and therefore a tangent to the 
level surface. The result (1.6.8) shows that the vector grad « is perpendicular to the 
tangent to an arbitrary curve on the surface. Hence: 


The gradient to a scalar field «(r,t) represents a normal vector to the level surface 
a(r,t) = %. 


From formula (1.6.7) it now follows that: 


The maximum value of the directional derivative of a scalar field «(r, t) on the level surface 
a(r) = a is given by the magnitude of the gradient of the scalar field «(r, ft). The vector 
grad « points in the direction of increasing «—values. 


The gradient of a scalar field «(r,t) may alternatively be denoted by: 
grad = — = Va (1.6.9) 


The symbol V is called “del” and represents an operator, the del-operator, which in 
Cartesian coordinates is given by: 


Tse S68 (1.6.10) 
OX; 


Let a(r,t) be a scalar field and r(s) = x;(s)e; any space curve with the tangent 
vector t = dr/ds. Then: 


Ou Onda; axi _ 
Os Ox;ds "ds 


(grad a) -t (1.6.11) 


The result (1.6.8) is again obtained if the curve lies on the level surface 
a(r,t) = a(t). 
The divergence of a vector field a(r, t) is a scalar field diva defined by: 
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diva = V -a= (e0;) - (agex) = ag, @;- €e = Ge, Oe = Oj3> 


ci Oa; Oa, Oa 0a3 (1.6.12) 
d — V ‘ = 4,= = = 
— . - Ox; Ox) a Ox « Ox3 


The symbol V - a may be interpreted as “the scalar product” of the del-operator 
(1.6.10) and the vector a. 

We shall show that div a is a scalar field, ie. a coordinate invariant quantity, by 
showing that the value of div a is the same in all coordinate systems. Using suc- 
cessively Eqs. (1.6.4), (1.3.9), the chain rule of differentiation, and finally the result 
QOi.Q;; = 64 Obtained from Eq. (1.3.4), we obtain: 


0a; O(Qixax) Ox; Oag 
OR Di As, = Qik By OF = Oi Qijk.j = O4jAkj = Ak.~  Q-E.D 


aii = 
The divergence of the gradient of a scalar field «(r,t) is a new scalar field of 


special interest in applications, and is therefore given a special symbol: 


Pao Pa 
Ox;OXK 7 Ox; OX, 


Va = div (grada) = V- Vo = one = (1.6.13) 


The symbol V? is called the Laplace operator, named after Pierre-Simon Laplace 
[1749-1827]. In a Cartesian coordinate system Ox the expression for the Laplace 
operator is: 


> Ff PF Fe 


= = 1.6.14 
Ono Ox, Oe, One ( ) 

The rotation of a vector field a(r, t) is the vector: 
rota = curla=V X a= ejay, Gj (1.6.15) 


The name and symbol curl is very often used in English literature. The symbol 
V x a, read as “del cross a”, may be interpreted as a vector product of the 
del-operator and the vector a. In a Cartesian coordinate system the rotation of a 
vector field may be computed from a determinant of a matrix: 


O/Ox, O/O0x. 0/Ox3 
V x a= det ay ay a3 (1.6.16) 
e; eo e3 


The following identities may be derived by using the identity (1.1.19), see 
Problem 1.6: 
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Fig. 1.20 Cylindrical 
coordinates (R, 0, z) 


(a) a x (b x c) = (a-c)b— (a-b)-e¢ 
(b) V’a = V(V-a) —V x (V xa) 
(c) 
( 


(1.6.17) 


(a. V)a=(V xa) xa+V(a-a/2) 
d) V x (aa) = (Va) x a+a(V xa) 
Cylindrical coordinates (R, 0, z) are defined and presented in Fig. 1.20. The unit 


vectors €g, eg, and e, in direction of the coordinates may be expressed in terms of 
the base vectors e; of the Cartesian coordinate system Ox: 


erg = cose; + sinfdex, eg =—sinfde,;+ cos0e,, e, =e (1.6.18) 
The del-operator V, the Laplace-operator V7, the divergence and the rotation 


of a vector field a(r,¢) in cylindrical coordinates are presented in Sect. 6.5.5 and 
given by: 


V = Crap teopag tea neat 
wil Of, ey Ae e (1.6.19) 
~ ROR\ OR) Rav 02 
bec ie _10 10ag Oa, 
t= Va pop Rae ae 
fata 10a, Oag Oar Oa, ie 
*IR 00 Oz "lz OR (620) 
1 0 1 Oar 
+e, Lm e) R “ 


Spherical coordinates (r,0,@) are defined and presented in Fig. 1.21. Unit 
vectors e,, €g, and eg in direction of the coordinates are expressed in terms of the 
base vectors of the Cartesian coordinate system Ox: 
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Fig. 1.21 Spherical 
coordinates (r, 0, d) 


e, = sinOcos de; + sin@ sin de + cos fe; 
eg = cos Ocos de; + cos @ sin de, — sinfe; 


ey = —sin de, + cos bez 


(1.6.21) 


The del-operator, the Laplace-operator, the diver-gence of a vector field a(r, r) 
spherical coor-dinates are presented in Sect. 6.5.5 and given by: 


6) 10 1 O@ 
Wea 05 ap Yano ad (1.6.22) 
1 Oo 
2 . 
V =5 Or AG m)+ r2 5 (80055) + Ze sin? 0a¢? (1.6.23) 
nas ol a le 


1 Oag 


, 1 Oo (si 
ial rsin000 
1 a 


ES 1 0a, a, ) ae 
*ol sind Od Or V8) | TO |B 98 — > 5G 


Problems 1.1-1.6 with solutions see Appendix 


Chapter 2 ®) 
Dynamics. The Cauchy Stress Tensor cee 


This chapter introduces the concept tensors by defining the original tensor, i.e. 
Cauchy’s stress tensor. However, first some basic principles of dynamics related to 
continuous materials: solids, fluids, and gases, have to be presented. Dynamics, 
which is the science of motion of bodies with mass and the forces that cause this 
motion, is often subdivided into Kinematics and Kinetics. Kinematics is the 
geometry of motion with velocity and acceleration as the most important concepts. 
The kinematics of continuous materials is the subject matter in Sect. 2.1. Kinetics 
treats the interrelationship between forces and the motion they cause. Continuum 
mechanics is the science of motion and behaviour of continuous materials. 
Section 2.2 introduces the types of forces generally considered in Continuum 
Mechanics, and the equations of motion that apply to all continuous materials. 
Section 2.3 Stress Analysis discusses the internal forces in a continuum. Material 
models and constitutive equations are used to describe the response of continuous 
materials to motion, deformation, and forces. Such models and equations are pre- 
sented in Chap. 5. 


2.1 Kinematics 


2.1.1 Lagrangian Coordinates and Eulerian Coordinates 


A portion of the continuous material we are considering is called a body. Figure 2.1 
illustrates a reference Rf to which motion will be referred, an orthogonal right— 
handed Cartesian coordinate system Ox, with base vectors e; and a body at two 
different times: a reference time to and the present time t, i.e. the time at which the 
body is under investigation. A material point in the body is called a particle. At the 
reference time fo the particle is denoted Po, and localized by the place vector ro, 
which we call the particle vector, or by the three coordinate X; in the system Ox. At 
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Fig. 2.1 Cartesian coordinate system Ox fixed in reference Rf. Body of continuous material. The 
body has volume Vo and surface area Ap in a reference configuration Ko, and volume V and surface 
area A in the present configuration K. Particle rp at the place r = r(1o,f) at the time t in K. Volume 
element dV. Displacement vector u = u(fo,f) 


the present time ¢ the particle is denoted P and localized by the place vector r or by 
the three coordinate x;. We choose the alternative notations for a particle and for the 
place of the particle at the present time f: 


X; 
particle: ro, [X1,X2,X3], Xi, X= | X. | = {X1X2X3} (2.1.1) 
X3 
xX) 
place: r,  [x1,%2,%3], %;, X= [| x | = {x x x3} (2.1.2) 
x3 


The set of places that represents the body at any time is called a configuration of 
the body at that time. The configuration of the body at the present time ¢ is called the 
present configuration K. The configuration of the body corresponding to the ref- 
erence time fp is called the reference configuration Ky. The body has at any time ta 
volume V and a surface area A. It is assumed that the body consists of the same 
particles at all times and that the surface of the body is a closed material surface in 
the continuum and in general consists at all times of the same particles. 

The motion of the continuum may be described by functional relationships 
between the place vector r and the place vector ro, and between their components 
Xj and X;: 


r=r(fo,4), Xj = x;(X1, Xo, X3,¢) = x;(X,1) (2.1.3) 


In Fig. 2.1 the motion of the particle is indicated by a pathline. The particle ro 
moves along this space curve. The relations (2.1.3) represent a one-to-one mapping 
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between the places ro in Ko and the places r in K. The motion of the body may also 
be represented by the displacement vector: 


u= u(Fo, f) = r(Yo, t) —-Troeuy= ui(X, t) = x;(X, t) — X; (2.1.4) 


The motion of the body from configuration Ko to configuration K will generally 
lead to deformation of the body, i.e. geometrical figures will change their shapes 
and sizes during the motion. Deformation is illustrated in Fig. 2.1 by material lines, 
which in Ko are chosen to coincide with the coordinate lines. In K the deformed 
material lines represent a curvilinear coordinate system, and an analysis of this 
system would give us information about the state of deformation of the body 
relative to the reference configuration Kg. A coordinate system imbedded in a body, 
and which deforms with it, is called a convected coordinate system. Such coordinate 
systems will be analyzed and utilized in Sect. 7.5. 

The body consists at any time ¢ of the same particles. The surface of the body is a 
closed material surface in the continuum and consists at any time of the same 
particles. 

Physical quantities are separated into extensive quantities and intensive quan- 
tities. An extensive quantity is given for a body and may be a function of the 
volume V or the mass m of the body. Examples are the mass itself, the linear 
momentum of the body, and the kinetic energy of the body. The value of an 
extensive quantity is the sum of its values for the parts into which the body may be 
divided. 

An intensive quantity is related to the particles in a body and independent of the 
volume or the mass of the body. Examples are pressure, temperature, mass density, 
and particle velocity. An intensive quantity may represent the intensity of an 
extensive quantity and gives quantities per unit volume or per unit mass. For 
instance, mass density is defined as mass per unit volume. In general an intensive 
quantity that is given per unit volume is characterized as a density. Kinetic energy 
per unit volume is thus a kinetic energy density. For short it is customary to use the 
word density also when we actually mean mass density. An intensive quantity 
defined per unit mass, is characterized as a specific quantity. For instance, the 
velocity of a particle is also linear momentum per unit mass, and thus represents the 
intensity related to the extensive quantity called the linear momentum of the body. 
Velocity is therefore specific linear momentum. 

An intensive physical quantity may be expressed by a field as either a particle 
function f (r,t), which is a function of the particle vector ro and the time f¢, or as a 
place function f (r,t), which is a function of the place vector r and the time 
t. Alternatively the particle function may be expressed as a function of the particle 
coordinates X and the time ¢, and the place function may be expressed as a function 
of the place coordinates x and the time ¢. Thus we have the alternative forms: 
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f (v0, t) =f (X,t) =f(X1,X2,X3,1) particle function (2.1.5) 
f(r,t) =f (x,t) =f(0%1,%2,%3,t) place function (2.1.6) 


The form f (ro, ¢) for a particle function rather than the form f(X, 7) is used when we 
want to emphasize the coordinate invariant property of the quantity that the field 
function represents. To get from a place function for a particle related intensive 
quantity to a particle function we introduce the motion r(ro,7t) of the particle and 
write alternatively: 


f(t, t) =fr(t0,1),1) f(a 1) =f ((X, 1), 1) (2.1.7) 


The coordinates (X, t) = (X1, X2, X3, t) are alternatively called Lagrangian 
coordinates, named after Joseph Louis Lagrange [1736-1813], material coordi- 
nates, particle coordinates, or reference coordinates. The application of these 
coordinates is called Lagrangian description or reference description. 

The coordinates (x,t) = (x,,x2,x3,¢)) are alternatively called Eulerian coordi- 
nates, named after Leonhard Euler [1736-1813], or space coordinates, and their 
application for Eulerian description or spacial description. 

According to Truesdell and Toupin [1], the Lagrangian coordinates were intro- 
duced by Euler in 1762, while Jean le Rond D’ Alembert [1717-1783] was the first to 
use the Eulerian coordinates in 1752. In general Continuum Mechanics Lagrangian 
coordinates and the reference description are the most common. The same holds true 
in Solid Mechanics. However, in Fluid Mechanics, due to the large displacements 
and the complex deformations resulting from the fluid motion, it is usually necessary 
and most practical to use Eulerian coordinates and spacial description. 


2.1.2 Material Derivative of Intensive Quantities 


Let the particle function f(1ro,7), which may be a scalar or a vector, represent an 
arbitrary intensive physical quantity. For a particular choice of the particle vector ro 
or the particle coordinates X the function f(r, t) is connected to that particle rp at 
all times t. The change per unit time, i.e. the time rate of change, of f when attached 
to the particle rp is called the material derivative of the particle function f and is 
denoted by f with a superimposed dot. 


-— of _ Of (To, t) _ 

: ~ dt To a a ot ~ cd ‘) ~ 2.1.8 

j= = FED = apcx,n _ 
7 dt eee. Ot : 


Other names for this quantity are the substantial derivative, the particle derivative, 
and the individual derivative. 
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The velocity v and the accelerationa of the particle X are defined by: 

v(ro,t) =r = Or(ro,t) & v(X,t) =F = Or(X, 1) (2.1.9) 

a(ro,t) = V =r = OPr(ro,t) & a(X,t) =V = = OPr(X, 1) (2.1.10) 


Using the definition (2.1.4) of the displacement vector u, we have as alternative 
expressions: 


v=u=0,u(ro,t) = Ou(X,t1), a=vV=u=Au(ro,t) =OPu(X,t) (2.1.11) 


The components of the velocity and the acceleration in the coordinate system Ox 
are: 


Vie Uj = O,u;(X, t) _ X; = O,x;(X, t) (2.1.12) 
Qj =; =X = OF x{(X,t) = i; (2.1.13) 


Let the place function f(r,t) =f (x,t) represent an intensive quantity, which 
may be a scalar or a vector. For any particular choice of r or coordinates x the 
function is attached to the particular place r or x in space. The local change of 
f (r,t) =f(x,1) per unit time is: 


af(r,t) = 2 i: ) os aFle,t) = = (2.1.14) 


In order to find the material derivative of the place function f (r,t) = f (x,t), we 
attach the function to the particle rp that takes the position x at time ¢ and use the 
form (2.1.7). The definition (2.1.8) of the material derivative of the field function 
f (x(X,t),¢) representing an intensive quantity leads us to the result: 


} = Of (x, t) # Of (x, t) Ox; (X, t) 


Ot Ox; Ot = Of +f iO;X; 


The last factor in the last term represents the components v; of the particle 
velocity. We then have an expression for the material derivative of a place function 
f (x,t) representing an intensive quantity for a particle X: 


f = Of tii (2.1.15) 


We use the del-operator V from the formula (1.6.10) and introduce the operator: 


viVane (2.1.16) 
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This operator represents a scalar product of the velocity vector and the del-operator. 
The formula (2.1.15) may now alternatively be written as: 


f=Of +(v- Vf (2.1.17) 


The material derivative f in the formula (2.1.17) contains two parts: The local 
part Of and the convective part (v- V)f of the material derivative. The local part 
Of registers the change of f at the place r. In Fluid Mechanics, for instance, 
recording of intensive quantities like pressure, temperatures and velocities will 
usually be performed with stationary instruments. A stationary instrument can 
register f at a definite place r and provides values of f for the particles passing 
through the place r. The recording of such an instrument can therefore only give the 
local part O,f of the material derivative if . The convective part, (v- V)f of the 
material derivative ri represents the time rate of change of f due to the fact that the 
particle, which at time ¢ is at place r, moves to a new position in space. 

The particle acceleration a may be computed from the velocity field v(r,t) by 
application of the formula (2.1.17). We write: 


a=Vv=dv4+(v-V)V S G = Vj = OVi + VEVing (2.1.18) 


From the result (2.1.18) we see that the particle acceleration a consists of the local 
acceleration O,v and the convective acceleration (v -V)v. 


2.1.3 Material Derivative of Extensive Quantities 


A body of continuous matter and with volume V(t) has constant mass m. This 
statement is called the principle of conservation of mass. Mass per unit volume is 
called the mass density, or for short, the density. Let the scalar field p = p(r,t) 
represent the density at the place r, and let dV be differential element of volume. In a 
Cartesian coordinate system Ox the differential element of volume is presented as a 
rectangular parallelepiped as shown in Fig. 2.2 with volume dV = dx,dx2dx3. In 
other coordinate systems and in general curvilinear coordinate system the volume 
element is defined and presented in Sect. 9.3. The mass m of a body of volume V(t) 
at the present time t, may then be expressed by a volume integral: 


m= / pdV (2.1.19) 
V(t) 


Let f(r,t) be a place function that represents an intensive quantity expressed per 
unit mass, i.e. a specific quantity, and let F(t) be the corresponding extensive 
quantity for a body with volume V(f): 
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Fig. 2.2. Differential volume 
element in a Cartesian 
coordinate system 

Ox : dV = dx, dx2dx3 


F(t) = / fpdV (2.1.20) 
V(t) 


For instance, f(r, ft) may be the kinetic energy per unit mass, v- v/2 = v; v;/2 and 
F(t) the total kinetic energy for the body. 

The time rate of change of F(t) attached to the body is called the material 
derivative F of the extensive quantity F(t). We will find that: 


F=F(t)= | feav (2.1.21) 


V(t) 


This result may be derived as follows. The body is considered to consist of many 
small elements with volumes and mass symbolized by dV and pdV respectively. The 
contribution to F(f) from the volume element dV is fpdV. The integral in (2.1.20) 
represents the sum of contributions from all volume elements. The volume elements 
may change both in form and size with time, but the mass p dV of any element is 
constant by the principle of mass conservation. The time rate of change of the 
quantity fpdV is therefore 7 pdV. The time rate of change of F(f) is then the sum of 
the element contributions f pdV, and thus equal to the integral in formula (2.1.21). 


2.2 Equations of Motion 


2.2.1 Euler’s Axioms 


Newton’s laws for the motion of a mass particle cannot in the strict sense logically 
be transferred to apply to a body of continuously distributed matter. It has been 
customary in some texts to claim that this transformation is possible: From 
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Newton’s second law for motion of a body, originally by Newton for a mass 
particle, and Newton’s third law for the interaction between mass particles, the 
equations of motion for a system of mass particles are derived as two vector 
equations: firstly an equation equating the resultant of all the external forces on the 
system to the change in the sum of the linear momentums of the particles, and 
secondly an equation equating the sum of all the moments of the external forces 
about a point O to the sum of angular momentums of the particles about the same 
point O. The first vector equation may be referred to as Newton’s second law for a 
system of mass particles. The second vector equation may be referred to as the law 
of moments for a system of mass particles. These two vector equations are then 
taken to apply to a continuum. The consideration is either that the continuum is a 
system of a large number of elementary particles, or as a system of infinitely many 
infinitely small particles. The first method of consideration fails on the ground that 
elementary particles do not obey Newtonian mechanics. Quantum mechanical 
issues are involved here, and the transfer from the micro world to the macro world 
must include statistical mechanics. The other method contains logical difficulties of 
mathematical nature. 

In Continuum Mechanics two axioms are postulated: Euler’s first axiom, which 
corresponds to Newton’s second law for a system a system of particles, and Euler’s 
second axiom, which has its parallel in the law of moments for a system of particles. 
The two axioms are presented below as Eqs. (2.2.6) and (2.2.7). The law of action 
and reaction of forces, i.e. Newton’s third law, and of couples and counter couples 
for interaction between two bodies now follows as a consequence of the Eulerian 
axioms. This will be demonstrated in Sect. 2.2.2. 

From a continuum at time ¢ we now consider in Fig. 2.3 the present configu- 
ration K of a body having mass m, volume V, and surface A. The body is assumed to 
be acted upon by two types of forces: body force b per unit mass, and contact force 
t per unit area over the surface of the body. The Cartesian coordinate system Ox is 
fixed in the reference Rf. 

The body forces are external forces originating from sources outside of the body, 
and they represent actions at a distance from the surroundings. It is for practical 
reasons that all body forces are considered to be given per unit mass. Gravitation, 
centrifugal forces, electrostatic and magnetic influences are examples of body 
forces. The most typical body force is the gravitational force g in the parallel 
constant field of gravity, with its standard value g = 9.81 N/kg. Normally it is 
assumed that the body forces are independent of the state of the body, but in general 
the body forces may depend upon the position in space of the particle on which they 
act. At the place r we express the body force by: 


b = b(r, t) = b(x, 2) (2.2.1) 


If a body force is given as force per unit volume, it is called a volume force. 

In a solid material the contact force represents the internal forces between the 
physical particles, atoms and molecules, on both sides of the surface A separating 
the body from its surroundings. Surface force and traction are other names of the 
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t=t(r,t,n) 


dA 


Fig. 2.3. Present configuration K at the time t of a body of continuous material with volume V, 
mass m, and surface area A. Density p = mass per unit volume. Reference Rf. Body force b(r, 
t) = force per unit mass. Surface force, stress vector, t(r,t,n) = force per unit area. Velocity vector 
v(r,t). Element of area dA. Element of volume dV. Decomposition of the stress vector t into a 
normal stress o and a shear stress t 


contact force. The vector t will in the present exposition be called the stress vector. 
The stress vector varies with the place r, or the particle X, on the surface, with the 
time ¢, and with the normal n to the surface at the place r. The vector n is defined to 
be a unit vector pointing out from the surface A at the place r. Alternatively we use 
the expressions: 


t=t(r,t,n) = t(x,t,n) = t(r,,t,n) = t(X,t,n) (2.2.2) 


The components of the stress vector t in the direction n and in the tangent plane to 
the surface A at the place r are the normal stress o and the shear stress t respec- 
tively, see Fig. 2.2. 

When a gas is considered as a continuous medium, the surface of a gaseous body 
is a material surface. However, if we take into consideration that the gas consists of 
molecules, moving about at great speeds, the surface of gaseous body is a math- 
ematical surface through which molecules may pass, although the macromechanical 
flow through a surface element is assumed to be zero. The motion, or rather the 
momentum, of the molecules that pass through the boundary surface is in 
Continuum Mechanics represented by the contact forces. Intermolecular forces in a 
gas are negligible. When the boundary surface is an interface between a gas and a 
liquid or a solid material, the molecular motion is represented by a pressure and 
tangential forces, i.e. shear stresses, on the liquid surface or the surface of the solid 
material respectively. On an interface between two liquid bodies, the contact forces 
represent both intermolecular forces and molecular motion. 
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In special situations, it becomes necessary to add to the two types of forces 
introduced above, body couples, given as couple per unit mass, and surface couples 
or couple stresses on the surface of the body, given as couple (moment) per unit 
area. Body couples are for instance present as a result of an elastic strain wave 
passing through a body exposed to an electromagnetic field. Another example of the 
presence of body couples is given by the effect of the magnetic field of the earth on 
the needle of a compass. Couple stresses may appear when the molecular structure 
of a material is taken into consideration, and when dislocations in metals are 
considered. In this book these types of mechanical actions are not considered. 

The body shown in Fig. 2.3 is subjected to a resultant force f given by: 


p= [tars [av (2.2.3) 
A 4 


The symbol dA represents a differential element of area of the surface A of the 
body, and the symbol dV is the differential element of volume of the body. When a 
surface is a part of a x,x2-plane in a Cartesian coordinate system Ox, the element of 
area may be represented by the rectangle dA = dx,dx2. The expression for the 
element of area in general coordinates is defined and presented in Sect. 9.3. 

The resultant moment mg about the point O of all forces acting of the body is: 


mo = [rxtda+ frxbav (2.2.4) 
A Vv 


The velocity of a particle ro at the place r in the body is given by the vector 
fields v(ro,t) or v(r,t). The linear momentum p of the body and the angular 
momentum lo of the body about the origin O are defined by the integrals: 


p= | vpav, lo= [rx vo dV (2.2.5) 
Vv Vv 


Note that the velocity v may be interpreted as the specific linear momentum, i.e. 

momentum per unit mass. Likewise, r x vis the specific angular momentum about O. 
The general laws of motion for a body of mass m, which at time ¢ has the volume 

V and the surface A, are postulated as Euler’s two axioms or laws and given by: 


f=p= [ve d= [= dV Euler's first axiom (2.2.6) 


Mo = Io = Je xvpdV= Je x apdV Euler's second axiom (2.2.7) 
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a = V is the particle acceleration. When computing the material derivative of the 
extensive quantities p and Ig, we have used the formula (2.1.21). Furthermore, we 
have used the development: 


xv) SPxvtrxvevxverxasrxa 

Euler’s first axiom is also called the law of balance of linear momentum of a 
body. Euler’s second axiom is also called the law of balance of angular momentum 
of a body. 

The center of mass of a body is defined by the point C that at time f is at the 
place given by the place vector: 


1 
rc= | reav (2.2.8) 
m 
Vv 


The center of mass is a reference invariant point that moves with the body. The 
weight of a body, which represents the resultant of the constant and parallel 
gravitational field near the surface of the earth, always has its line of action through 
the mass center C. The point C is therefore also called the center of gravity of the 
body. The velocity vc and the acceleration ac of the center of mass are found from 
the expressions: 


1 f/f. 1 
Vo=Ic= =f rpdV = aT vp dV (2.2.9) 
m m 
Vv Vv 


; é Lf 1 
ac=Ve=ie=— | ipav =~ | apav (2.2.10) 
m m 
Vv V 
From the definition (2.2.5) (2.2.5), and the formula (2.2.9), it follows that the linear 
momentum p of the body may be expressed by: 
Pp =M™Vc (2.2.11) 


Then, according to Euler’s first axiom (2.2.6) the motion of the center of mass is 
governed by the equation: 


f = mac (2.2.12) 


Thus, the center of mass of a body moves as a physical particle with mass equal to 
the mass m of the body, and subjected to the resultant force f on the body. 
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2.2.2 Newton’s Third Law of Action and Reaction 


Newton formulated his third law of action and reaction when two bodies interacted, 
without taking into consideration the extent of the two bodies. Using the two 
fundamental axioms of Euler, we shall derive and extend the third law to two bodies 
of arbitrary shapes and extensions. 

Figure 2.4 shows a body, considered to consist of two parts J and JT separated by 
the interface A’. The axioms (2.2.6) and (2.2.7) are now formulated for the body and 
for each of the parts J and J/, using the point O' on the interface A’ as a moment 
point. Subtractions of corresponding equations for the parts from the equations for 
the total body give as results: 


— f te1.m)a4— / t(r,t, -—n)dA =0 © -f,p —f21 = 0 


All All 


- / r’ x t(r,t,n) dA — / r x t(r,t, -n) dA =0S —m)) — m; = 0 
ANI AV IL 


(2.2.13) 


The result: —f,. — f2; = 0 shows that the resultant force f,. of the contact forces on 
part J from part JJ, is equal to the resultant force f,, of the contact forces acting on 
part J] from part J, but with opposite signs. The result: —mj2 — m2; = 0 shows that 
the resultant moment mj. of the contact forces on part J from part IJ, is equal to the 
resultant moment mp, of the contact forces acting on part 7 from part J, but with 
opposite signs. Hence: 


fio = —fo1, m2 = —m (2.2.14) 


t(r,¢,n) 


Fig. 2.4 Body of mass m and density p subjected to external forces f,, f,, and f3, The body 
consists of two parts J and I/ separated by an interface A’. On the interface A’ on the parts J and JI: 
resultant forces f2, f21, and resultant moments mj2, M2; about the point O' 
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Fig. 2.5 Cauchy’s lemma 


t=t(r,¢,n) 


material interface A' 


The resultant forces act through the moment point O, and the resultant moments are 
couples. The result (2.2.14) may be interpreted as a generalization of Newton’s third 
law of action and reaction: To each action (fj20r mj2) there is a reaction 
(f2,0r m2 1). 

Figure 2.5 illustrates a material interface A’ with a particle P located by place 
vector r, not shown in the figure. Let the area A’ shrink to zero. Then it follows from 
the results (2.2.13) that: 


t(r,t,n) = —t(r, t, —n) (2.2.15) 


This result is called Cauchy’s lemma, named after Augustin Louis Cauchy [1789- 
1857]. The lemma shows that the stress vectors on the two sides of a material 
surface are equal but in opposite directions, as shown in Fig. 2.5. 


2.2.3 Coordinate Stresses 


Figure 2.6 shows the stress vectors t, on three material surfaces through the particle 
P at the place r and perpendicular to the coordinate axes. The unit normals to these 
surfaces are the base vectors e,. The components of the stress vectors t; are denoted 
T;,. Hence: 


ia Tix@; Se -t T; (2.2.16) 


The components 7; will be called the coordinate stresses in the particle P or at 
the place r. The coordinate stresses are elements of the stress matrix T = (Tix) in P, 
or at r, with respect to the coordinate system Ox, or with respect to the base vectors 
e;. The coordinate stresses T;,;, 722, and 733 are normal stresses, while the coor- 
dinate stresses T,,i 4 k, are shear stresses. The first index (i) of Ti, refers to the 
direction of the stress and the second index (k) refers to the normal vector e; to the 
surface on which the stress acts. In the literature the meaning of the indices is often 
reversed. 
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Fig. 2.6 Stress vectors t; on material surfaces through a particle P and with unit normal vectors 
equal to the base vectors e; in a Cartesian coordinate system Ox. Coordinate stresses T;, at the 
particle P 


Figure 2.7 shows two sides of a material surface in an x;x3-coordinate plane 
through a particle P. On the surface side with unit normal equal to the base vector e2 
the stress vector is tz with the three Cartesian components 7T>;, where To is a 
normal stress, and 7,2 and 7 3 are shear stresses. On the side of the surface with unit 
normal —ez the stress vector is, according to Cauchy’s lemma, equal to —tz with the 
three Cartesian components —T>;, where Ty is a normal stress, and Tj and 73 are 
shear stresses. 

Because the normal stress on both sides of the material surface in Fig. 2.7 points 
out from the surface this normal stress is called a tensile stress. A normal stress 
representing a pressure on the surface is called a compressive stress. 

Based on the situation in Fig. 2.7 we may state the following sign rule for 
coordinate stresses: 


A positive coordinate stress acts in direction of a positive coordinate axis on that side of a 
material coordinate surface facing the positive direction of a coordinate axis. On the side of 
the material surface facing the negative direction of a coordinate axis, the positive coor- 
dinate stress acts in the direction of a negative coordinate axis. 


Fig. 2.7 Positive coordinate 
stresses 
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As will be shown in Sect. 2.2.5, the coordinate shear stresses Tj, and T;; are 
equal, i.e. Tix = Ty, as long as we only consider the two types of forces: body 
forces b and contact forces t. Normally therefore the order of the indices is not 
really so important. An exception to the equality of shear stress pairs is provided 
when body couples and when couple stresses are present. However, in some 
derivations and applications it is advantageous to distinguish between Tj and T;;. 

The literature uses a variety of symbols for coordinate stresses. When number 
indices are used, the following symbols may be found. 


Tix = Sik = Cie = Tik = —Pik (2.2.17) 


In texts using xyz-coordinates, normal stresses are denoted as o, or 6; etc., and 
shear stresses aS T,, OF Oy, etc.. Thus: 


T\ 1 T; 2 T, 3 Ox Try Txz Oxx Oxy Oxz 
T={ Tx Tx Ty J ={ x G We) = [Ox Gy (2.2.18) 
T31 1T32 133 Tex Try Oz Ox Oy Ox 


Example 2.1 Uniaxial State of Stress 
A rod with axis along the x-axis in a Cartesian coordinate system Ox is subjected 
to an axial force N, Fig. 2.8. 

Any cross-section of area A of the rod is subjected to a normal stress o = N/A. 
The cross-section is free of shear stresses: T>; = 73; = 0. The state of stress is 
given by the stress matrix: 


This state of stress is called uniaxial, a term that will be explained in Sect. 2.3.1. 


Example 2.2 State of Pure Shear Stress 

A thin-walled tube with a mean radius r and a wall thickness of h (h <r) is 
subjected to a torsion moment, or torque, m;, Fig. 2.9. The resultant of the stresses 
over the cross-section of the tube must be equal to the torsion moment. Due to 
symmetry the cross-section will only carry a constant shear stress, which we find to 
be t = m,/(2nr*h). Figure 2.9 shows the state of stress on a small, approximately 
plane, element of the tube wall. Related to the local Cartesian coordinate system Ox, 


Fig. 2.8 Rod subjected to an 
axial force N. Normal stress ¢ 
on a cross-section. Uniaxial 
state of stress g = N/A 
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small, approximately plane, element of the tube wall 


Fig. 2.9 Torsion of a thin—walled tube with mean radius r and wall thickness h. The tube is 
subjected to a torque m, 


shown on the element in Fig. 2.9, the non-zero coordinate stresses are the shear 
stresses Tj2 and 7>;. Moment equilibrium of the element requires that: 
T\2 = Tp, = Tt. 

The state of stress in a particle P in the wall of the tube is now expressed by the 
stress matrix: 


0 0 
f= | -t 0 toe 
0 0 : 2nrzh 


ooa 


The small, approximately plane, element of the tube wall shown in Fig. 2.9 is in a 
state of pure shear Stress. 


2.2.4 Cauchy’s Stress Theorem and Cauchy’s Stress Tensor 


Figure 2.10 shows the stress vector t on a surface element dA with unit normal 
n through a particle P. The element may be a part of the boundary surface of a body 
or a material surface in a body. Let Tj, be the coordinate stresses in the particle 
related to a Cartesian coordinate system Ox with base vectors e;, and let: 


t=te, n=me (2.2.19) 
Fig. 2.10 Stress vector t on a t 
surface element dA through a 
particle P on the surface of a Via n 
body. Unit normal vector n oe 

e, 
/___p 
e, 
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Then the Cauchy’s stress theorem states that: 
4=Tyy ot=Tn (2.2.20) 


The proof of the theorem follows below. 

Figure 2.11 shows a small body in the form of a tetrahedron, called a Cauchy 
tetrahedron, of volume V and with a surface consisting of four triangles. Three of 
the triangles are parallel to coordinate planes and have the areas A; and are con- 
nected at the P. The fourth triangular plane has the area A and a unit normal vector 
n and has a distance h from particle P. 

The body is subjected to a body force b, the stress vectors —t, on the areas A; 
and the stress vector t on the fourth triangle of area A. Euler’s first axiom applied to 
the body results in the equations of motion: 


3 
Sf uaa fears foav= fapav (2.2.21) 
li, A V V 


If we let the vectors: —t,, t, bp, and ap represent mean values on the respective 
surfaces and in the volume, the equation of motion (2.2.21) may be presented as: 


—t, A, +tA+bpV=apV (2.2.22) 


The edges of the tetrahedron in Fig. 2.11 parallel to the base vectors e; are denoted 
by h,, and since n is a unit vector, we may write: 


Fig. 2.11 Cauchy 
thetrahedron. Body of volume 
V and mass m. Body force 

b. Acceleration a. Surface 
consisting of four triangles: 
Three orthogonal triangles 
parallel to coordinate planes 
are connected at the particle 
P and have and have areas A;, 
unit normals e;, and stress 
vectors —t;. A fourth triangle 
has area A, unit normal n, and 
stress vector t 
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Mg = cos (Nn, eg) = h/hy (2.2.23) 
The volume V of the tetrahedron may be expressed in four different ways as: 
V=A -h/3 =A, -hy/3 = Ao: hy/3 = Az - hy /3 
Using the result (2.2.23), we obtain the formulas: 
V=A -h/3, Ay = Ang (2.2.24) 


The results (2.2.24) are substituted into the equation of motion (2.2.22), and after 
division by A, we get: 


—tkm+t+bph/3 =aph/3 


Now we let h approach zero. Then we are left with the following relation between 
the four stress vectors t and —t, on planes through the particle P: 


t= t Nk (2.2.25) 


Using the relation (2.2.16) for the components of the vectors t,, we obtain from the 
formula (2.2.25) the result: 


t= te; = Ty e;ny => ty = Tim 


This completes the proof for the Cauchy’s stress theorem (2.2.20). The theorem 
shows how the coordinate stresses Tix, or the stress matrix T = (T;j,), related to a 
Cartesian coordinate system Ox, completely determines the state of stress in a 
particle. 

The unit normal n and the corresponding stress vector t are coordinate invariant 
properties. This implies that the relation (2.2.20) between the components of the 
two vectors t and n has a coordinate invariant character. The stress matrix T works 
as a vector operator, and we may state: The vector t is determined by the vector 
n through an operator T, which in a Cartesian coordinate system Ox is represented 
by the matrix 7. If a new coordinate system Ox with base vectors @; = Oix Cx iS 
introduced, we shall find the following relation between the components #; of the 
stress vector t, the components 7, of the vector n, and the coordinate stresses Tz in 
the coordinate system Ox: 


i= Tix not= Tin (2.2.26) 


Because the two relations (2.2.20) and (2.2.26) express the same connection 
between the vectors n and t, it is appropriate to introduce a coordinate invariant 
quantity, called the stress tensor T, that let us express the connection between the 
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stress vector t and the surface normal n in an invariant form. We say that the 
matrices T and T define the stress tensor T in the following sense: 


The stress tensor T is a coordinate invariant intensive quantity that in any Cartesian 
coordinate system Ox is represented by the stress matrix T in that coordinate system. The 
coordinate stresses Tj, are called the components of the stress tensor in the Ox-system. 


The word tensor derives from the Latin word “tensio” meaning tension and was 
originally the name of the stress matrix. Chapter 3 presents the general definition of 
tensors and their algebra. 

The relations (2.2.20) and (2.2.26) between the components in any two Cartesian 
coordinate systems Ox and Ox of the stress vector t, the stress tensor T and the 
surface normal n represent the Cauchy’s stress theorem: 


Cauchy’s stress theorem: The stress vector t on a surface through a particle P is 
uniquely determined by the stress tensor T in the particle and the unit normal n to 
the surface through the relation: 


t Tn=T- ns; Tigng <> t Tn (2.2.27) 


The two coordinate invariant forms, Tn and T - n, in the relation (2.2.27) are 
equivalent. In this book the latter form is preferred of reasons that will be given 
later. The first form is sometimes chosen because it relates to the form of its matrix 
representation. 

The normal stress o on a surface with unit normal vector n, Fig. 2.12, is given by 
the scalar product of n and the stress vector t: 


o=n-t=n-T-n=n;Tym=n' Tn (2.2.28) 
The shear stress t on the surface may be computed from: 


tT=|nx t| =Vvt-t—o? (2.2.29) 


The formula t = |n x t| is obtained as follows: 


In x t] =1- |t|-sin(n,t) = |e] - (c/It)) =7 


Fig. 2.12 Stress vector t, 

normal stress o shear stresses 
t and T on a surface with unit 
normal n through a particle P 
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The projection Tt of the shear stress t in the direction given by a unit vector e in the 
surface may be expressed as the scalar product of the vectors e and t: 


tT=e-t=e-T-n=e,Tym=e'Tn (2.2.30) 
It follows from Eqs. (2.2.28) and (2.2.30), that: 
Tix = @; - T- ex (2.2.31) 


The result (2.2.31) may be interpreted as a general relation between the stress tensor 
T and its components 7x in a general Cartesian coordinate system Ox. The relation 
will now be used to find the relation between the stress matrices T and T in two 
coordinate systems Ox and Ox. The base vectors of the two systems are related 
through Eq. (1.3.2): €; = Qi ex, where Q = (Qjx) is the transformation matrix for 
the transformation from Ox to Ox. Using the general relation (2.2.31), we obtain: 


Tj =e - T-e; = (Qiex) -T- (Quer) = Ox Qjyex - T+ e: = Qn On Ta > 
Ti = QxQTa = QixTuOQn << T = OTO™ (2.2.32) 


The two stress matrices, T and T represent the same state of stress, i.e. the same 
stress tensor T. Each matrix is the representation of the tensor T in the respective 
coordinate system. 


Example 2.3 Fluid at Rest. Isotropic State of Stress 

In a fluid at rest all material surfaces through a fluid particle transmit the same 
normal stress, which is the pressure p, and the shear stress on the surfaces is zero. 
This is called an isotropic state of stress. The stress matrix related to any Cartesian 
coordinate system Ox for a fluid at rest is therefore: 


—p 0 0 
T= 0 --p O =-—p1@Tx=—po0x, isotropic state of stress 
0 0 -p 


(2.2.33) 


2.2.5 Cauchy’s Equations of Motion 


From the two axioms of Euler, formulas 2.2.6 and 2.2.7, field equations will be 
derived that represent the laws of balance of linear and angular momentum of 
particles in a continuum. Figure 2.13 shows a differential element of mass with 
volume dV = dx ;dx2dx3 about the particle P. 
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N 


= dx. 


e, 


Fig. 2.13 Differential volume element dV = dx,dx2dx3 about the particle P subjected to body 
force b, and surface forces t; . Density p and acceleration a. Base vectors e; in a Cartesian 
coordinate system 


The body in Fig. 2.13 is subjected to body forces and contact forces. The law of 
balance of linear momentum for the element, i.e. Euler’s first axiom (2.2.6), yields: 


(t1,;dx1) - (dx2dx3) + (t2,2dx2) - (dx3dx1) 
+ (tz,3dx3) « (dxjdx2) + bodV = apdV => 


tirtpb=pa (2.2.34) 


The terms in this equation represents mean values over the respective surfaces and 
in the volume, related to the particle P. When the expression (2.2.16) for the stress 
vectors t, is substituted into Eq. (2.2.34), the following component form for the 
balance of linear momentum is obtained. 


Tiksg + pb: = pa; Cauchy’sequations of motion in Cartesian coordinates 
(2.2.35) 


If we now let the volume of the element shrink to zero, Eq. (2.2.35) become field 
equations related to particle P. Equation (2.2.35) is called Cauchy’s equations of 
motion, Cauchy’s first law of motion, or for short the Cauchy equations. 

We now introduce the concept of the divergence of a tensor of second order. 
The divergence of the stress tensor is a vector, div T, with components 7;;,,, in the 
Ox-system: 


div T = Tix ne; (2.2.36) 


The definition (2.2.36) of div T is coordinate invariant, a fact that will be demon- 
strated in Sect. 3.4 on Tensor Fields. Indirectly the coordinate invariance follows 
from the Cauchy equations (2.2.35): Since b; and a; are components of vectors, the 
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terms 7;jx,, must also be components of a vector, i.e. a coordinate invariant quantity. 
The Cauchy equations may now be written in an index free form: 


divT + pb = pa= pu _ Cauchy’s equations of motion (2.2.37) 
In a xyz-notation the Cauchy equations are: 


Oo, Oly OTe 


4 b, = fy = ily 
Ox Oy Oz ee ae = 
Ooy Oz Ox P 
By ait Ae An pb, = Pay = pity (2.2.38) 
Oo, | Ot | Oy a ne, 
az ax dy poz = Paz = pu; 


The Cauchy equations of motion in cylindrical coordinates and in spherical coor- 
dinates are presented in Sect. 7.7. 

Under the assumption that the forces on a body of continuous material only are 
contact forces and body forces, the law of balance of angular momentum, i.e. 
Euler’s second axiom (2.2.7), implies that the stress matrix is symmetric: 


T’=TSTy =Tn (2.2.39) 


This result may be proved as follows. Let the state of stress in the neighbourhood of 
the particle P be given by a homogeneous state of stress given by the stress matrix 
T in P plus an additional state of stress given by the stress matrix AT . Since the 
matrix T now represents a homogeneous stress field and thus satisfies the Cauchy 
equations: Tix,, = 0, the additional stress matrix AT must satisfy the Cauchy 
equations (2.2.35) and thus balance the body forces b and the acceleration 
a. Figure 2.14 shows an element of volume dV = dx, dx2 dx3 that contains the 
particle P. The element is subjected to the homogeneous stress field T. The law of 
balance of angular momentum applied to the element provides three component 
equations. The x3-component equation is: 


(Tr - dx2 dx3) - dx, — (Ti. - dx, dx3) -dy =0> To, = Ti2 


Similar results are obtained for the other component equations. The results prove the 
statement (2.2.39). The symmetry of the stress matrix is a coordinate invariant 
property, and we therefore say that the stress tensor is symmetric. The result (2.2.39) 
may be interpreted as the law of balance of angular momentum for a particle and is 
also called Cauchy’s second law of motion. Normally the symmetry of the stress 
matrix is assumed a priori such that the matrix is considered to contain only six 
independent elements rather then nine. Thus the laws of motion for a particle are the 
three Cauchy equations of motion (2.2.35) or the vector Eq. (2.2.37). 

From the symmetry (2.2.39) of the coordinate stresses we may extract the fol- 
lowing statement, see Fig. 2.15: 
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Fig. 2.14 Volume element 

dV = dx,dx2dx3 about the 

particle P subjected to a 

homogeneous state of stress 

T. The shear stresses T3, and qT 
T32 are not shown on the 

element 


Fig. 2.15 Equal shear 
stresses tT on two orthogonal 
surfaces 


On two orthogonal surfaces through a particle the shear stress components normal to the 
line intersecting the surfaces are equal. 


The truth of the statement follows from the fact that according to the result (2.2.39), 
the statement is true for the shear stress components normal to the line intersecting 
any two coordinate planes through the particle. 


Example 2.4 Pressure in a Fluid at Rest 

Figure 2.16 shows a vessel containing a homogeneous liquid of constant density p. 
The fluid is at rest and is subjected to the constant gravitational force g in the 
negative x3-direction. The state of stress in the fluid is represented by the stress 
matrix (2.2.33) in Example 2.3, i.e. Tz = —pdix. The pressure p is generally a 
function of the position coordinates x;. For a fluid at rest the Cauchy equa- 
tions (2.2.35) are reduced to: 


(—p 6x), +b: =0> 
—p,+pb,=0<= —-Vp+pb=0 (2.2.40) 


Equation (2.2.40) is called the equilibrium equation for a fluid. In this example: 
b3 = -g, bi = bn = 0, 
and Eq. (2.2.40) yield: 
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Fig. 2.16 Fluid of density p 
at rest in a vessel. Body force 
b = — ges. Atmospheric 
pressure pa 


Partial integrations of these equations and use of the boundary condition: p = pz, 
the atmospheric pressure, for z = h on the free liquid surface, provide the following 
expression for the pressure in the liquid: 


P(x3) = Pat pg (h—xs) 


2.3 Stress Analysis 


2.3.1 Principal Stresses and Principal Stress Directions 


Let us assume that the stress tensor is known in a particle, and let the unit vector 
n be a normal vector to a plane through the particle. In Sect. 2.2.4 we have seen that 
using the Cauchy stress theorem we may compute the stress vector, the normal 
stress, and the shear stress on the plane. We shall now show that in general there are 
three orthogonal planes through the particle that are free of shear stress. In 
Sect. 2.3.3 we show that the normal stresses on these planes include the maximum 
and the minimum normal stress on planes through the particle. The result of the 
investigation may be formulated in the following theorem. 

The principal stress theorem: For any state of stress there exists, through a 
particle, three orthogonal planes free of shear stresses. The planes are called the 
principal stress planes, the three unit normals n; to the planes are the principal 
stress directions, and the normal stresses o; on the planes are the principal stresses 
in the particle. The principal stresses include the maximum normal stress and 
minimum normal stress on planes through the particle. 

First we will show that planes without shear stress through the particle do exist. 
We search for a plane, defined by its unit normal vector n, on which the stress 
vector t is parallel to n. This unit normal vector has to satisfy the relation: 


t=T-n=on (2.3.1) 


The normal stress o is the principal stress on the plane. Equation (2.3.1) may be 
rewritten in the matrix format: 
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(o1—-T)n=08 (0 0% — Tix) m = 0 (2.3.2) 


This is a set of three linear, homogeneous equations for the three unknown com- 
ponents nx. 

The condition that the set of Eq. (2.3.2) has a solution for mg is that the deter- 
minant of the coefficient matrix for n; is equal to zero. 


o-— Ti, —-Ti2 —T)3 
det(al _ T) =0> det —T> 0 — Ty —T3 =0> 
—T3} —-Tx =o —T33 
o —Io’+Ilo — I =0 (2.3.3) 


The three coefficients J, 17, and III are called the principal stress invariants and are 
expressed by: 


I=Ty =trT 
1 1 
T= 5 (Ti Tre — Tie Tix] = 5 [(w T)’—(norm T)” (2.3.4) 


IT = det T 


The fact that the three coefficients /, 17, and III are coordinate invariant quantities, 
will formally be shown later. But from a physical point of view we may conclude 
that if the cubic Eq. (2.3.3) has a solution, this solution cannot depend upon the 
coordinate system applied to find it. Thus, if the solution of Eq. (2.3.3) is coordinate 
invariant, the coefficients in the equation from which the solution is found, must 
also be coordinate invariant. It will be shown that the cubic Eq. (2.3.3), called the 
characteristic equation of the stress tensor, has three real roots: o;, 02, and 03. 

The mathematical problem related to Equations (2.3.1—2.3.4) is known as an 
eigenvalue problem: o; are the eigenvalues and the corresponding n, are the 
eigenvectors of the tensor T. 

Any cubic equation has at least one real root, which we shall denote by o3. The 
corresponding principal direction is denoted by n3. If we now choose a coordinate 
system Ox for which the base vector e3 is equal to ns, the stress vector t3 will be 
equal to ae; and the shear stress components 7,3 = 0. The stress matrix in this 
coordinate system is then: 


Ty Ti2 O 
T=|T T 0 (2.3.5) 
0 0 03 
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To find the two other principal stresses 6; and oo, and the corresponding principal 
directions n, and ny the three Eq. (2.3.2) must be solved. These equations are now 
reduced to: 


(a Oup - Tp) np = 0, (¢ —03)n3 =0 (2.3.6) 


The principal stress o is either og; and o>. Let us first assume that o 4 03. Then it 
follows from the last of Eq. (2.3.6) that n3 = 0. Thus the corresponding principal 
stress direction n is parallel to the x; x2-plane and therefore normal to the principal 
direction n3. Figure 2.17 shows a particle P and a material surface normal to the 
principal direction n. Let @ be the angle between n and the x,-axis. Then: 


n = [cos ¢, sin¢, 0] 
The first two of Eq. (2.3.6) become: 


(o — T11) cos @ — Ti2 sind = 0 


2.3.7 
— To, cos P+ (o — To) sind = 0 ( ) 


For this set of linear equations to have a solution for the angle @ the determinant of 
the coefficient matrix has to be zero. Thus: 


(a Ti )(o Tx) T 2 To) = o=> 


a” — (Ty + T22) 6+ T11 Too — Ty Tr: = 0 (2.3.8) 


The solution of this quadratic equation is, when the symmetry property of the 
matrix T is utilized: 


(eee Ti — Tah 
Oi gs SH +52 5 2) +(Tp)° (2.3.9) 


02 2 


Fig. 2.17 Principal stress principal stress surface 
surface with principal stress o 


and principal direction n 
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The radicand can never be negative, which means that the two roots 0; and > are 
real. The angle @ which determines the principal stress directions are determined 
from Eq. (2.3.7), from which we find the results: 


o,—-Ty 
Ti2 


02—-Ty 


(for o = 04), tan @> = 
T12 


tan od, = (for o = 2) 


(2.3.10) 


If any two principal stresses are unequal, for instance a; 4 2, the corresponding 
principal directions n; and ny are orthogonal. This result may be demonstrated 
using Eqs. (2.3.10) and (2.3.9). Another way of proving that the principal directions 
ny =N1,e, and ny = 7,e, are orthogonal if a; #02 is as follows. From 
Eq. (2.3.6) we obtain: 


(a1 54g _ Tp) Mp N24 = 0, (a. Sup -_ Tp) Nop Ny = 0 


The two sets of equations are subtracted and due to the symmetry of the stress 
matrix T, we get: 


(01 — 62) MxM, = (0) — 62) My - Dy = 0 


Since o; # 6, it follows that n; - ny = 0. This result proves that the principal stress 
directions n; and ng are orthogonal if a; 4 02. 

We have now in fact proved that the three roots in the cubic Eq. (2.3.3) are real, 
and that if the three roots are all different, the principal stress directions are 
orthogonal. Of physical reasons it is clear that the principal stresses and the prin- 
cipal stress directions are coordinate invariant properties of the stress tensor. 

The stress vectors on the principal stress planes are given by: 


t; = 0,n; (2.3.11) 


Because the principal stress planes, by definition, are free of shear stress, the stress 
matrix with respect to a Cartesian coordinate system Ox with base vectors e; 
coinciding with the principal stress directions n,, is a diagonal matrix: 


01 0 0 
T=|0 o O (2.3.12) 
0 0 03 


The principal stress invariants (2.3.4) now take the simple forms: 


Il=o,+0.+03, M=0,0.+0203+030,, Il =o\0203 (2.3.13) 
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The result shows that f, IJ, and IIT are coordinate invariant properties, i.e. they are 
scalars. The principal directions of stress n; are also called the principal axes of 
stress in the particle. 

The two roots in Eq. (2.3.9) coincide only if T,. = 0 and T,; = Tp. In that case: 


0} = 02 =T\, =Tx 


From Eq. (2.3.7) it follows that the angle @ in that case becomes indeterminate. 
This means that any direction in a plane parallel to the x,x2-plane is a principal 
direction, and that the stress on any plane parallel to the x3-axis, is a principal stress 
equal to o; = 02. The situation is called a plane-isotropic state of stress, see 
Example 2.5 below. 

We now return to Eq. (2.3.6) and consider the possibility that the principal stress 
6, is equal to 03. We may still choose n3 = 0 and obtain the solution given by 
Egs. (2.3.9-2.3.10), but if ¢ = a; = 63, we obviously shall find that any direction 
n in the plane parallel to the x;x3-plane is a principal direction of stress with 
principal stress ¢ = 0; = 03. 

If all three roots are equal: 0; = 02 = 63, all directions are principal stress 
directions. The stress matrix will be the same in all coordinate systems and equal to 
the scalar o multiplied by the unit matrix: 


Tx = 6 On & T=01 (2.3.14) 


In this case the stress tensor T is called an isotropic tensor, and we have an 
isotropic state of stress. Because the state of stress in a fluid at rest is isotropic, with 
the pressure p as the principal stress, see Example 2.3 and the stress matrix (2.2.33), 
and because water is the most typical fluid, and is called “hydro” in Latin (=hudor 
in Greek), the state of stress (2.3.14) is also called a hydrostatic state of stress. 

Equation (2.3.2), that determine the principal directions n;, do not determine the 
direction of the arrow of the vectors n;. Ifn; is a principal direction so is the vector —nj. 

The general case when all the principal stresses are different from zero is called a 
triaxial state of stress. If only two of the principal stresses in a particle are different 
from zero, the particle is in a biaxial state of stress. This is also called plane state of 
stress, see Example 2.5 below. A uniaxial state of stress has only one non-zero 
principal stress, as in Example 2.1. 


Example 2.5 Biaxial State of Stress 

The container shown in Fig. 2.18 has a thin-walled circular cylindrical main 
part. The mean radius of the cylinder is r and the wall thickness is h < r. The 
container is subjected to an internal pressure p. We shall present expressions for the 
stresses in the cylindrical wall. 

With respect to the local Cartesian coordinate system shown on the small element 
of the container wall in Fig. 2.17, the non-zero coordinate stresses are the normal 
stresses T;,, 72 and 733. The normal stress 733 on the element surface representing 
the outside of the container is zero, while the normal stress 733 on the element 
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small element of the container wall 


Fig. 2.18 Circular thin—walled cylindrical container with internal pressure p. Mean radius r and 
wall—thickness h 


surface representing the inside if the container is equal to 733 = —p. The normal 
stress T;; on cross-sections of the container and the normal stress T>. on planes 
through the axis of the container may be found by equilibrium consideration to be: 


th. Tyson (2.3.15) 


T. => 
ay h 


Because t <r, the absolute value of the stress 733 is much smaller than 
T,, and 7>. from the formula (2.3.15). The state of stress in the cylindrical wall 
may therefore be represented by the stress matrix: 


Ty, O O 1 0 0 . 
T=(0 Tm 0}x{0 2 0) Zp (2.3.16) 
0 0 733 0 0 0 


The state of stress represented by the stress matrix (2.3.16), with 733; = 0, is an 
example of a plane state of stress and a biaxial state of stress. 

When a thin-walled spherical shell with middle radius r and wall thickness 
h(<_r) is subjected to an internal pressure p, the normal stress on any meridian 
plane through the shell is: 


r 


= 5p? 


(2.3.17) 


On a small element of the wall of the shell analogous to the element in Fig. 2.18 for 
the cylindrical container, the state of stress may approximately be given by the 
stress matrix: 


Ty, O O 1 0 0 " 
T=(0 Tm 0}x{o1 0) 7p (2.3.18) 
0 0 733 0 0 0 


This special kind of plane state of stress is called plane-isotropic state of stress. 
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Fig. 2.19 Principal stresses 
o, and 6», and principal 
directions in a thin—walled 
tube subjected to a torque M 


= 45° < 


small plane elements of the tube wall 


Example 2.6 Principal Stresses in a State of Pure Shear Stress 
The state of stress in a thin-walled tube subjected to a torsion moment M has been 
presented in Example 2.2. The shear stresses on a small, approximately plane, 
element of the tube wall are again presented here in Fig. 2.19. 

Based on the stress matrix presented in Example 2.2 and the formulas (2.3.9) and 
(2.3.10) we obtain the results: 


0) Ty+T2 Ti — Tey T 
- 2 (#5) +c) = 


02 2 


2 
o,-Ty Tt 
T 


tan gd, = To 


Figure 2.19 illustrates the results by the principal stresses on a small plane element 
of the tube wall. With respect to the local Cartesian coordinate system with the 
X,-axes parallel to the principal stress directions, stress matrix is: 


1 0 0 
T={0 -1 O]r 
0 0 0 


Both matrices T and T in this example represent the same state of stress: a state of 
pure shear stress. 


2.3.2 Stress Deviator and Stress Isotrop 


The stress matrix T may uniquely be decomposed into a trace-free matrix T’ and an 
isotropic matrix T°: 


1 
T=T'+T’, r= (sur) 1, T=T-T’, trT’=0 (2.3.19) 
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The matrix 7’ represents a stress tensor T’ which we shall call the stress deviator, 
while the matrix T° represents a stress tensor T° which we shall call the stress 
isotrop: 


1 
T=T'+T’, r= (fur)1, T=T-T, tT’=0 (2.3.20) 


Another name for the tensor T° is the hydrostatic stress tensor. Related to the 
principal axes of stress, all the matrices T, T’, and T° have diagonal form. The stress 
deviator is represented by the matrix: 


o, 9 O 1 
T=| 0 o Of, gj = 01 — (91 + 92 + 93) 
0 0 ¢@ 


Because the tensors T and T’ have coinciding principle directions, we say that the 
tensors T and T’ are coaxial tensors. 

The principal deviator stresses are determined from the characteristic Eq. (2.3.3) 
for the stress deviator T’. Since the first principal invariant of T’ by its definition in 
the formulas (2.3.19) is equal to zero, i.e. I’ = tr T’ = 0, the characteristic equation 
is reduced to: 


(o') +o! — I =0 (2.3.21) 


II’ and III' are the second and third principal invariants of the stress deviator T’: 


1 1 
Wl = ~5Ty Ty = — 5 (norm T') <0, Il! =detT’ (2.3.22) 


Decomposition of the Stress Deviator T’ 


The matrix 7’ of the stress deviator T’ in a general Cartesian coordinate system Ox 
may be decomposed into five matrices each representing a state of pure shear stress. 
First we write: 


tl =, +T,+T,=0> Th =-Ti,—Th (2.3.23) 


The matrix T’ may then be presented by the decomposition: 
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, To Te 1 0 0 0 0 0 
T= |1T Ty Ty, | =T,| 0 -1 0}]4+73,] 0 -1 0 
Tt! T, 7! 0 0 0 0 0 1 
ee es: (2.3.24) 
010 000 001 
47 li 0 0148S O 1/4710 0 0 
000 010 100 


When the five matrices on the right-hand side are compared with the stress matrices 
presented in Example 2.2 and Example 2.6, we see that they all five represent states 
of pure shear stress. 

Applications of the decomposition (2.3.20) will be demonstrated in Sect. 5.2.1 
for isotropic, linearly elastic materials and in Sect. 5.3.3 for linearly viscous fluids. 


2.3.3 Extreme Values of Normal Stress 


The three principal stresses in a particle represent the extreme values for normal 
stress on planes through the particle. To show this we first choose a coordinate 
system Ox-system with base vectors e; parallel to the principal stress directions nj. 
The stress matrix in this coordinate system is the diagonal matrix (2.3.12) having 
the elements: 
Tix = 0; Oik (2.3.25) 
For convenience the principal stresses o; are now ordered such that: 
0350750; (2.3.26) 


The normal stress o on a plane with unit normal n is given by formula (2.2.28): 


o=n-T n=) _ 10; 0Knm = on; + 2N; +03N3 (2.3.27) 
ik 


Due to the arrangement (2.3.26) and because n is a unit vector, i.e.: 
n-n= ny + ny + ny = 1, we find from the result (2.3.27) that: 


03 (nj +73 +3) <a <0, (nj, +n; +n3) => 


03<0<0, (2.3.28) 
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From this result it follows that when the principal stresses are arranged as in 
(2.3.26), then: 


Omax = 91, Omin = 93 (2.3.29) 


The largest principal stress is therefore the maximum normal stress in the particle 
on planes through the particle, and the smallest principal stress is the minimum 
normal stress in the particle on planes through the particle. 


2.3.4 Maximum Shear Stress 


The shear stress tT on a material plane with unit normal n is given by formula 
(2.2.29). The normal projection Tt of the stress vector t onto the direction e in the 
plane is determined by formula (2.2.30): T=e -t=e-T-n=e; Tiny. From 
Fig. 2.20 it follows that t <1. The equality sign applies when the unit vector e lies 
in the plane through t and n. 

We shall determine the unit vectors n and e such that t becomes a maximum. 
Once again, we choose the representation (2.3.25) for the elements of the stress 
matrix and the principal stresses are arranged according to (2.3.26). Then: 


tT=e-T-n= ; €; Oj Ojk Ne = G1 1 Nj +7 2 N2 +03 €3N3 
i,k 


Now, since e and n are orthogonal vectors: 
e-n= en, +e2n2 +6373 =O >  enng = —e nN, — €3N3. 
Hence we may write: 
T= (a1 = o2)einy + (a2 = 03)(—e3 ns) (2.3.30) 


The terms (a; — 02) and(o2 — 63) are both non-negative. In order to make 7 as 
large as possible we must make the terms e;; and — e3n3 as large as possible. 


Fig. 2.20 Stress vector t, t a 
normal stress o, and shear 
stresses tT and T on a material 
plane through a particle P material plane 
e 
T 
P 
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Fig. 2.21 Stress vector t, 
normal stress o and shear 
stress T = T on a material 
plane through a particle 

P. The unit vectors e and 

n are parallel to the principal 
directions n,; and n3 


The vectors e and n are unit vectors, and the absolute values of e), e3,n,, and n3 
become largest if we set: e2 = nz = 0. This means that we should choose e and n in 
a plane parallel to the principal directions n; and nz, as shown in Fig. 2.21. Since 
the figure plane is a principal stress plane, the stress vector t has no component in 
the no-direction. This implies that tT = 1, i.e. the shear stress on the plane according 
to formula (2.2.29). From Fig. 2.21 we find that: ny = —e3 = cos d, n3 = e; = 
sin d, and Eq. (2.3.29) gives: 


T=T = (0) — 02) sing cos$+ (2 — 03) (cos d) sind > 
1 


T= 5 (a1 — 03) sin2¢ 


From this result we conclude that the maximum shear stress is: 


0, — 03 TU 
max =—.—._ fi 2¢= = => = 45°. 
. gaa ee 
Thus we have found that: 
1 
Tmax = 2 (Omax — Omin) (2.3.31) 


The maximum shear stress acts on planes that are inclined 45° with respect to the principal 
directions of the largest and the smallest principal stresses. 


There are four such planes. Figure 2.22 shows the orientation of one of these planes 
and how the maximum shear stress Tmax acts on that plane. 

Figure 2.22a shows a small volume element about a particle P, with sides 
parallel to the initial coordinate surfaces, and with coordinate stresses Ty. 
Figure 2.22b shows an element about P with sides parallel to the principal stress 
planes of the stress tensor T. Figure 2.22c shows a triangular prism about P with 
the maximum shear stress Tmax on a surface that is inclined 45° with respect to the 
principal axes corresponding to Gmax and Omin. 
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(b) (c) 


1 
5° 


i) 


max 


Fig. 2.22 a Coordinate stresses T;, . b Principal stresses: Gmax, Gmin» Tint. € Plane with maximum 
shear stress Tmax 


2.3.5 State of Plane Stress 


If a surface free of stress exists through a particle, the particle is in a state of plane 
stress, or a State of biaxial stress. This is often the case in engineering problems and 
especially where the stresses are at their extreme values. For instance, the surface of 
machine parts and structural elements may be free of loads, but the stresses in the 
surface may be very high. 

Let the plane state of stress in a particle P be defined by the condition: T;; = 0, 
which implies that the plane normal to the x3-axis is stress free at the particle. The 
state of stress in the particle P is illustrated in Fig. 2.23a and is determined by the 
three coordinate stresses T|;, T22, and Tj2. The stress free plane through P normal 
to the x3-direction is a principal stress plane with the principal stress ¢3 = 0. When 
discussing plane stress we do not use the ordering o3 <0 <0, for the three 
principal stresses. 

The two other principal stresses, a; and o2, are given by formula (2.3.9), 
repeated here: 


2 
a, Ti+Tx Ti, — Tx 2 
= ——— + ——_—. T: 2.3.32 
- 5 i( 5 + (Ti2) (2.3.32) 


The principal directions are represented by the angles @,; and >, see Fig. 2.23b. 
From Eq. (2.3.10) we obtain: 


nie ie 
os ee (23.43) 
T\2 


tan, = 
; Ti. 
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Fig. 2.23 State of plane stress. a Coordinate stresses. b Principal stresses 


material coordinate 


pins coe 


material plane 


Fig. 2.24 State of plane stress. Normal stress o and shear stress t on a materialplane through a 
particle P and with unit normal n 


Since o; and oz may both be positive, both be negative, or have different signs, we 
must remember that the third principal stress, o3 =0, may represent either 
Omax OF Omin- 

Formulas for stresses on planes perpendicular to the stress free plane, i.e. planes 
parallel to the x3-direction, will now be developed. Figure 2.24 presents the situ- 
ation. The unit normal n to the plane and the unit vector e in the plane are given by: 


n= |cos¢, sing,0], e = [sind, —cos ¢, 0] (2.3.34) 


@ is the angle between the direction of the normal n and the x-direction. 
The components of the stress vector t on the plane are obtained from Cauchy’s 
stress theorem (2.2.20) with Ty; = Tj. 


ks a ty = Ti, cosd+T 2 sing 
i os aad ty = Ty cos $ + Tx sin b 


The normal stress o and the shear stress t on the plane are then: 
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o =Nn-t=Nyt, = Ti cos” b+T sin’ b+2T,2 sind cos b 
tT=e-t=e,t, = (Ty — To) sind cos¢ — T2 (cos?  — sin’ ¢) 

Using the trigonometric formulas: 

sin2p =2sind cos@, cos2¢ = cos’  — sin’ p (2.3.35) 


we may transform the expressions for o and T to: 


1 1 : 
a(¢) = 5 (Tu +T)+ 5 (T11 — To2) cos26 +712 sin2¢ (2.3.36) 


t() = 5(Tu — Tx) sin2d — Ty. cos 2p (2.3.37) 


The extreme values of o and Tt in the formulas (2.3.36) and (2.3.37) may be 
determined as follows. First we develop an expression for [o — (T\; + To) /2] from 
formula (2.3.36). We then add the square of this expression and the square of t 
obtained from formula (2.3.37). The result is: 


foc) EE) stot [SEP tir 3.38 


From this equation we see that the normal stress o obtains its extreme values when 
the shear stress t= 0, and that the extreme values are given by the formulas 
(2.3.32). The extreme values of the shear stress t occur when o = (Ty; + To2) /2 
and are: 


2} 
= 2 [5] deh bee ee) (2.3.39) 


It is clear from the discussion above that the maximum shear stress in the particle 
P is in general not given by this result, but only when the two principal stresses 
0, and o> have opposite signs. 


2.3.6 Mohr-Diagram for State of Plane Stress 


The stress analysis of plane stress may be illustrated graphically in a diagram. This 
graphic method has many important applications and gives a concentrated pre- 
sentation of all aspects of the state of plane stress. The graphic method is also 
applicable in the analysis of any symmetric tensor of second order in two dimen- 
sions, e.g. the strain tensor for small deformation in a surface in Sect. 4.3.7. 
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Let us first assume that the principal stresses and principal stress directions are 
known. In a coordinate system with axes parallel to the principal directions, 
Egs. (2.3.36—-2.3.38) become: 


1 1 1 


o(¢) =5(s1 + 62) 4 5 (01 G2) cos2p, t() = 5 (01 —o67)sin2d (2.3.40) 


2 
[o(s) 24) + (e(o)P= [A> (2.3.41) 
In a plane Cartesian coordinate system with o and 1 as coordinates, see Fig. 2.25, 
Eq. (2.3.41) describes a circle of radius (0, — o2)/2 and with center C on the 
o-axis at a distance (0; +02) /2 from the origin O. This circle is called Mohr’s 
stress circle after Otto Mohr [1835-1918]. Figure 2.25 will be called a 
Mohr-diagram. The points on the circle will be called stress points. 

The stress point S having coordinates (o,t) = (o(@),t(@)) represents the 
stresses on the physical plane that makes the angle @ with the principal direction for 


Fig. 2.25 Mohr—diagram for state of plane stress. Pole P of normals. Principal stresses o, and 
02. Stresses o(f) and 1(@) on planes perpendicular to the stress free plane with unit normal 
n = [cos ¢, sin ¢, 0] 
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o,. The central angle between the o-axis and the radius CS is equal to 2 d. This may 
be seen as follows. From the Mohr-diagram we derive the formulas: 


2 20 — 
©. peo ie) 


01 — 02 01 — 02 


sin2¢@ = 


(2.3.42) 


and these formulas are confirmed by the formulas (2.3.40). 

The stresses, o’ and 1’, ona plane with a normal making the angle @ + 2/2 with 
the o1-direction, i.e. a plane perpendicular to the plane defined by the angle ¢, are 
by formula (2.3.40) given as: 


a =5(o1+0x)+ 5(a a 2) cos|2(b + =) | = 5 (01 +02) —5 (01 — 62) cos 2 
q! =F (0 — 02) sin|2(@ + )| — —5 (a — 62) sin2¢ = —t 


The point Y(o2,0) in the Mohr-diagram Fig. 2.25 also represents a pole of 
normals to the planes parallel to the x3-direction. From the figure we see that the 
line from the pole P = Y(o2,0) to the stress point S makes an angle @ with the 
x-direction: The periphery angle XYS is half of the central angle XCS. The line YS 
is therefore parallel to the normal to the plane with the stresses o = o(@) and t = 
t(®). Using this property of the pole we can include all information about the 
stresses on planes parallel to the x3-direction in the Mohr-diagram. Figure 2.25 
shows how this may be presented. 

The Mohr-diagram may also be constructed in the more general case of plane 
stress when the state of stress is given by the coordinate stresses T,,;, T)2, and Tj. 
In a plane Cartesian coordinate system with o = o(¢) and t= t(@) as coordi- 
nates, Eq. (2.3.38) describes a circle of radius r and center C: 


Ti — Tx]? Tu —T. 
2 ; 2 +(T), C= (1 5 2.0) (2.3.43) 


The coordinates for each point on the circle represent the normal stress and shear 
stress on a plane through the particle and parallel to the x3-axis. Two points on the 
circle are known from the coordinate stresses: 


Y=Y(Tw,Ty), X =X(Ti,—-Tr1) 


Figure 2.26 shows this Mohr-diagram. The stress point X = (T,,, 72) represents 
the stresses on the plane normal to the x;-direction, i.e. the plane for which ¢ = 0. 
The stress point Y = (T2,T\2) represents the stresses on the plane normal to the 
x-direction, that is the plane for which @ = 2/2. The two points X and Y¥ lie on the 
a diameter of the stress circle that makes the angle 2¢ with the a-axis, measured in 
the clockwise direction from the c-axis. 
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Fig. 2.26 Mohr—diagram for state of plane stress. Coordinate stresses T11, T22, T\2. Pole P of 
normals. Principal stresses o, and o>. Principal stress directions by the angles @, and #. Stresses 
o(f) and t(#) on planes perpendicular to the stress free plane with unit normal 
n = [cos d, sin ¢, 0] 


From the Mohr-diagram in Fig. 2.26 we may derive the formula 2.3.33 and the 
results: 


1 2T12 Tl 
o, = p arctan od. =o, + 5 (2.3.44) 


Problem 2.1-2.4 with solutions see Appendix. 
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Chapter 3 M®) 
Tensors Chee for 


3.1 Definition of Tensors 


In Sect. 2.2.4 the Cauchy stress tensor T was defined. The stress tensor is the 
“original” tensor as the word tensor means stress. We shall use the definition of the 
stress tensor as an introduction to the general concept of tensors. 

We consider a body of continuous material and a material surface A in the body. 
At a place r a positive side of the surface is defined by a unit vector n as a normal 
pointing out from the surface. In a Cartesian coordinate system Ox with base 
vectors e; the normal vector n has the components: nz, i.e.n = nye,. The contact 
force on the positive side of the surface is represented by the stress vector t with 
Cartesian components: #;,i.e.t = 4;e;. The contact forces on positive coordinate 
surfaces through the place r are the stress vectors t, with Cartesian components 
Tx, 1.€. t, = T;ze;. The components Tj, are called the coordinate stresses. The 
Cauchy stress theorem by Eq. (2.2.27) states that: 


t=T-n (3.1.1) 
t; = Tink, t=Tn (3.1.2) 


We may interpret the symbol T in the relation (3.1.1) as a function with the vector 
n as an argument and the vector t as the value of the function: For any value of the 
argument n the relations (3.1.1), or (3.1.2), produce a vector t. We may express this 
fact by stating that the tensor T represents a vector-valued function of a vector. The 
component version (3.1.2) of the relation (3.1.1) shows how the function 
T operates. 

It follows that if we substitute the argument vector n in the relation (3.1.1) by an 
arbitrary vector a, we will again get a vector c = T - a as the value of the function. 
If we let the vector a be equal to the sum of two vectors d and h, i.e. a = d+ g, we 
find that: 
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T-a=T- (d+g)=T-d+T-g & Tyeag = Tie (de + 8x) = Tide + Tied 
(3.1.3) 


The symbol T therefore represents a linear function of the vector argument a. The 
relationship ec = T -a is called a linear mapping of vectors or a linear transfor- 
mation of vectors. Both names are used in the literature. The tensor T represents in 
Eq. (3.1.1) a linear vector-valued function of a vector. 

The normal stress o on the positive side of the surface A and the shear stress T in 
an arbitrary direction e on the positive side of the surface A are given by; see 
Fig. 2.11 and Eqs. (2.2.28) and (2.2.30): 


o=n-t=n-T-n, t=e-t=e-T-n (3.1.4) 
In the Ox-system Eq. (3.1.4) have the representations: 
o =njTen, =n’ Tn, t= ejTang = e' Tn (3.1.5) 


In the relations (3.1.4) T represents a function of two vector arguments n and n, or 
e and n, and with the scalars o and 7 as function values. The function T is linear 
with respect to both argument vectors. We may state that the tensor T represents a 
bilinear scalar-valued function of two vectors. The relations (3.1.5) show how the 
function operates. The coordinate stresses Tj are called the components of the 
stress tensor T in the coordinate system Ox. 

In Continuum Mechanics and in field theory in general, the properties we call 
tensors appear primarily in relations between scalars and vectors, as shown in 
Egs. (3.1.1) and (3.1.4), and secondarily, as we shall see, in relations between 
already established tensors. Among the many possible definitions of the tensor 
concept, this book chooses the following general and completely coordinate 
invariant definition: 


A tensor A of order n is a multilinear scalar-valued function of n argument vectors. 


The word multilinear means that the function is linear in every argument vector. 
The value of the function is a scalar. Based on this definition we see from 
Eq. (3.1.4) that the stress tensor T is a bilinear scalar-valued function of two 
argument vectors. 

To see the implications of the general definition of tensors, we start to investigate 
the properties of a tensor of first order. Let « = a[b] be a linear scalar-valued 
function of a vector b. Then a is a tensor of first order. In a Cartesian coordinate 
system Ox with base vectors e; we may compute the function values: 


aj = ale;] (3.1.6) 


Due to the linear property of the tensor a, the scalar value « for an arbitrarily chosen 
argument vector b = bje; may be computed thus: 
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o4 alb] a[b;e;] bale; ba; (3.1.7) 


We see that the three function values a; represent the tensor a in the Ox-system. For 
this reason the function values a; are called the components of the tensor a in the 
Ox-system. The matrix a = {a; az a3} is the tensor matrix of the tensor a in the Ox- 
system. 

We shall now develop a relation between the components of the tensor a in two 
different Cartesian coordinate systems Ox and Ox, for which the base vectors 
e; ande; are connected through the transformation matrix: 


Q = (Oj), OFF = cos(@; -e), e; = Oje;, e= Oye; (3.1.8) 


In the two coordinate systems the tensor of first order a is represented by the 
component sets: 


aj=ale], a; = ale] (3.1.9) 
We find that: 


ale;] = a[Qye;] = Qyale] = 


aj = Oya; A= Qasea=Q'a (3.1.10) 


This is also the transformation formula for the components of a vector a. We may 
therefore make the statement that vectors are tensors of first order. From the 
expressions (3.1.7) it follows that the scalar-valued function a[b] is equal to the 
scalar product of the two vectors a and b. 


a = alb] = alb,e;] = biale;] = bia; = b-a (3.1.11) 


In accordance with the general definition of tensors given above, it is convenient 
to consider scalars as tensors of zero order. 

Let A|b, ¢] be a bilinear scalar-valued function of two vectors b and c. The value 
of the function is a scalar «, and the function is linear in each vector argument 
vector. 


a =Alb,c], Al[fPb, ye] = ByAlb, e] (3.1.12) 


We say that A is a tensor of second order. The symbol for tensors will in this book 
in general be denoted by capital bold face Latin letters. Exceptions are for tensors of 
zero order, i.e. scalars, for which we prefer small Greek letters, and for tensors of 
first order, for which we prefer lower case bold letters in accordance with what has 
been decided previously for vectors. 
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The components of the second order tensor A in a Cartesian coordinate system 
Ox with base vectors e; are defined as the following values of the tensor A: 


Aj = Alei, ej] (3.1.13) 
The scalar value « for two arbitrarily chosen argument vectors: 
b= Die;, C= Ce; (3.1.14) 


may now be computed as follows. The second order tensor A is a bilinear function 
of two vectors b and ec. Thus, according to the formulas (3.1.12)z: 


Alb, c| = A[bie;, ce; = bicjAlei, ej > 
a = Alb, ce] = bjc;Aj = b" Ac (3.1.15) 


The 3° = 9 tensor components Aj, or the tensor matrix A = (Aj), represent the 
tensor A in the Ox-system. 

The expressions (3.1.4) for the normal stress o on a surface with unit normal 
n and the shear stress T in a direction e on the surface may now be written as: 


o=T([n,n] =nnjTj =n'Tn, t=Tle,n| = ejnjTj = e' Tn (3.1.16) 


The coordinate stresses T;; are components of the stress tensor T in the Ox-system. 

The relation between the tensor components Aj and Aj in two Cartesian coor- 
dinate systems Ox and Ox with base vectors related through the formulas (1.3.2) by 
the transformation matrix Q, are found as follows. By definition: 


Aj = Al@;,é], Ag = Alex, e/] (3.1.17) 
Now: 
Alé;,é;] = A[Oixex, yer] = Qe Oj Alex, er] > 
Ay = QxQjAu & A = Q AQT (3.1.18) 
The inverse transformation is: 
Au = OxOjAj = A= Q'AO (3.1.19) 


In some presentations in the literature the relations (3.1.18) and (3.1.19) are used 
to define a tensor of second order: 


A tensor of second order is an invariant quantity which in every Cartesian coordinate 
system Ox is represented by a two-dimensional matrix A = (Aj), such that the tensor 
matrices in any two coordinate systems Ox and Ox are related by the formulas (3.1.18) and 


(3.1.19). 
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This definition is the most practical one in n-dimensional spaces in which the 
concept of vectors is abstract since it is not possible to use geometrical figures in the 
same fashion as in the three-dimensional Euclidian space E3. The definition chosen 
in the present exposition, that a tensor is a multilinear scalar-valued function of 
vectors, is preferred because the definition is obviously coordinate invariant, and 
because it is the most convenient definition when we want to introduce tensor 
components in general curvilinear coordinate systems F3, as we shall see in Chap. 6 


For convenience we shall let all the symbols A, A, and Aj; represent one and the 
same tensor of second order. The bold face notation A is preferred when it is 
important to emphasize the coordinate invariance of the property described by the 
tensor. For a tensor of first a, i.e. a vector, we use alternatively the symbols a, a, and 
dj. 

An isotropic tensor is a tensor represented by the same matrix in all Cartesian 
coordinate systems. Isotropic tensors of second, third, and fourth order will be 
presented below. 

The unit tensor of second order is denoted by the tensor symbol 1 and is defined 


by the scalar product of the two argument vectors b and c: 
a = 1[b,c] =b-e (3.1.20) 


The components of the unit tensor 1 in a Cartesian coordinate system Ox are given 
by a Kronecker delta: 


di = lei,e;] = ere; 1 = (04) (3.1.21) 


It follows from this result, and also from the transformation formula (3.1.18) for 
components of second order tensors, that 1 = Q1Q" = 1. The unit tensor is rep- 
resented by the unit matrix in all Cartesian coordinate systems and is thus an 
isotropic tensor of second order. 

A tensor of third order C is in a Cartesian coordinate system Ox represented by 
3° = 27 components: 


Cie = Clei, €;, €x] (3,122) 


which may be considered to be the elements in a three-dimensional matrix C. The 
relation between the tensor components Cj, in the Ox-system and the tensor 
components C;s; in another Cartesian coordinate system OX is: 


om = Ori Os On Cijk (3.1.23) 
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The derivation of this result follows the development of the relation (3.1.18). 
The scalar triple product of three vectors a, b, and ec defined by the formulas 
(1.2.35) and (1.2.36): 


a = [abe] = (a x b) - ¢ = ejeajbjcx (3.1.24) 


may be represented by a third order isotropic tensor P called the permutation 
tensor, such that: 


a. = [abc] = Pla, b,c] (3.1.25) 


From the formulas (1.2.37) it follows that the components of P in a Cartesian 
coordinate system Ox are the permutation symbols ex: 


Ple;,e;,ex| = [eeex] = ein (3.1.26) 
Defining the permutation tensor P by its Cartesian components (3.1.25), we obtain: 
“a= Pla, b, c] = aj bj cP lei, ej, e; | = aj bj Creiik = [abc] 


Because the components of the tensor P will be the same in any Cartesian coor- 
dinate system, the permutation tensor P is an isotropic tensor of third order. 

A tensor A of order n is in a Cartesian coordinate system Ox represented by 3” 
components: 


Ay. = Ale;,¢;,~] (3.1.27) 


The Aj.. components may symbolically be presented by an n-dimensional matrix 
A. The relations between the components Aj.. and the components A,;. in an 
Ox-system are: 


Ays. = O,iOs; Ay. Se Ay. = 0,i0s; » Aps. (3.1.28) 


These relations may be used in an alternative definition of a tensor of order n: 


A tensor A of order n is a coordinate invariant quantity, which in every Cartesian coor- 
dinate system is represented by an n-dimensional matrix, such that the components in two 
Cartesian coordinate systems Ox and Ox are related by formula (3.1.28). 


A tensor A of order n (>1) is symmetric/antisymmetric with respect to two 
argument vectors, or two component indices, if: 


A[-, ,a, -,b, ‘] = +AI-, 5b, *, a, ‘] o 


3.1.29 
Al-, ++, €i,*, &, ‘| = tA|-, ++, e,°, e:,°] & A...i5. = tA. pi. ( ) 


The signs (+) imply symmetry/antisymmetry respectively. 
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The tensor A is completely symmetric/antisymmetric if the symmetry/ 
antisymmetry property applies to any two argument vectors, or any two compo- 
nent indices. The stress tensor T is an example of a symmetric tensor of second 
order. With reference to Eq. (3.1.17): 


Tle, n] = T[n,e] > Tle;,e;] = Tle,e], Tj = Ti & T=T" 


The unit tensor 1 is a symmetric tensor of second order: 6 = 6;;. A completely 
symmetric tensor S of third order has components that satisfy the conditions: 


Sik = Sig = Si = Sik = Seay = Sigi (3.1.30) 


The number of distinct components different from zero is reduced from 27 for a 
general third order tensor S, to 10 for a completely symmetric third order tensor 
S. A completely antisymmetric tensor of third order has only one distinct compo- 
nent « different from zero, such that the tensor is a product of a scalar « and the 
permutation tensor P. The proof of this statement is given as Problem 3.1. 
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Tensors of the same order n may be added or subtracted, and the results are new 
tensors of order n. The sum of two second order tensors A and B is defined by: 


A+B=C # A{a,b]+ B[a, b] = C[a, b] (3.2.1) 


This means that the scalar value of C for some argument vectors a and b, is 
obtained by adding the scalar values of A and B for the same argument vectors. It 
follows that: 


A+B=CSA,+B,;=Cj @A+B=C (3.2.2) 


The difference A — B = D is defined similarly. Addition and subtraction of tensor 
of other orders are defined analogously. 

If the scalar value of tensor A is equal to the negative scalar value of a tensor 
B of the same order for all sets of the same argument vectors, we write: 


A=-B<sA=-B (3.2.3) 
The sum A + B is then a zero tensor O with all components equal to zero in any 
Cartesian coordinate system. 


Tensor Product 
The tensor product of a tensor A of order m and a tensor B of order n is a tensor 
C of order (m + n), and defined by: 
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A@B=C Ala, -|B[b, ] = Cla, -,b,-] @ A;.B; = Cy (3.2.4) 


The tensor product is a multilinear scalar-valued function of all the argument 
vectors of the two factor tensors such that the scalar value of the tensor product is 
the product of the scalar values of the factor tensors. In general A @ B 4 B @ A, ice. 
the tensor product is not commutative. However, tensor products are distributive. 
For example, for a tensor A of order m and two tensors B and C of order n we find: 


A®@(B+C)=A@B+AQBC (3.2.5) 


The tensor products ¢ ® d and d & c of two vectors ¢ and d are tensors of second 
order and are called dyadic products, or for short dyads, of the two vectors: 


c@d=E  cfald[b] = Ela, b] © cid; = Ej & E = (cid)) 


3.2.6 
Fla, b] < dic; Fi oF (dicj) E’ ( ) 


7 
& 
° 
II 
= 
t 
i 
J 
ick 
ce 
lI 


We see that E = F’. Tensor products of many vectors are called polyads, for 
example the triad: 


ced@f=(cad)@f=ce&(d@f) 


In some presentations, see for instance Malvern [1], the multiplication symbol ® 
in the tensor product is omitted. The tensor product in (3.2.4) is then denoted: 
AB = C. In the present book the product AB (4A @ B) is defined only for second 
order tensors and is called the composition of the two second order tensors, and 
defined by the relation (3.2.23) below. 

The tensor product of a scalar «, i.e. tensor of order zero, and a tensor B of order 
n is a tensor C of order n: 


“aB=Cs oBfa,--] = Cla,--] S a B.. = Ci. & oB=C (3.2.7) 


It may be shown that an isotropic tensor of second order, 1 = 1y, always is the 
product of a scalar « and the unit tensor 1. 


I=L =oal (3.2.8) 


The proof of this is given as Problem 3.2. It may also be shown that the general 
isotropic tensor of third order, denoted by I3, is a product of a scalar « and the 
permutation tensor P. 


I, =aP (3.2.9) 


Contraction 
A contraction of a tensor of order n is an operation on the matrix of the tensor 
leading to a new tensor of order (n — 2). As an example, let C be a tensor of order 3 
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for which the components in two Cartesian coordinate systems Ox and OX are 
related according to the formulas (3.1.23): 


Crs = Ori Os; On Cijk 


Then the component sets: C;j,,, C,;-, and C,,, represent three different tensors of 
order (3 — 2 = 1), in this case three different vectors. These operations are called 
contractions: two indices in the tensor matrix are set equal and a summation is 
implied over the region for this index. That the result of a contraction represents 
components of a new tensor of order two less then the original tensor will now be 
shown for the contraction C,,, of the tensor C. In the component relation above we 
set s = r and perform the summation with respect to the index r: 


Cit = (Ori Q,;) On Cri = Oi On Ci => Cn = On Ci Q-E.D 
Let B be a tensor of second order with components By and By in two Cartesian 
coordinate systems. The contraction B;; = tr B results in a new tensor of order (2— 
2) = 0, ie. a scalar. This scalar is called the trace of B and is denoted trB. The 
value of the scalar is equal to the trace of the tensor matrix in any Cartesian 
coordinate system. 


tB trB Bi trB Bi (3.2.10) 


As an example: The trace of the stress tensor T is equal to the sum of the normal 
coordinate stresses on any set of three orthogonal planes: 


tT =tT = 7; = Ty, + T2 + T33 = 0; +00.+ 03 (3.2.11) 


Thus: the sum of normal stresses on three orthogonal planes is independent of the 
coordinate system. This fact is already shown in Sect. 2.3.1 by the formulas (2.3.4) 
and (2.3.13). 


Inner Products or Dot Products 
The scalar product of two tensors A and B of second order is defined as the scalar: 


a=A:B= Aj Bi (3.2.12) 


The following reasoning proves that the expression A : B is coordinate invariant. 
The tensor product of A and B is a tensor of order (2 + 2) = 4 with components 
A,By. Two contractions leading to AjBj reduce the order of the tensor to 
(4 —2 — 2) =0, ie. a tensor of order zero, or a scalar, and thus a coordinate 
invariant quantity. 

The following results are easily proved for tensors of second order: 


84 3 Tensors 


A:B=B:A, A:(B+C)=A:B+A:C (3.2.13) 


In the literature, e.g. Malvern [1], two different scalar products are introduced for 
tensors of second order: 


A:B= A,B, A. B= AyBji (3.2.14) 


The latter scalar product is given an alternative presentation by formula (3.3.2) 
below. 

Linear mappings of a vector a onto another vector, b or c, are given by a second 
order tensor A: 


A-a=b=> Aja; =b 6 Aa=b (3.2.15) 


a-A=c>aj)Aj=ojeaA=c! (3.2.16) 


To see that the components 5; and c; represent proper vectors, we argue as follows: 

The tensor product A ®a is a tensor order 3 with components Aj a,. The con- 

traction: Aj a; leads to a tensor of order (3 — 2) = 1, i.e. to the vectors Aj a; = bj. 

Similar arguments prove that a;Aj; represents the components of a proper vector. 
The linear mapping in (3.2.15) is alternatively written as: 


Aa=b (3.2.17) 


This notation is attractive because it is analogous to notation for the related matrix 
product: Aa = b of the matrices representing the tensors. In the present exposition 
the notation A - a is preferred because it fits in with the general definition of the dot 
product given in the formulas (3.2.22) below, but also because of the symmetry it 
provides in the following expression (3.2.18). Using the formulas (3.1.13-3.1.15) 
we find that: 


a = Alb, e] = bicj;Aj = DAycj) = b'Ac=b-A-e (3.2.18) 


This notation has already been used to express the normal stress and the shear stress 
on a surface by the stress tensor. See the formulas (3.1.4) and (3.1.5). A special 
application of the notation expressed in (3.2.18) is: 


Ay = Alei,e;| =e -A- ej (3.2.19) 


Let C be a fourth order tensor. This tensor provides linear mappings of a tensor 
of second order A onto another tensor of second order, B or D, by: 


C:A=BsS Cijni Axi = Bi, A:C=Ds Aj Cijt = Dy (3.2.20) 
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The scalar product of B, or D, obtained from the formulas (3.2.20), and a second 
order tensor E are the scalars: 


E:C:A= Ej Cijnt Axi 


E:B 
(3.2.21) 
E:D=A:C:E=AjCyu Eu 


a=B:E 
fb=D:E 


The scalar product of two vectors, the scalar product of two tensors of second 
order, and the products in the linear mapping in the formulas (3.2.15), (3.2.16), and 
(3.2.20) are all called inner products or dot products. 

We now generalize the concept of dot products. Let A be a tensor of order (n) 
and B a tensor of order (m). We define the dot product C of A and B and the double 
dot product D of A and B by the operations: 


dot product: A- B = C © Aj... By...j = Cj.....; tensor of order (n + m — 2) 
double dot product: A : B= D © 4j..~By...; = Dj.....; tensor of order (n+ m — 4) 


(3.2.22) 


The dot product of two tensors A and B of second order is a tensor C of second 
order and is called a composition of the two second order tensors. 


A-B=CAxBy = Cy @ AB=C (3.2.23) 


Due to the matrix form of this type of product the composition is alternatively 
presented as: 


A-B=AB=C<SAB=C _ composition of second order tensors (3.2.24) 
In general: AB 4 BA. It follows that: 


(AB)C = A(BC), _ presented as ABC 


(3.2.25) 
A(B+C)=AB+AC, (A+B)C=AC+BC 


The following operations for the tensor product, the scalar product, and linear 
mapping of vectors are easily verified by their component versions. 


b-c), c-(a@b)=(c-a)b 
= (a-c)(b-d) = a; bj cj dj (3.2.26) 
a: (b@c) ‘d= (a : b)(c -d) = ajbjcjdj 


In Sect. 3.1 we have defined the stress tensor alternatively as a linear 
vector-valued function of a vector, by Eq. (3.1.3), and as a bilinear scalar-valued 
function of two vectors, by Eqs. (3.1.4) and (3.1.5). In the present exposition the 
general definition of a tensor of order n is as a multilinear scalar-valued functions 
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of n vectors. The formulas (3.2.20) express the fourth order tensor C as two linear 
tensor-valued functions of a second order tensor A: 


B=C:A and D=A:C, 


while the formulas (3.2.21) may be interpreted as expressing the fourth order 
tensors C as a bilinear scalar-valued function of two second order tensors E and A. 


The Quotient Theorem 

In the presentation of the Cauchy stress theorem (2.2.27) we have derived a set of 
linear equations between the components in a Cartesian coordinate system Ox of the 
stress vector t on a material surface in a material particle and the unit normal vector 
n on the surface: 


ti = Tix nk (3.2.27) 


The coefficients Tj, in these equations are the coordinate stresses. The component 
relation (3.2.27) is valid in any Cartesian coordinate system. By the formulas 
(2.2.32) we found the relations between the coordinate stresses in two different 
Cartesian coordinate systems: 


Ti = OnQiTa <> T = OTO" (3.2.28) 


According to the general definition (3.1.19) of tensors of second order the result 
(3.2.28) shows that the matrices T and T represent a tensor of second order. 

Let us generalize to the following situation. Suppose that we have developed 
linear relations between the components of two tensors of first order a and b in two 
Cartesian coordinate systems Ox and OXx : 


aj = Cybj @a=Cb, a, =C,sbs a= Cb (3.2.29) 


The two coordinate systems are related through the transformation matrix Q, such 
that: 


a, = Oni qj, bj = Os; bs (3.2.30) 


We assume that for any choice of tensor b the outcome of the relations (3.2.29) is 
the components of a tensor of first order a. We can then prove that the “quotients” 
C and C in the relations (3.2.29) represent the components of a second order tensor 
C in the respective coordinate systems, such that: 


Cr = Ori Os; Ci (3.2.31) 


Proof We start with the relations (3.2.29)s, then apply the relations (3.2.30), 
(3.2.29), (3.2.30)2, and finally the relations (3.2.29)p: 


3.2 Tensor Algebra 87 


Cysbs =a4,= 0,i q= 0,i (Cj bj) = OFF Ci (Oy bs) > (Cy = Ovi OjCi) bs =0 

(3.2.32) 
This result is to be valid for all choices of the argument tensor b, which means that 
the components b, may be chosen freely. That implies that the term (C,; — 
Q,;Q,;Cj;) must be zero, and the relations (3.2.31) are proved, i.e. the matrices 


C and C represent a second order tensor C. 
The example above is generalized to: 


The quotient theorem: Given a linear tensor-valued function of a tensor B with the value 
A such that in any Cartesian coordinate system Ox the component matrices B of B and A of 
A are related through the coefficient matrix C, and such that A represents a tensor for any 
choice of the tensor B, then the matrix C represents the components in Ox of a tensor C. 


Another example of application of the quotient theorem may be as follows. Let 
B be a tensor of second order and a a tensor of first order. Suppose that we have 
developed the following linear relation between the matrices of the tensors B and a: 


Qj = Cin Bix (3.2.33) 


The relation is to be valid in any Ox-system and for any argument tensor B. Then 
the “quotient” elements Cj; in the relations (3.2.33) are the components of a tensor 
of third order C. The component relation (3.2.33) may be generalized to the 
coordinate invariant form: 


a=C:B (3.2.34) 


Tensor Equations 

A tensor equation is a coordinate invariant equation of tensors. All terms in the 
equation have to be tensors of the same order. In the component format all terms 
must contain the same free indices. An example of a tensor equation is: 


Ai + Ci by = By taicp @ A+C-b=B+a@e (3.2.35) 


It often is convenient to develop physical or geometrical equations in a special 
Cartesian coordinate system. If such an equation can be identified as a tensor 
equation, it automatically is valid in any other coordinate system. In Chap. 6 we 
shall see how the components of tensors are defined in general curvilinear coor- 
dinates, and how a tensor equation is written in any general coordinate system. We 
should always try to formulate equations between physical or geometrical quantities 
that are represented by scalars, vectors, and tensors in a coordinate invariant format, 
which in fact means that the equations should be tensor equations. 
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3.2.1 Isotropic Tensors of Fourth Order 


In this section we present four special isotropic tensors of fourth order and a general 
fourth order isotropic tensor. First, we see that because 6, represents the compo- 
nents of an isotropic second order tensor, i.e. the second order unit tensor 1 = Ly, 
the components 6; 6, represent a fourth order isotrop tensor which is the tensor 
product of 1 by itself: 1 @ 1. Two other isotropic tensors of fourth order are defined 
by their components: (1) the fourth order unit tensor denoted 14 =1®1 with 
components in Cartesian coordinate systems:1 jy) = 0; 6j, and (2) a tensor denoted 
1 = 1@1 with components in Cartesian coordinate systems: 1 jz; = 0; 0j.. The three 
fourth order isotropic tensors are then: 


1lels Oi On, lg= 121 <¢ Li = Oik Oj, 1=1e1<s Lina = i Ojx 
(3.2.36) 


The fourth order unit tensor 1, has the symmetry properties: 
Lig = ligt = Ling = Levi (3.2.37) 


The reason for the name unit tensor for the tensor 14 = 1&1 becomes apparent in 
the dot product of the tensor 14 and any second order tensor B: 


1,:B =Bs Lig By = Oik oj By = Bj 


3.2.38 
B:14=B © By lig = By Ox Op = Bu ( 


The fourth order unit tensor 14 may be decomposed into a symmetric part 14 and an 
antisymmetric part 17: 


1, =181=15 414 (3.2.39) 


Toe 1 
1D 5 el +181) & Vig = 3 (Six dj + 011 Oe) = Vier = Vie = Vag (3.2.40) 


—_ 1 
iy = (181 co 1@1) 4 Lia = 2 (Six oj = Oil dix) Via — Vin Li 


(3.2.41) 


1 
2 


The tensor product 1 ® 1 has the following property in a dot product with a 
second order tensor B: 


(1 & 1):B = (tr B) 1s Oi Ou Bu = Bie OF (3.2.42) 


It may be shown that the general isotropic tensor of fourth order is given by: 
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I, =2n1,+201f+A(1 81) s (3.2.43) 

Taji = 1 (Oik Oj + 5:1 Oj) + (Six Oi — Oi Oj) +455 Sex ~ 
The parameters 1, 0, and / are three scalars. The dot product of the general isotropic 
tensor of fourth order I, and a symmetric second order tensor E is a symmetric 
second order tensor: 


T= L:E = Tj = Taina Eq (3.2.44) 


Because the tensor E is symmetric, the antisymmetric part 14 of the isotropic tensor 
I, does not contribute in the dot product. Thus: 


T =W:E = W:E = (2u1,+41@1):E, W=2n1j+21@1 (3.2.45) 


The tensor Ij, is the symmetric part of the isotropic tensor I, and has the symmetry 
property: 


Lhigt = [sit _ [histk _ [hij (3.2.46) 
From Eqs. (3.2.43) and (3.2.45) it follows that: 
T = 2vE+A(rE) 1 7; = 2uEj+ 1 En by (3.2.47) 


In Sect. 5.2 we identify T as the stress tensor, E as the strain tensor for small 
deformations, defined in Sect. 4.3, and furthermore the formula (3.2.47) as the 
generalized Hooke’s law for an isotropic, linearly elastic material, confer the 
formula (5.2.17). The scalars and are then called the Lamé constants, after 
Gabriel Lamé [1795-1870], and are related to the modulus of elasticity 1 and 
Poisson’s ratio v for the material. The parameter 1 is the shear modulus, and the 
parameter A is equal to « — 24/3, where x is the bulk modulus of elasticity, confer 
the formulas (5.2.9), (5.2.11), and (5.2.19). 

In Sect. 5.3 the formula (3.2.47) represents the stress contribution T due to the 
viscosity in a Newtonian fluid if E is replaced by the rate of deformation tensor D, 
also called the rate of strain tensor, confer the formulas (5.3.11). The tensor D is 
defined in Sect. 4.4. The parameter yu is now the dynamic viscosity also called the 
shear viscosity and 2 = « — 24/3, where x is the bulk viscosity. 

The tensor equation (3.2.47) has also other applications when we want to 
describe the state of stress in isotropic viscoelastic materials. 


3.2.2 Tensors as Polyadics 


The polyads e; ® e; of the base vectors e; in a coordinate system Ox and the polyads 
€, @ €; of the base vectors € in a coordinate system OX may be interpreted as 
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tensors of second order. The relations between the two sets of base vectors e; and e; 
are: 


Oki = COS(€x, €;) > x = Que; > €; = Qui & 
Then the components of the tensors e; ® e; are: 
dx Oj in Ox and Ox; Oy in Ox 
The components of the tensor e; ® e; are: 
Oxi Qi in Ox and  d4j din Ox 
Let B be any tensor of second order with components: 
Byin Ox and Bain OX & Bua = QO Oy By, Bij = Qi Qy Bu 


Then the tensors Bye; © e; and By  ® € are both identical to the tensor B. In order 
to see this, we evaluate the components of the two tensors in the two coordinate 
systems. 


Bi ee => By Oni OT = ByinOx and Bj Oxi Oj; = Bu in OX 
Buy e, © & > Bu Oxi O; = Bj inOx and Bu Oni Oy = Bj in Ox 


Thus we may write: 
B= Bye; 8 ej; = By & ® & (3.2.48) 


A linear combination of dyads of vectors is called a dyadic. The formula (3.2.48) 
shows how a second order tensor may be expressed as a dyadic. 

It is easy to see how this tensor representation may be extended to tensors of 
order n by using polyadics, i.e. linear combinations of polyads. For tensors of first, 
second and third order the polyadic representations are: 


a=a;e,, B= Bi e; © &;, C= Cijx €; © | © & (3.2.49) 
A contraction in a tensor may now be performed by replacing a tensor multi- 


plication by a dot multiplication, which is indicated by replacing the sign (®) by a 
dot (-) in the polyadic representation of the tensor. For example: 


Cin €i @ €j © Ck = Cie (€; © €;) @ @e => Cin (€; - €;) © ex = Cyn Oy ee = Cin €x 
(3.2.50) 


We now have three alternative definitions of tensors: (1) as scalar-valued mul- 
tilinear functions of vectors, (2) as coordinate invariant quantities defined in 
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Cartesian coordinate systems by components that are related by the formulas 
(3.1.28), and (3) as polyadics. In general curvilinear coordinate systems vectors and 
tensors are represented by more than one set of components. This will be 
demonstrated in Sect. 6.3 for vectors and in Sect. 6.4 for tensors. 


3.3. Tensors of Second Order 


Most of the important tensors relevant in continuum mechanics are of second order, 
the prominent example being the stress tensor T. It is therefore natural to give 
second order tensors special attention and to investigate their properties thoroughly. 

Related to a tensor A of second order we define the transposed tensor A" by: 


A’ <> A"lb,¢] = Ale, b] © (A), = Aji (3.3.1) 


The matrix of A’ is the matrix A’. The second scalar product in (3.2.14) may now 
be presented as: 


A-B=A:B! = AjB; (3.3.2) 


A tensor B of second order is symmetric/antisymmetric if it is symmetric/ 
antisymmetric with respect to the argument vectors: 


Symmetric B: B[b, c] = Bic, b] & B; = Bj 4 B= B’ + B=B" 
Antisymmetric B: B[b, c] = —B[c,b] = Bj = —B; & B = —B’ = B = —B" 
(3.3.3) 


Any second order tensor B may uniquely be linearly decomposed into a sym- 
metric tensor S and an antisymmetric tensor A: 


B=S+A, S=S'=7(B+B"), A=-AT=3(B-B)% (334) 
S=S' = (B+B"), Sy = Si =5 (By + Bi) = By 
2 (3.3.5) 
A=—-A‘ = 5 (B —B ie Aj = Aji =9 (Bi Bi) = Bij 


The tensor B is specified when values for the 9 components Bj in an Ox-system are 
given. The symmetric part S of B contains 6 distinct components S;(=S;;), while 
the antisymmetric part A of B contains 3 distinct components Aj. Together the two 
tensors S and A contain the same information as the original second order tensor B. 

To any vector a there is an antisymmetric tensor A of second order that contains 
the same information as the vector. The vector a and the tensor A are called dual 
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quantities, and with the permutation tensor P, the dual tensor A to a vector a is 
defined by: 


0 —a3 a2 
A= —P-a=—a-PS Aj = —e ay, = —areyj @A= | a3 0 —a, 
-—a a, 0) 
(3.3.6) 
It follows that: 
1 1 
al a a a 
1 1 (3.3.7) 
aj = — 5 eiikAik = — 5 Ainejni > a = —{Ao3 A31 Az} 


In some presentations in the literature the vector a and the transposed tensor A’ are 
defined as dual quantities. 

When the vector a and the antisymmetric second order tensor A are dual 
quantities, we may express the vector product a with any other vector b by: 


axb=A-bobxa=b-A (3.3.8) 


These relations are easily checked by writing out their component versions. These 
alternative expressions for vector products are convenient in tensor equations and in 
their matrix representations. 

Three important scalar invariants related to a tensor A of second order are 
defined by: 


the trace of A: A = trA = Ax (3.3.9) 


the determinant of A : detA = det A (3.3.10) 


the normof A: normA = ||A|| = VA: A = y/tr(AA’) = y/tr (AA?) = Ag Ay 
(3.3.11) 


It follows from their definitions that tr A and norm A are coordinate invariant 
quantities. Now we shall demonstrate that the determinant of A, det A, also is an 
invariant and thus a scalar. Let Q be the transformation matrix in a coordinate 
transformation from a system Ox to a system Ox. Then since det Q = det Q’ = 1, 
we obtain from the multiplication theorem for determinants in formula (1.1.23): 


detA = det(QAQ") = (det Q)(det A) (det Q") = detA 


If detA 40, we may determine the inverse tensor A™' of A from the tensor 
equation: 
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AW A=1=AA™, ATA=1=—AA~ (3.3.12) 
A tensor A is called an orthogonal tensor of second order if: 


A’=A™! and dettA=1=>A'7A=AA’ =1<¢ 
ATA =AAl = 14 Ax Ay = 5j, and detA=1 


(3.3.13) 


ij) 


It follows from the definition (3.3.13) that the matrix A of an orthogonal tensor A is 
an orthogonal matrix. This implies that the columns, or rows, of the matrix of an 
orthogonal tensor represent the components of an orthogonal set of unit vectors, 
which is called an orthonormal set of vectors. In the same order as they appear in 
the matrix they form a right-handed system of three vectors in the same sense as the 
base vectors in a Cartesian right-handed coordinate system form a right-handed 
system. In the linear vector mapping a = A - b, where A is an orthogonal tensor, the 
tensor A represents a rotation of the argument vector b, such that lal = Ibl. This 
property will be further discussed in Sect. 3.7 Q-Rotation of Vectors and Tensors of 
Second Order. 

The following rules may be directly transferred from matrix algebra. For any two 
second order tensors A and B: 


(AB)'=B'A’, (AB) '=B A! (3.3.14) 


The cofactor Co A of the matrix A of a second order tensor A represents a tensor 


Co A, the cofactor tensor. From the formulas (1.1.29), noting that A~’ = fF 
we obtain: 


CoA =A‘ detA (3.3.15) 
The formulas (1.1.24) imply that: 


O(det A) 


A — 
Co A 


€ CoA; = (3.3.16) 


3.3.1 Symmetric Tensors of Second Order 


Let S be a symmetric tensor of second order and a and b two orthogonal unit 
vectors. Referring to Fig. 3.1, we define the vector s of the tensor S for the direction 
a, the projection o of this vector on the direction a, and the projection t of the 
vector s on b: 
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s=S-as5,=Sya, @s = Sa (3.3.17) 
o=a-s=a-‘S-a=a;Sxq,=a'Sa (3.3.18) 
t=b-s=b:S-a=)Sxa, =b'Sa (3.3.19) 


o and 7 are respectively called the normal component of the tensor S for the 
direction a, and the orthogonal shear component of the tensor S for the orthogonal 
directions a and b. The names “normal component” and “shear component” are 
taken from the corresponding quantities related to the stress tensor T, confer the 
formulas (2.2.27), (2.2.28), and (2.2.30). Note that the three vectors a, b and s do 
not necessarily lie in one and the same plane. 

We may also write: 


o = S{a,al] 
(3.3.20) 
t = S|b,a] = S[b,al 
If we choose a = e; andb = ep, we get: 
o = Sle;,e:] = Si, t = Sle, e1] = $1 (3.3.21) 


Hence in the matrix S the elements on the diagonal represent normal components, 
while the off-diagonal elements are shear components. 

Any symmetric second order tensor has mathematically the same properties as 
the stress tensor T. In two dimensions we may analyze the properties in a Mohr— 
diagram and otherwise use the formulas developed in Sects. 2.3.5 and 2.3.6. In the 
general three-dimensional case the three principal values o =o; and the three 
principal directions a = a; of the tensor S are determined from the condition: 


s=S-a=oa (3.3.22) 


This equation is organized into the algebraic equations: 


Fig. 3.1 Vector s of the 

tensor S for the direction 

a. Normal component o of the LC 

tensor S for the direction 

a. Shear component t of the 

tensor S for the directions 

a and b e 
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(c1—S)-a=0(c1—S)a=0 (3.3.23) 


A solution of these three equations requires that the determinant of the coefficient 
matrix (a1 — S) is zero: 


det (o1 — S) =0 > 03 — Io? + Ilo — I = 0 (3.3.24) 


This equation is called the characteristic equation of the tensor second order S. The 
coefficients J, IJ, and I/I are the principal invariants of the tensor S: 


IT=trS=o,+0.+0; 


1 ae 2 2 
T= 5 [(s) ts =5 [(s) (normS) = 9162 +6203+ 9391 (3.3.25) 


IT = detS = : [(w$)°—30rS tr S? + 2trs*] = 01 0203 


These formulas are obtained directly from the formulas (2.3.4), except for the 
second variation in the formula for the invariant II], where an application of the 
formula (3.3.36) has been utilized. The three principal values o; are determined 
from Eq. (3.3.24), and the three principal directions a; are then determined from 
Eq. (3.3.23). The following properties and results, also demonstrated for the stress 
tensor T in Sect. 2.3.1, apply to all symmetric second order tensors S. The principal 
values are real, and if they are all different, the principal directions are orthogonal. If 
two principal values are equal, but different from the third principal value, then all 
directions normal to the principal direction related to the third principal value, are 
principal directions. If all three principal values are equal, the tensor is isotropic, 
and any direction is a principal direction. The three principal directions a; are said 
to represent the principal axes of the tensor S. The principal values o; are also 
called the eigenvalues and the principal direction a; the eigenvectors to the sym- 
metric tensor S. The mathematical problem related to Eqs. (3.3.23-3.3.25) is an 
eigenvalue problem. 

In a Cartesian coordinate system Ox with base vectors e; = a; the symmetric 
second order tensor S has the matrix representation: 


01 0 0 
(S [aj, aj) = 0 o O = (6; ij) (3.3.26) 
0 0 03 


The principal values of the tensor represent extreme values for normal components. 
If the principal values are ordered such that: 3 <o2 <}, then: 


Omax = 91, Omin = 93 (3.3.27) 


The maximum value of the orthogonal shear component is: 


96 3 Tensors 


(Gmax — Omin) fora =+(a,;+a3)/V2, b=+(a; —a3)/V2 
(3.3.28) 


Tmax = 


Nile 


Let the elements a;; be the components in the Cartesian coordinate system Ox of 
the principal directions a,: 


ak Age, SPS Aki aa: ej ej Agia (3.3.29) 
Then we may write: 


Sij = Sle;, ej = S|axi ax, Aj aj] = Slag, ay]axi ay = » Ok Ou Aki Aj => 
kl 


Si = Yo on ay ay & S= Soy @ a (3.3.30) 
k k 


This formula also follows directly from formula (3.2.48) when we choose a, as base 
vectors. 
Powers of a tensor A of second order is defined by: 


A” = AA---A_ (ncompositions) (3.3.31) 


It may be shown that for a symmetric tensor of second order S the result (3.3.30) 
implies that, see Problem 3.3: 


S" = S/ (ox)"a @ ax, n=1,2,3,-~ (3.3.32) 
k 


The tensors S” and S have the same principal directions and are therefore called 
coaxial tensors. Note that the exponent n is a natural number.A symmetric second 
order tensor is called a positive definite tensor if: 


c-S-c>0_ for all vectorse 4 0 (3.3.33) 


From the definition (3.3.33) it follows that the principal values and the principal 
invariants of a positive definite symmetric tensor all are positive, see Problem 3.4. It 
also follows that the trace, the determinant, and the norm of a positive definite 
tensor S are positive. 

For any real number « we define real powers of a positive definite tensor S by: 


Ss’ = S- (ox)” a, @ a, ais a real number (3.3.34) 
k 
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The tensors S”% are positive definite tensors, and S* and S are coaxial tensors. 
The inverse tensor S~! is obtained from formula (3.3.34) when « = —1. For the 
special case « = 1/2, we write: 


si? VJs (3.3.35) 


All powers with exponents n = 1,2,3,... of a symmetric tensor S of second 
order may be expressed by S, S’, and the principal invariants J, 7, and JI of the 
tensor. In order to see this, we first prove the following theorem. 


Cayley—-Hamilton Theorem A symmetric tensor S of second order satisfies its 
own characteristic equation (3.3.24), such that: 


S—18°+7S— 11 =0 (3.3.36) 


The theorem is named after Arthur Cayley [1821-1895] and William Rowan 
Hamilton [1805-1865]. Proof of the theorem: The characteristic equation (3.3.24) 
of the tensor S is satisfied by the principal values o, of the tensor. If we multiply 
Eq. (3.3.24) by the tensor product a, ® a, and sum with respect to the index k, we 
obtain: 


s [(cx)*an & ay — I(o,)°ay ® a, + lo, a, ® a, — Ta, ® a} = 0 
k 


This result is directly transferred to Eq. (3.3.36) through application of formula 
(3.3.32), and the Cayley—Hamilton theorem is proved. By Eq. (3.3.36) all powers 
of S with natural number exponents may be expressed by the tensors S§ and S”, and 
the principal invariants J, IJ, and I/I of S. 


3.3.2 Alternative Invariants of Second Order Tensors 


The following sets of alternative invariants of a symmetric tensor of second order 
sometimes appear in the literature. The moment invariants: 


a | 1 —=. If 
T=eS=/, M=-tS=-P-, = -tSs? (3.3.37) 
2 2 3 
The trace invariants: 


I=tS=1:S=1, 
Hi=tS’ =S:S=P -2 (3.3.38) 
ii =u S? =S: (SS) = 317+ P — 31-1 
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3.3.3 Deviator and Isotrop of Second Order Tensors 


A symmetric second order tensor S may be decomposed uniquely in a trace free 
deviator S' and an isotrop S°: 


S=S'+8° (3.3.39) 

ot 1 
S= 3 (trS)1 = Si= 3 Sik 6 —isotrop (3.3.40) 
S'=S-—S’, trS’=0 deviator (3.3.41) 


S' and S are coaxial tensors, i.e. the two tensors have the same principal directions. 
The principal invariants and principal values of S’ are: 


I =0, 
1 1 1\2 1 2 
ur = det S' 
/ 1 / 1 
O, = 6; -— 37 So,= 3 (201 — 02-03) ete. (3.3.43) 


It has been shown in Sect. 2.3.2 that the stress deviator T’ may be decomposed into 
five states of shear. This type of decomposition is possible for any deviator S’ of a 
second order tensor S. 


3.4 Tensor Fields 


Tensors in continuum mechanics represent often intensive quantities or properties 
related to particles or places in space at a given time ¢. This means that these tensors 
really are tensor fields. A tensor A which is a tensor field is denoted by either 
A(ro,t) where ro represents a particle, or by A(r,¢), where r represent a place in 
space. At each place r and at the time ¢ the symbol A(r, ft) represents a tensor. The 
tensor fields A(r) and A(ro) are called steady tensor fields, and the tensor fields 
A(r) and A(ro) are called uniform tensor fields. Time and space derivatives of 
tensor fields are defined below as new tensor fields. In this section we shall 
introduce some of the most important of these derived tensors fields. 

The local time derivative of a tensor field A(r,f) is a tensor field 0,A with 
components 0,A;.. in an Ox-system: 
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OA,.. 


O,A > OA}. = Ot 


(3.4.1) 


The definitions of the gradient, the divergence, and the rotation of a tensor field 
may vary somewhat in the literature, and this may lead to confusion. In the present 
exposition these quantities will first be defined in an analogous manner to how the 
corresponding quantities were presented for scalars and vectors in Sect. 1.6. Then 
the del-operator will be introduced, which together with the dyadic representation 
will indicate two possible definitions of the gradient, the divergence, and the 
rotation of a tensor field. 


3.4.1 Gradient, Divergence, and Rotation of Tensor Fields 


The gradient of a scalar field «(r,t) has been defined by formula (1.6.6). The 
divergence and rotation of a vector field a(r, t) are defined by the formulas (1.6.12) 
and (1.6.15) respectively. The divergence of a second order tensor is defined by the 
formula (2.2.36). These results will now be generalized. 

Let A(r,t) be a tensor field of order n with components Aj..; in a Cartesian 
coordinate systems Ox with base vectors e;. The components of the tensor field in 
another Cartesian coordinate system Ox with base vectors @, are denoted A,.., such 
that: 


= OX, Ox; = 
Ars = Qri-OyAij, Qi = a oe (3.4.2) 
It follows that: 
OA, oy Ox 
ales = Oy ‘Qs a. = On 6,4 A On > 
; (3.4.3) 
OA,-: 


ae, = = Qi 0040" as Z eae 2 = QO, OGQKA: ‘pk 


We use this result to define the gradient of a tensor field A(r,t) of order nas a 
tensor field of order (n+ 1) with the components: 


OA; OA, 
i= A;--j,, in the Ox-system, OR, 


*=A,--5,,in theOx-system (3.4.4) 


This tensor is denoted alternatively by grad A and 0A/Or. If the tensor field A is 
presented as a polyadic, the gradient of A may be presented as follows: 
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OA 
A= Ajj; Q:- ©e> grad A = ae — Ajr+j 4&8 Q- We Sex (3.4.5) 
For a tensor field of order 0, i.e. a scalar field «(r, ¢), this formula agrees with the 
formula (1.6.6): grad « = «,,e;. The gradient of a vector field a(r,t) = a;(x, t)e; is a 
second order tensor with components q;,, in the Cartesian coordinate system Ox: 


grada = aj,,€; ® e (3.4.6) 


Let r(s) = x;(s) e; represent a space curve, where s is the arc length parameter 
along the curve. The unit tangent vector to the curve is defined by the formula 
(1.4.8): 

dr dx; 
t=—=— ¢ = fe; 3.4.7 
ds ds ( ) 
A tensor field A(r,t) of order n becomes a function of the arc length parameter 
s along the curve r(s) = x;(s) e;, and we may compute the tensor field 0A/Os of 
order (n — 1): 


OA dx, OA OAj..; 
—— = Ai, 6; Q= > = dA)-t J 
Ds ink Fy ee ®- Ge > Ds (grad A) -t > 


= Aj..j te (3.4.8) 


The divergence of a tensor field A(r, t) of order n, with the components Aj..,;, is 
defined as the tensor field “div A” of order (n — 1) with components Aj..,x,,. 


A= Aj. ji ®: ®e, & e=> divA = Aj. -rk 5p @i ©: ®e, (3.4.9) 


From this general definition it follows that the divergence of a vector field a(r, t) 
is the scalar ay,,, in agreement with formula (1.6.12), and that the divergence of a 
second order tensorA is a vector a = div A: 


a=aqe > diva=V-a= ayy, 


(3.4.10) 
A= Aje; ® ej divA Aik sx€i a aj Aik sx 


The del-operator V has been introduced by the formula (1.6.10), and the divergence 
of a second order tensor has already been introduced in formula (2.2.36) in con- 
nection with the development of the Cauchy equations of motion in Sect. 2.2.5. 

The divergence of the gradient of a tensor field A = Aj..je¢; © -- © ej of order n, 
i.e. div grad A, becomes: 


div grad A = Aj..j,4,4€1 @ ~ @ €j = Ai-jnuei @ ~ @ €) = (Ai-j@i ® - @ &)) set 
=A (3.4.11) 
div grad A = Aj..j,4€ @ - @ ej = VA 
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The symbol V7? is the Laplace-operator defined by the formula (1.6.14). 
The gradient of the divergence of a tensor field A of order n, i.e. grad div A, is: 


grad divA = Aj--k yk s1€i ®: ®e = Aje-ks@i ®:®e (3.4.12) 


The rotation of a tensor field A(r,t) of order n with components Aj..,~ in a 
Cartesian coordinate system Ox, is a tensor “rot A” of order n, also denoted “curl 
A”. The tensor is defined by its components ejj,Aj...x of: 


A = Aj..,.€; @ - @ €, @ eg => rotA = curlA = ejxAj...4,€;@- Oe, (3.4.13) 


The rotation of a vector a = aje; is the vector C ijk Ak j€i, in agreement with the 
formula (1.6.15): 


a= ae; > rota =curla= V Xx a= ejjAy.,/€; (3.4.14) 


The gradient, the divergence, and the rotation of a tensor field A(ro, ¢) related to 
the place ro in the reference configuration Ko of a continuum, are defined in similar 
manners as above but are denoted respectively as Grad A, Div A, and Rot A. 


3.4.2 Del-Operators 


The definitions of gradient, divergence, and rotation of tensors fields are not uni- 
versal. The literature defines for any tensor field the following tensors fields: 
right-gradient, left-gradient, right-divergence, left-gradient, right-divergence, 
left-divergence, right-rotation, and left-rotation. For instance, in the books by 
Malvern [1] and Jaunzemis [2], the following vector operators are introduced: 


V =Oxe, right—operator, V=V= eo left—operator (3.4.15) 


The first operator is called a right-operator because it operates from the right. Note 
that the /eft-operator is identical to the del-operator defined by formula (1.6.10). 
Applying the operators in (3.4.15) to a tensor field A of order n, we obtain: 


A® v= (Aj..;@i ®-® e;) ® Oxen = Aj..j,,€; @-- Oe; Bex, right—gradient 
Vv QA =e a, ® (Aj.-4e; ®:®@ ex) — Aj. ii Be Sex left— gradient 
(3.4.16) 


The two tensors defined by the expressions (3.4.16) are represented by the same 
components, but the components are organized differently. The tensor defined in 
Sect. 3.4.1 as grad A, i.e. the gradient of the tensor field A by the formula (3.4.5), is 
now seen to be the right-gradient of the tensor field A: 
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gradA =A QV = Aj,€; @ e @ & (3.4.17) 


The right- and left-gradient of a vector a are second order tensors where one tensor 
is the transposed of the other: 


right-gradient: grada=a® v= Aj,p€; ® Cx => (aV);;, = Od; = jp 
(3.4.18) 


grad V @a= (grada)’= ag,e; ® e => (Va), = Ory = Ak, (3.4.19) 


The right-divergence and left-divergence of a tensor field A are defined 
respectively by: 


A:V= Aj..j@; © + @ e;)- Oye = Aj..j,,€; © +(e; - ex) > 
: ( J ) ( k x) jok (ej K) (3.4.20) 
AV =Aj..4p@; @- — right—divergence 
V-A= (ech + (Aj..7@; © + © e;) = Aj..i,,(€x - €;)* © 7 > 
( k ) ( pS] ) J ic k i) (3.4.21) 


V-A= Ax.-i,g © @; ~left—divergence 


We see that the definition (3.4.9) of the divergence of a second order tensor field 
A is a right-divergence: 


divA=A-V (3.4.22) 


For a vector a the right-divergence and the left-divergence are identical, and we 
may skip the arrow over the “del” symbol V. 


diva=a-V=V-a=V-a=q,, (3.4.23) 
The divergence of the gradient of a tensor field A of second order may be given 
by: 


div grad A = (A @ v) -V= (Ay.x€i Ge ® ex) : (2,e,) = Ajj.4,-€; @ €; ® €y - &, > 
div grad A = Aj,,,€; ® @ = (Aye: ® @&) x4 = VA 
(3.4.24) 


The result agrees with the formula (3.4.11). 
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3.4.3. Directional Derivative of Tensor Fields 


Let the unit vector e define an axis originating from a place r. The distance from the 
place r to a position on the axis is given by a local coordinate s. We consider the 
tensor field A(r + se,t) and define the directional derivative of the components of 
the tensor field A(r,t) at the place r and in the direction e by: 


OAc (Kes Seiext) 
Os 


_ | OAj..; (Xe + Sex) 
ety O(xx + Sex) Os hi 


= Aj..j pk (3.4.25) 


The directional derivative of the tensor field A(r,t) at the place r and in the 
direction e is defined as the tensor: 


OA(r + se, t) 


Ds = (grad A)-e = [(grad A) -e];..; Aj-.j,nek (3.4.26) 


s=0 


3.4.4 Material Derivative of Tensor Fields 


A particle, i.e. material point, in a continuum is identified by the place vector ro in 
the reference configuration Ko of the continuum. The motion of the continuum is 
then given by the place vector r(ro, ¢) for the particle rp in the present configuration 
K of the continuum. 

The material derivative of a tensor field of order n is a new tensor field of order 
n. For the tensor field A(ro,¢) the material-derivative is: 


A = 3,A = 0,A(r0,t) © Aj..j = 2 = O,A;..j (3.4.27) 


For the tensor field A(r,t) we introduce the motion r=r(ro,¢), such that 
A = A(r(ro,¢),t). Then: 


dA Or or 
A=0A+ 5-5 = 08+ (grad A) S > Ajay = OApj+Apjyve (3.4.28) 


Alternatively we may write: 


A=0A+A@V-V (3.4.29) 
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We introduce the operator: 


3) ) 0. 0 
(v-V) = (vex) - (ax) = ee ‘G= Vk By, On = so a 


9 (3.4.30) 
(v-V) = ve On 
The formula (3.4.29) may now be expressed by: 
A=0,A+(v-V)A (3.4.31) 


3.5 Rigid-Body Dynamics. Kinematics 


All material bodies are deformable and will in general be deformed when subjected 
to forces. However, when the deformations are small enough we may treat the body 
as rigid. Then subsequently, when the dynamics has been determined, the defor- 
mations of the body are taken into consideration. In the present section and the one 
to follow we shall include some fundamental aspects of rigid-body dynamics. 

Rigid-body kinematics plays an important part in deformation analysis in 
Chap. 4, especially when large deformations are considered in Sect. 4.5. 
Rigid-body kinetics in the next section provides us with an example of an important 
symmetric second order tensor, the inertia tensor. 


3.5.1 Pure Rotation About a Fixed Axis 


Figure 3.2 shows a rigid body in two configurations: a reference configuration Ko at 
time f and the present configuration K at time t > fo. The Cartesian coordinate 
system Ox is fixed in a reference Rf. The x3-axis is perpendicular the plane of the 
figure. The rigid body rotates about the x3-axis. The Cartesian coordinate system Ox 
with base vectors e; and with the x3-axis coinciding with the x3-axis is fixed in the 
body and coincides with the Ox-system at time fo. 

The rotation of the body and of the body fixed coordinate system Ox with respect 
to the reference Rf is given by an angle of rotation 0(t). A particle rp in the body 
has the place Po at the reference time fp and the place P at the present time ¢. These 
places are also given by the place vectors ro and r: 


Yo = Xe@; = Xie;, r= xe; (3.5.1) 


The coordinates in the Ox-system are also representing reference coordinates for 
particles in the body, i.e. x; = X;j. 
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Fig. 3.2 Rigid body rotation about a fixed x3-axis perpendicular to the plane of the figure. Present 
configuration of K of the rigid body. Reference configuration Ko of the body. The Cartesian 
coordinate system Ox with base vectors e; is attached to the reference RF. The Cartesian coordinate 
system Ox with base vectors e is fixed in the body. Displacement vector 
u(r, 7) =r—ro(R—1)-ro 


The coordinate systems Ox and Ox are related through the transformation 
matrix Q: 


x= O's = Q'X & x; = OuX: (35,2) 
cosO sin@ O 

Qix(0) = cos(@;,e;) > O(0) = | —sind cosd 0}, O=O(t) (3.5.3) 
0 0 1 


The motion of the body is a rigid-body rotation about a fixed axis, i.e. the x3-axis, 
and will be described by the place vector function r(ro, t): 


r(ro,t) = R(t) - ro = x(X,t) = R(t)X (3.5.4) 


R(t) is a second order tensor called the rotation tensor of rigid-body rotation about 
a fixed axis. By comparing the component relation (3.5.4). with Eq. (3.5.2), we see 
that: 


R(t) = O"(t) > Rik(t) = Qu(t) (3.5.5) 


Because the transformation matrix Q is an orthogonal matrix it follows that the 
rotation tensor is an orthogonal tensor: 


RR’ =1, detR=1 (3.5.6) 
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The displacement of the particle rg is given by the displacement vector: 


u = u(ro,t) =r — ro = (R(t) — 1) - 9 = U(X, t) = x(X, 1) — X = (R(t) — 1X 
(3.5.7) 


3.5.2. Pure Rotation About a Fixed Point 


Figure 3.3 shall illustrate a general rotation of a rigid body about a point O fixed in 
a reference Rf. The coordinate system Ox is fixed in the reference Rf. The rigid body 
is shown in its configuration K at the present time ¢ and in a reference configuration 
Ko at a reference time fy. The coordinate system Ox is fixed in the body and moves 
with it, and at the reference time fg the two coordinate systems Ox and Ox coincide. 
A particle ro in the body moves from its position Po at the reference time ¢, to 
the present position P, given by the place vector r, at the present time f. Let x; be the 
coordinates of the position P in the Ox-system, and let x; be the coordinates of the 
position Pp in the Ox-system. The coordinates of the particle ro are then: 


x; = x;(t) at the present time tin the Ox-system (3.58) 
Xj; = x; at the reference time f, in the Ox-system _ 


instantaneous axis of rotation 


e(t) 


axis of rotation 


Fig. 3.3. Rigid body rotation about a fixed point O. Present configuration of K of the rigid body. 
Reference configuration Ko of the rigid body. The Cartesian coordinate system Ox is attached to 
the reference Rf. The Cartesian coordinate system Ox is fixed in the body. Displacement vector 
u(ro, 2) = (R _ 1) “To 
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The two coordinate systems Ox and Ox are related through the relations: 
x=O's=0'X (3.5.9) 
Q(t) is the transformation matrix relating the base vectors of the two systems: 
Q(t) = (@; - ex) = (cos(@;, ex)) (3.5.10) 


The motion of the body is a rigid-body rotation about a fixed point O, and is 
described by the place function r(ro,t), where: 


r(ro,t) = R(t) - ro = x(X,t) = R(t)X (3.5.11) 


The function R(t) is a second order tensor called the rotation tensor of the 
rigid-body rotation about the fixed point O. By comparing Eqs. (3.5.9) and (3.5.11), 
we see that: 


R(t) = OF (t) R(t) = Qu?) (3.5.12) 


As was the case for rigid body rotation about a fixed axis, we understand that the 
rotation tensor R(t) is an orthogonal tensor. It also follows that: 


R(t) =1 and x(X,t) =X (3.5.13) 


The motion (3.5.11) may also be described by the displacement vector u(ro,t) as 
shown in Fig. 3.3: 


u(ro,t) =r—ro = (R-1)- ro S U(X, Pt) = x(X,t) —X (3.5.14) 


Let A and B be two particles in the rigid body given respectively by the place 
vectors r, =Yr,(t) and rg =rg(t) at the present time ¢, and the place vectors 
rao =Vao(to) and rgo =Fgo(to) at the reference time f. For a vector ec = c(t) 
moving with the body and connecting the two particles A and B we write: 


c= c(t) =ra(t)—rp(t), ¢o = e(to) =4ra(to) — ra(to) (3.5.15) 


It now follows from Eq. (3.5.11) that: 
ec = c(t) = R(Z) - rap — R(t) - rgo = R(¢) - (Tao — FB0) > 

(#) =R() tay ~ RO) - ao = REP) - (Fao — Foo) ba 
c(t) =R(t)-¢0, eo = e(to) 


We shall use the expression: the vector c is the R—rotation of the vector Cg. It 
follows that the place vector r is the R—rotation of the place vector ro. 

It will now be demonstrated that at any time f there exists a material straight line 
in the body through the fixed point O which has the same position referred to Rf at 
the time ¢ as it has at the reference time fg. The line is called the axis of rotation 
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related to the rotation R(t). Material particles on the line may have moved during 
the time interval from the time / to the time ¢ but with no resulting displacement. 
A unit vector e(t)on the axis of rotation must satisfy Eq. (3.5.14) for zero 
displacement: 


R-e=e<s(R-1)-e=0 (3.5.17) 
The condition for this equation to have a solution for e(t) is: 
det(R — 1) =0 (3.5.18) 


To prove that this condition is satisfied we use the fact that the rotation tensor R(t) 
is orthogonal: detR=landR’R=1. We writes R-1=—R-—R’R= 
(1 _ R’)R — —(R’ _ 1)R. Now we use the multiplication theorem (1.1.23) for 
determinants and obtain: 


det(R — 1) = — det(R’ — 1) detR = — det(R—1) > det(R-—1) =0¢ 
(3.5.18) 


Thus we have shown that the unit vector e(4), which may be determined from 
Eq. (3.5.17), defines the axis of rotation related to the rotation R(t) of the body 
about the point O. 

Note that the motion r(ro,¢) = R(t) - ro of the rigid body when it moves from 
the reference configuration Ko to the present configuration K, is not in general a 
rotation about a reference fixed axis of rotation defined at the present time ¢ by the 
vector e(t). However, what has been demonstrated is that it is possible to get the 
body from Ko to K by a pure rotation about this axis as defined by the vector e(7). 
The axis of rotation will in general change its position both relative to the rigid 
body and to the reference Rf. 

The angle of rotation 0(t) that the body must rotate about the axis of rotation 
may be determined as follows. We choose an Ox-system such that the base vector 
e3 is parallel to the axis of rotation, i.e. e; = e(t). This means that the transfor- 
mation matrix Q(t) is given by the formula (3.5.3) and the rotation matrix R(0) = 
Q"(0) is given by: 


cos0 —sin0d 0 
R(0) =| sind cos? O], 0=OA(t) (3.5.19) 
0 0 1 


From this result we obtain: trR = 2cos @+ 1. Because R is a tensor the trace is an 
invariant and we have arrived at the coordinate invariant formula: 
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cos O(t) ==(trR(0)—1), 0=0A(t) (3.5.20) 


1 
2 
This formula gives the angle of rotation in any chosen coordinate system. 


We now continue to discuss the rotation of a rigid body about a fixed point O. The 
velocity v of the particle rg when the particle is in the place r(ro, ft), is found to be: 


v=F=R-r,=R-(R™-r) = (RR’) > 


ieee (3.5.21) 
v=i=(RR’)-r=Wor 
Here we have introduced the rate of rotation tensor W(t) defined by: 
. oT 
W=RR (3.5.22) 


The rate of rotation tensor is an antisymmetric tensor, as may be seen from the 
following development, applying the formula (1.1.12): 


RR’ =1=> RR’ +RR’ =0=> RR’ = —RR’ = -(RR')’ > W=-W’. 


From the formula (3.5.21) we obtain: 


Vi = Waxy => Vig = WiXjn = Wide = Wi 


3.5.23 
Wik = Visk ( ) 
The dual vector w of the antisymmetric tensor W is by formula (3.3.7): 
1 1 1 1 I 
Waa sew Wir Wi = 5 Cai Way = 5 CiikVE W=jtotv 
(3.5.24) 


P is the permutation tensor. The vector w represents physically the same as the 
tensor W and is called the angular velocity vector or the rotational velocity vector. 
The first name is most common, although it is only when the body rotates about a 
fixed axis that is possible to associate the rotation of the body with a real angle of 
rotation. The inverse of the relation (3.5.24) is: 


0 —W3 w2 
WwW —P-w Wi; —Wji —CijkWk = W= W3 0) —W) (3.5.25) 
—W. WI 0 


The formula (3.3.7), relating the dual vector and tensor quantities, can be used to 
develop the following alternative velocity distribution formulas from the result 
(3.5.21): 
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v r=W=sr< Vv; = Xj WiexXe, V r wxrsvy=Kx; Cijk Wj Xk 
(3.5.26) 


The acceleration a of a particle rp at the place r becomes: 


a=ve=r=W-riw-r=wxrtiwxrs> 
a= (W+W’) -r=Wwxrtwx (WX r) & aj = egw irE + CsneKs Wirt 
(3.5.27) 


The tensor W(t) is called the angular acceleration tensor and the vector w(t) is 
called the angular acceleration vector. In general the angular velocity and the 
angular acceleration are non-parallel vectors. 

The velocity distribution formula (3.5.26) shows that particles on a straight line 
through the point of rotation O and parallel to the angular velocity vector w are at 
the present time ¢ instantaneously at rest. The straight line is called the instanta- 
neous axis of rotation and is shown in Fig. 3.3. In the general case the instanta- 
neous axis of rotation and the axis of rotation, defined by Eq. (3.5.17), do not 
coincide. The instantaneous axis of rotation will in general change its position both 
relative to the rigid body and to the reference Rf. Only when the rigid body is 
constrained to rotate about an axis fixed with respect to the reference Rf, as dis- 
cussed in Sect. 3.5.1, will the instantaneous axis of rotation and the axis of rotation 
be one and the same axis at any time ¢. 

We shall now introduce alternative expressions for the velocity and acceleration 
of a particle in body in rigid-body rotation about a fixed point. First we define the 
dual antisymmetric tensor Z to the position vector r = [x1,x2,x3] : 


0 —X3 9) 
Z=-P-rsZ= Zi = CRE > LZ= x3 0 —X) (3.5.28) 
—xX) Xx 0) 
We use the formula (3.3.8), to write: 
wxr=-rxw=-Z-w (3.5.29) 


From the formulas (3.5.25) and (3.5.28) we obtain: 


wx (w xr) =W- (wxr)=W- (-Z-w) =-(WZ) -w=> 


w Xx (wx r) = —(WZ)-w (3.5.30) 


The particle velocity v from the formula (3.5.26) and the particle acceleration 
a from the formulas (3.5.27) may now be expressed by the alternative formulas: 
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v=r=-Z-wsyv;=xX%= —Ziyjwj = eijkWjXk (3.5.31) 
a=V=f=—-Z-Ww— (WZ) - WS aj = eijewjxe + eyneks WW (3.5.32) 


The formulas (3.5.31) and (3.5.32) are convenient when rigid-body kinematics is 
presented or analyzed in a matrix format. 


3.5.3 Kinematics of General Rigid-Body Motion 


Figure 3.4 illustrates a rigid body in a general motion from a reference configu- 
ration Ko at the time fp to the present configuration K at the present time ¢. A particle 
in the body moves from its position Po at the time fp to the present position P at the 
present time ¢. The coordinate system Ox is fixed in the reference Rf, while the 
coordinate system Ox moves rigidly with the body and coincides with the 
Ox-system at the reference time fy. The particle is denoted by the place vector rp or 
by the reference coordinates X in the coordinate system Ox. Let u(ro,t) be the 
displacement of the particle rp. The motion of the particle is given by: 


r(¥o, t) =NP%o +u(ro,t) > xi(X, t) => X; +u,(X, t) (3.5.33) 


The origin O of the body-fixed coordinate system Ox moves according to the 
displacement vector uo(t). Figure 3.4 illustrates that the motion (3.5.33) may be 
considered to be a combination of translation uo(t) by which all particle of 
the body are given the same motion, and a pure rotation ro = R(t) -r, about the 
point O. 


r(Fo, t) = Uo(t) + R(t) ‘To (3.5.34) 
The displacement u(ro,t) of the particle rp may now be expressed by: 
u(ro, t) = Uo(t) + (R(z) = 1) ‘Yo (3.5.35) 


To the general rigid-body motion (3.5.34) the translation ug(t) contributes with a 
velocity and acceleration, representing the motion of the reference point O: 


VYo= ua(t), a =Vo = u(t) (3.5.36) 


To find velocity and acceleration contribution from the pure rotation fp = R(t) - ro 
about the point O we follow the developments from the formulas (3.5.21) to the 
resulting formulas (3.5.26) and (3.5.27). With the rate of rotation tensor W from 
formula (3.5.22) and the angular velocity vector (3.5.24) we obtain: 


112 3 Tensors 


v=r=u(t)=Vvot+W-r =Vvot+wx fo (3:59.37) 
a=agt(W+W’) - rt =aq+w x fo +wx (wx fo) (3.5.38) 


The tensor W(t) is called the angular acceleration tensor and W(t) and the 
vector w(t) is called the angular acceleration vector of the general rigid-body 
motion. 

Let P and Q be two points fixed in a rigid body, and let rg/p be the position 
vector from point P to point Q. Then the formulas (3.5.37) and (3.5.38) may be 
used to relate the velocities and accelerations of the two points. The results are: 


Vo = Vp + W-ro/p = Vp + W X Fo/p (3:5.39) 
ag = ap+(W+W?’) -rop = ap + W X rg/p + Ww x (WX Frg/p) (3.5.40) 
These formulas are respectively called the velocity distribution formula and the 
acceleration distribution formula for the motion of a rigid body. 
The material derivative of a vector ¢(t) that rigidly follows the motion of the 
body is: 
¢=W-c=wxe (3.5.41) 


In order to see this let ¢ = rg/p =1g — Fp. Then: 


1 Rf 


Fig. 3.4 Rigid-body motion from the reference configuration Kp at the time fp) to the present 
configuration K at the time t. The Cartesian coordinate system Ox is attached to the reference Rf. 
The Cartesian coordinate system Ox moves with the body. The motion consists of a sum of a 
translation uo(t) and a pure rotation r9 = R(f) - ro about the point O 
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¢ =fg/p =Tg — ty) = Vo — Vp = W- to — W- rp = W- (rg — tp) 
=W -rojp =WX ro/p > 
¢=W-c=wxe 


Example 3.1 Rotating Circular Plate on a Rotating Arm 

Figure 3.5 illustrates a system consisting of a thin circular plate with radius r, mass 
m, and mass center C that rotates about its horizontal axis with a constant angular 
velocity 3 with respect to an arm OC. The arm rotates with constant angular 
velocity @2 about a vertical axis. We shall determine the angular velocity vector 
w and the angular acceleration vector w for the plate, and the velocities and 
accelerations of the two points A and B on the plate. 

To describe the motion of the ensemble we select the coordinate system Cx fixed 
to the rotating arm and shown in Fig. 3.5. The x3-axis coincides with the symmetry 
axis of the plate, and the x2-axis is vertical. The angular velocities of the arm and 
the plate are now: 


Wa = @2e2 for the arm, W=W2€2+3e3 for the plate 
The angular acceleration for the arm w, and for the plate w becomes: 


Wa = W2€2 = W2Wy X €p = W72M72€2 X Co = O 
W = W€2 + 303 = W2Wg X €2 + 3Wy X €3 


= 222 X €2 + 3H2e2 X 3 > W = H302€| 


The mass center of the plate C moves with the corresponding point on the arm and 
the velocity of C is: 


{ Q;e; 


Fig. 3.5 Thin plate with radius 7, mass m, and mass center C rotates about its horizontal axis, i.e. 
the x3-axis, with constant angular velocity «3 with respect to an arm OC. The arm rotates with 
constant angular velocity « about a vertical axis 
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Vo = Wa X Ic/o = (@2€2) x (ce}) = —W2Ce3 


For the velocities of the points A and B on the plate we find, using formula (3.5.37): 


VA = Vco+WwX TA/c = —W2Ce3 + (@2e2 Ws (03@3) x (re;) 
VB =Vc+Ww x TB/c = —W2Ce83 + (@2e2 abe (03@3) x (rez) 
vA = —@7(c+ r)e3 + 03re9, Vp = —@2Ce3 — zre, 


The acceleration of the point C as a point on the arm is, using formula (3.5.38): 


Ac = Wa X Fc/o + Wa X (Wa X Fc/o) = 0+ (aa2€2) x (w2e2 x ce1) > ac 


= —ajcey 
For the acceleration of the point A on the plate we use formula (3.5.38): 
ay = ac + W X Pac tw X (wx rjc) 
For the last two acceleration terms we obtain: 


W X Fasc = (@3@2€1) x (re;) = 0 


W X La/c = (w2€2 + 33) X (re;) = —@gre3 + w3re2 > 


w X (WX Fajc) = (@2€2 +. 33) X (—@re; + @3rer) = —(«@; + w3)re; 
Thus the acceleration of the point A on the plate is: 
ay = —[@3(c +r) + @3rJe, 
For the acceleration of the point B on the plate we use formula (3.5.38): 
ag =act+W x Fpct+wx (wx Fp) 
For the last two acceleration terms we obtain: 


wx TB/c = (3021 ) x (rez) = 03M2re3 


W X Fgjc = (22 + 33) X (rez) = —@3re, > 


w x (WX Fac) = (@2e2 + 3e3) X (—@3re|) = @2~3re3 — Wyre 
Thus the acceleration of the point B on the plate is: 
az = —w5c e; — wr €) + 20203Fr 3 
Note that the expressions for the velocities and accelerations for the points A and B on 


the plate are only valid when the two points are in the positions shown in Fig. 3.5. 
The kinetics of the ensemble in Fig. 3.1 will be discussed in Example 3.2 below. 
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3.6.1 Rotation About a Fixed Point. The Inertia Tensor 


The center of mass C of a body of mass m is defined by formula (2.2.8). For a rigid 
body the mass center is a point fixed with respect to the body, but does not 
necessarily coincide with a material point or particle in the body. The motion of the 
center of mass is governed by the equation of motion (2.2.12): 


f = mac (3.6.1) 


The vector f represents the resultant force on the body and ac is the acceleration 
of the center of mass. The vector equation (3.6.1) represents three component 
equations. 

A rigid body in free motion has six degrees of freedom. The motion of the center 
of mass is governed by the three coordinate functions of time. The rotation of the 
body may be described by three angles of rotations as three time functions. In 
Fig. 3.6 the coordinate system Cx1x2x3 is fixed relative to a reference that translates 
with the center of mass C. The coordinate system CX,X2X3 is fixed in the rigid 
body. The rotation of the body may be described t by the following procedures. The 
body is in the position with OX,X2X3 = Ox x2x3. Then the body is rotated by an 
angle @(t), the precession angle, about the x3-axis. The body fixed coordinate 
system is now in the position OX,X2X3 = Ox,x2x3. Next the body is rotated by an 
angle @(r), the nutation angle, about the x-axis. The body fixed coordinate system 
is now in the position OX,X2X3 = Ox,X2X3. Finally the body is rotated by an angle 


Fig. 3.6 Rotation of a rigid body about the center of mass C. Four coordinate systems: Cx1x2x3 is 
fixed relative to a reference that translates with the mass center C, CX,X2X3 is fixed in the rigid 
body, Cx,X2x3 is obtained from Cx;x2x3 by a rotation angle @(d), the precession angle, about the 
X3-axis, CxX,X2x3 is obtained from Cx)x2X3 by a rotation angle O(t) from Cx ,x2X3 by a rotation 
angle O(2), the nutation angle, about the x,-axis, CX;X2X3 is obtained from CXx,X.X3 by a rotation 
angle w(t), the spin angle, about the X3-axis 
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W(t), the spin angle, about the X3-axis. The body fixed coordinate system is now in 
its final position. The three angles ¢(t), 0(t), w(t) are called the Eulerian angles. 

The additional three equations of motion are provided by the law of balance of 
angular momentum, i.e. Euler’s second axiom (2.2.7). These additional equations 
of motion suitable for a body in rigid-body motion will now be developed. 

We shall start by considering a rigid body that rotates about a fixed point O as 
shown in Fig. 3.7. First we compute the angular momentum Ig of the body about 
the point O from the definition formula (2.2.5)>: 


Io = ja x vpdV (3.6.2) 
Vv 


We use the formula (3.5.28) to represent the particle velocity by: v = —Z- w, and 
the formula (3.3.8), for the dual quantities r and Z to write: r x v = Z- v. Then we 
obtain: 


rxv=Z-v=Z-(-Z-w)=-Z-w (3.6.3) 
By inspection we find that: 
2 =r @r—(r-r)l © (27), = mixj — xem dy (3.6.4) 


The angular momentum of the body about O, Eq. (3.6.2), then becomes: 


lo = [ex vpav = [ex (wx )pav = [ (-®)eav -w> 


v v v (3.6.5) 
lo= [rx (w x r)pdV =1- w= Iw; 
Vv 


The quantity I is a symmetric tensor of second order defined by the formula: 


Fig. 3.7 Rotation of a rigid 
body about a fixed point 

O. Volume V. Mass m. Center 
of mass C. Volume element 
dV. Element of mass pdV. 
Particle velocity v. Angular 
velocity w. The Cartesian 
coordinate system Ox is 
attached to the reference Rf 
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(3.6.6) 


The tensor I is called the inertia tensor of the body with respect to the point O. The 
inertia tensor is symmetric and the six distinct components of the tensor in the Ox- 
system are three moments of inertia with respect to the three coordinate axes: 


h= / [xox2 + x3x3] 0 dV, In = / [13.3 +x1x1]p av, 
. id (3.6.7) 
bb = / [xpxy +Xx2x2|p dV 
Vv 
and three products of inertia with respect to the axes x;- and x;: 
Ti = oF = -| xixjp dV, ixj (3.6.8) 


Vv 


Because the inertia tensor is a symmetric tensor of second order, there exist three 
orthogonal axes through the point O with respect to which the products of inertia 
are zero. These axes are the principal axes of inertia of the body with respect to 
the point O. The corresponding moments of inertia are the principal moments of 
inertia I;. 

The following rules apply: 


1. An axis of symmetry through the point O is a principal axis of inertia. 

2. An axis normal to a plane of symmetry through O is a principal axis of inertia. 

3. If two orthogonal axes through the point O are principal axes of inertia then the 
axis through O normal to the plane defined by the two orthogonal axes is a third 
principal axis of inertia. 


Table 3.1 presents the moments of inertia of some characteristic homogeneous 
bodies of mass m with respect to principal axes of inertia. In general, an axis of 
symmetry and an axis normal to a plane of symmetry are principal axes of inertia. 

If the coordinate axes coincide with the principal axes of inertia, the angular 
momentum vector (3.6.5) takes the form: 


Io =1- w= wy, e; + hw2 eo + bw; e3 (3.6.9) 
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Table 3.1 Moment of inertia of some homogeneous bodies 


Homogeneous slender bar of mass m and length / 


1 
* AW 
He, J (eee ; ee ae 
~ 12 12 


x 


Thin circular plate of mass m and radius r 


Homogeneous circular cylinder of mass m, length /, and radius r 


x 
I ee 
2 
1,=1, =—m(3r +P) 
Cc Zz 
y 
i i >| 


The Euler’s second axiom, (2.2.7), equates the resultant moment mg about the 
point O of the forces on the body and the material derivative of the angular 
momentum of the body about the point O: 
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The material derivative of the angular momentum Ig about O, from Eq. (3.6.5), 
becomes: 


io =I-w+I-w (3.6.11) 


The inertia tensor is constant when referred to the rigid body, i.e. all the elements [jj 
in the formulas (3.6.7) and (3.6.8) are time-independent when referred to a coor- 
dinate system that follows the motion of the body. However, in a coordinate system 
fixed to the reference Rf to which the motion of the rigid body is referred, the 
components J of the inertia tensor I are time-dependent. That means that the 
inertia tensor I is a time-dependent tensor when referred to the reference Rf. In 


order to find a suitable expression for the material derivative I of the inertia tensor I, 
we may argue as follows. Let a and b be two vectors that move rigidly with the rigid 
body. By the formula (3.5.41): 


4=W-a, b=W-b (3.6.12) 


Because I is a second order tensor, the product a - I - b is a time-independent scalar. 
We now compute: 


a=a-I-b>a¢=a-I-b+a-I-b+a-I-b=05 


: 3.6.13 
(Wa) -I-b+a-I-b+a-I- (Wb) =0 ( ) 


W is an antisymmetric tensor, i.e. Ww =-Ws Wji = —Wj,, and therefore it 
follows that for the first and the last terms on the left-hand side of Eq. (3.6.13) we 
may write: 


(Wa) -I-b= (Wijaj) Lieb => —Wyajlicbs = — aj Wylixbs =a: (WI) -b 
a-I. (Wb) = ajlix (Wibj) = ai (Tix Wij) Dj =a: (IW) -b 


Equation (3.6.13) may now be rewritten to: 
—a-(WI)-b+a-I-b+a-(IW)-b=a-(—WI+I+IW) -b=0 


Because this result is valid for any choice of the vectors a and b, we conclude that 


the term in the parenthesis is a zero tensor of second order, i.e. -WI+I+IW = 0. 
Thus we have found the material derivative of the inertia tensor to be: 


I= WI -IW & Uj = Wily — Le Wy (3.6.14) 
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Note that the result (3.6.14) is valid for the material derivative of any tensor of 
second order that is constant in the body, not necessarily symmetric, i.e. for any 
body-invariant tensor of second order. 

We now return to Euler’s second axiom, (3.6.10), which by Eqs. (3.6.11) and 
(3.6.14), yields the balance of angular momentum equation: 


mo = lo =I-w+I-w=I1-w+WI-w-IW-w 


We shall now show that the vector IW - w is zero. The formulas (3.5.25) and the 
antisymmetric property of the permutation symbol ej, i.e. ej = —ejx, is used to 
write: 


(IW) -_w= Tj Wiewrei => Ti(exiwi) Wee: => Ti (exgiwiw)ei =0 


The Euler’s second axiom, i.e. the balance of angular momentum equation, 
therefore takes the form: 


mo = 1-w+WI-ws mo; = Tw; + Wilawi = Tyw; + egewlawi (3.6.15) 


The three component equations are called Euler’s equations of motion for a rigid 
body. 

If the coordinate axes x; are chosen to be parallel to the principal axes of inertia 
of the body with respect to the point O, the Euler equations become: 


moi = hw + (bh — h)w3w2 
Mo2 = hw a ( = b)wiw3 (3.6.16) 


mo3 = bw3+ (bh — h)wewi 


I, 14, and I; are the principal moments of inertia. 


3.6.2 General Rigid-Body Motion 


For a general motion of a rigid body the expression of the angular momentum about 
a fixed point O is developed as follows. Figure 3.8 shows a rigid body of mass 
m and with the center of mass C. The position vector from the fixed point O to a 
particle P in the body is expressed by the vector sum rc +r, where rc is the place 
vector from O to the mass center C, and r is the place vector from C to the particle. 
The velocity of the particle is given by the formula (3.5.37), with reference to 
Fig. 3.8, and by use of the alternative form (3.5.29) for w x r: 
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V=Vcotwxr=vo—-Z-w (3.6.17) 


The angular momentum of the rigid body about the fixed point O is according to 
Fig. 3.8, the formula (3.6.2), and the formula (3.6.17) for the velocity field: 


lo = fe xvpav = f (tc+2) x vpdv = re x f vpav+ [ reav x Vo 
Vv Vv Vv Vv 


+ [x orxn pay = 
Vv 


lo=rex | vpav+ [ reav xe fr x (wx r)pdV 
Vv Vv Vv 
(3.6.18) 


The three integrals on the right-hand side of Eq. (3.6.18) are as follows: The first 
integral is equal to the linear momentum mvc of the rigid body, confer the formulas 
(2.2.9) and (2.2.10). The second integral vanishes due to the definition (2.2.8) of the 
center of mass C. The third integral is denoted Ic and is called the central angular 
momentum. The angular momentum of the rigid body about the fixed point O is then: 


lo =¥rco Xmvcotle (3.6.19) 


Note that the central angular momentum also represents the angular momentum of 
the body about a fixed point that at time ¢ coincides with the center of mass, i.e. 
O = C at time ¢. 

The central angular momentum may be developed similarly to the derivation of 
the momentum in formula (3.6.5). Thus we may write: 


Fig. 3.8 General rigid body 
motion. Volume V and mass 
m. Center of mass C. Volume 
element dV. Element of mass 
pdV. Particle velocity 

v. Velocity vc and 
acceleration ac of the mass 
center of mass. Angular 
velocity w and angular 
acceleration w of the body 
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l= [rx (wx r)pdV =Ic-w (3.6.20) 

V 
The quantity Ic is the inertia tensor of the body with respect to the mass center 


C. With reference to the formulas (3.6.5) and (3.6.6), and a Cartesian coordinate 
system Cx fixed in the body and with origin in C, not shown in Fig. 3.7, we write: 


Ic = / [-r@r+(r-r)lpdV S Icy = / [—xixj + x4x0yj] pdV (3.6.21) 
4 


The law of balance of angular momentum (3.6.10) now takes the form: 


mo =Ilo =fco X MVC +0 X MVct+1ie > 
o =o fal ctYrc ctle (3.6.22) 


Mo = lo =Pc X mac +l¢ 
The last term on the right-hand side may be transformed using the result (3.6.15). 


Ic =I-w+WI-ws Ic = (Tyr; + Wiel) ei = (Liv; + ej wilawi) ei (3.6.23) 


Example 3.2 Rotating Circular Plate on a Rotating Arm 
For the ensemble presented in Example 3.1 we shall find the force f, and the torque 
m,, see Fig. 3.9, which must be supplied to the plate in order to obtain the 
prescribed motion. When the ensemble is at rest the plate is only subjected to its 
weight mg. 

The acceleration of the mass center C of the plate is found in Example 3.1: 
ac = —@3ce;. From symmetry it follows that the coordinate axes are principal axes 
of inertia and from the table of moments of inertia we get: 


Fig. 3.9 Free-body diagram 1 
of the rotating plate 


1,0,¢, 


Oe, 


3.6 Rigid-Body Dynamics. Kinetics 123 


phate ow, Bee ae 
—j => => = —-myr => = -—-myr 
11 1 22 2 4 ’ 33 3 5) 


The central angular momentum of the plate becomes: 


1 1 
Io = hanes + haw3e3 = qin orer + smn co3es 


This vector is constant relative to rotating arm, and the angular velocity or the arm 
iS Wg = @2€2.The fundamental laws of motion applied to the plate are now: 


f = mac > 


f, —mge, = m(—a3ce) ) 


= m(ge, — w3ce;) 


mc = Io = Wa X Ic > 


m, = (@2e2) x (hae. + 1w3e3) — 


1 
m, = 1,03@2e = amr sore 


The Euler equations (3.6.16) in this case yield: 


ma = w+ (b — b)w3w2 = Lw3w2 + (3 — b)w3w2 = bw3w2 


)w3w 
Mo = hw2+ (h —b)wiw3 =0+0=0 => 
) ow, =0+0=0 


> m, = ha302e, = tmro307e 


mc3 = 13W3 + (2 — 11)w 


3.7 Q-Rotation of Vectors and Tensors of Second Order 


Let Q be an orthogonal tensor of second order and a a vector. It follows from 
Eq. (3.5.16) that the vector b = Q - a represents a rotation of the vector a, such that 
the two vectors aandb have the same magnitude: 


b=Q-a |b| = [al (3.7.1) 


We call the vector b the Q-rotation of the vector a. It follows from the discussion in 
Sect. 3.5.2 that there exists a direction given by the unit vector e such that: 


Q-e=e (3.7.2) 


The unit vector e represents the axis of rotation related to the tensor Q. The vector 
mapping (3.7.1) represents a rotation of all vectors a, as if they were fixed in a rigid 
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body rotating an angle 0 about an axis of rotation parallel to the unit vector e. We 
use the formula (3.5.20) to express the rotation angle 0: 


cos 0 = 


(trQ — 1) G75) 


Nile 


Let A be a tensor of second order. The second order tensor B = QA Q’ is called 
the Q-rotation of the tensor A: 


B=QAQ’ the Q-rotation of the tensor A (3.7.4) 


We shall investigate the properties of the tensor B if the tensor A is either an 
orthogonal tensor or a symmetric tensor. 


Theorem 3.1 /f A is an orthogonal tensor that represents a rotation ¢ with an axis 
of rotation parallel to a unit vector a, then the Q-rotation of A is a new orthogonal 
tensor B = QAQ’ with the same rotation @ as A, and with an axis of rotation 
parallel to the unit vector b = Qa. The proof of the theorem is given as Problem 
3:5. 


Theorem 3.2 /f A is a symmetric tensor with principal values % and principal 
directions ay. Then the Q-rotation of A is anew symmetric tensor B = QAQ’ with 
the same principal values a, as A and with principal directions given by 
by = Q: a. The proof of the theorem is given as Problem 3.6. 


3.8 Polar Decomposition 


A second order tensor F is called non-singular if the determinant of F is non-zero, 
i.e. det F F 0. 
The polar decomposition theorem states that: 
A non-singular second order tensor F having a positive determinant, i.e. det F > 0, can 
always be expressed as a composition of an orthogonal tensor R and a positive definite 


symmetric tensor U, or as a composition of a positive definite symmetric tensor V and the 
same orthogonal tensor R: 


F = RU = VR (3.8.1) 
The tensors R, U, and V are uniquely determined by F through the relations: 
U=VF'F, V=VFF’, R=FU! (3.8.2) 


An algebraic proof of the theorem will now be provided. In Sect. 4.5 on large 
deformations a geometrical proof of the polar decomposition theorem is presented. 
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The composition F’F is symmetric since: (FF)! = F’F, and positive definite. 
The latter property is demonstrated as follows. For any vector ec: 


ce: (F’F) -¢ = c(FuFy)c; = (Fuci)(Fyc;) = sum of squares > 0 
Then according to the definition (3.3.33) F’F is a positive definite tensor. Now 


since F’F is a symmetric, positive definite tensor, we can through the relation 
(3.3.34) determine the symmetric and positive definite tensors: 


U= VF'F = (F'F)'”,  U-' = (F'F) (3.8.3) 


Next we will show that the composition R = FU | is an orthogonal tensor. First we 
find that, since (U-!)’ = U7}: 


RR!’ = (F uU)(U"! F’) = F(U?) 'F? = F(F’F) 'F7 = (FF~') (F-'F’) 
=11=1 


Hence: 


det(RR”) = det(R) det(R’) = (detR)’= 1 > detR = +1 


Now, since det F by assumption is positive and the determinant of the positive 
definite tensor U"' is positive, we get the result: 


detR = (detF)(detU~') > 0 


Thus we have shown that det R = + 1, and R is called a proper orthogonal tensor. 
If det F < 0, it follows that detR = —1, and R is called an improper orthogonal 
tensor. This completes the proof of the decomposition F = RU. 

We shall then prove that the decomposition F = RU is unique. Let us assume 
that two decompositions are possible: 


F=RU=R\U, 
Then: 
U? = UIU = U(R’R)U = (UR’)(RU) = (RU)' (RU) = F’F 


= (R,U;)'(RiU;) = Uj 
=> U; =U 
The implication follows from the fact that the square roots of the positive definite 


tensors U? and U; are unique tensors. Next we find that R; FU,' FU '=R. 
Hence, the decomposition F = RU is unique. 
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The decomposition F = VR and its uniqueness may be shown similarly. The 
relation between U and V is found as follows. 


FR’ = (RU)R’ = (VR)R’ = V(RR’) =V=> (3.8.4) 
V=RUR’ SU =R'VR _ 
We see that V is the R-rotation of U. The symmetric tensors U and V have the same 
principal values, and the principal directions of V are R-rotations of the principal 
directions of U. An application of the polar decomposition theorem and a geo- 
metrical interpretation of the properties of R, U, and V are presented in Sect. 4.5 on 
large deformations. 


3.9 Isotropic Functions of Tensors 


Let y[A] be scalar-valued function of a second order tensor A. The function [A] is 
called an isotropic scalar-valued function of A if: 


»(QAQ‘] = y[A] _ for all orthogonal tensors Q (3.9.1) 


If S is a second order symmetric tensor with principal values o, and principal 
invariants J, II, and III, the isotropic scalar-valued function y|S] has the alternative 
representations: 


7S] = y(o1, 92, 03), 7S] — (Nb, b) (3.9.2) 


These results are found as follows. Let the orthogonal tensor Q be chosen such that 
the matrix of the tensor QSQ' is (g; 6) (No summation). Equation (3.9.1) then 
implies the representation (3.9.2),. The representation (3.9.2). then follows from 
the fact that the principal values o; according to Eq. (3.3.25) are unique functions 
of the principal invariants J, I, IIT. 

Let B[A] be a second order tensor-valued function of a second order tensor A. If: 


B/QAQ’| = QB[A]Q’ _ for all orthogonal tensors Q (3.9.3) 


then B[A] is called an isotropic second order tensor-valued function of A. 

We now assume that both the argument tensor A and the tensor value B of the 
function B [A] are symmetric tensors with principal values and principal direction 
given by a, a, for A and f,, bg for B. The property of isotropy (3.9.3) results in a 
special representation of the second tensor-valued function B[A]. First we shall 
prove the theorem. 


Theorem 3.3 (a) An isotropic, symmetric second tensor-valued function B[A] of a 
symmetric second order tensor A is coaxial to the argument tensor A. (b) If A is a 
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symmetric tensor of second order, and B[A] is a symmetric second tensor-valued 
function of A, then B[A] is an isotropic, symmetric second tensor-valued function 
of A. 

Proof of Part (a) of Theorem 3.3 We need to show that any principal direction of 
A, here denoted a3, also is a principal direction of B. We choose a particular Q- 
rotation that has an axis of rotation parallel to a3 and the angle of rotation 0 = 180°. 
The Q-rotation of A, i.e. A = QAQ’, has the same principal values as A, % = a, 
and has the principal directions: 


a—=—Q-a;=a3, a,=—Q-a,=—a, 


The general representation (3.3.30) of a symmetric tensor of second order now 
shows that A= A: 


A= So i Ae @ Ay = So ay @ a = 
k k 
Then the property (3.9.3) implies that: 


B = BA] = B[A] = QB[A]Q’ => BQ = QB = BQ -a; = QB a3 > 
B - a3 = Q(B - a3) 


This result shows that the vector B - a3 is not influenced by the special Q-rotation 
we have chosen. Thus the two vector B - a3 and as; are parallel. Any principal 
direction of the argument tensor A, here represented by as, is therefore also a 
principal direction of the tensor-valued function B[A]. This implies that B and A are 
coaxial tensors, and part (a) of Theorem 3.3 is thus proved. 


Proof of Part (b) of Theorem 3.3 Since the two tensors A and B[A] are coaxial, 
they have the same principal directions a;,, and the principal values of B must be 
scalar-valued functions of the principal values of A. Hence the tensor B may be 
expressed by: 


= 2, Pela) a“) a ® ay, By(o) = Bi (061, %2, 03) 


Let Q be an orthogonal tensor. Then since the tensor QAQ’ has the same principal 
values as the tensor A but principal directions that are Q-rotations of the principal 
directions of A, we obtain: 


B/QAQ’| = 2 Bela) (Q- ax) ® (Q- a) = a(S Ae mom Q’ 
= QB[A]Q’ 
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The result proves that B[A] is an isotropic, symmetric second order tensor-valued 
function of A. This completes the proof of Theorem 3.3. 

Next we shall prove an important theorem giving the most general representation 
of a symmetric tensor-valued function of a second order symmetric tensor. 


Theorem 3.4 Let B[A] be a second order symmetric tensor-valued function of a 
second symmetric tensor A. The function B[A] is then isotropic if and only if the 
function has the representation: 


B[A] =yo1+7, 44724", (3.9.4) 


where yo, 7,, and yy are isotropic scalar-valued function of A. 
Proof that: (3.9.4) = (3.9.3). The functions yp, y,, andy. are isotropic 
scalar-valued functions of A. Thus according to the definition (3.9.3): 


7;[QAQ"] =y,[A] fori=0, 1, 2 and for all orthogonal tensors Q 
Then from Eq. (3.9.4): 


B/QAQ’] = y[AJ1 +7 [AJQA Q? + »[A] (QA Q’) (QAQ*) = 
= Q(yo[A]1 + 7: [AJA + 72[AJA*)Q” = B[QA Q’] = QBIA]Q” = (3.9.3) 


Proof that: (3.9.3) = (3.9.4). Theorem 3.1 and Eq. (3.9.3) imply that the principal 
values [, of B by the function B [A] are functions of the principal values a, of the 
argument tensor A. 


Bu = Bylo) = Belo, 2, a3) (3.9.5) 


Let us first assume that the principal values «; are all unequal. The following three 
equations for the three unknown scalars yj, y,, and y, will then have a unique 
solution. 


Yo V1 % + (0%) = B, &k=1,2,3 (3.9.6) 


where f, are given by Eq. (3.9.5). A unique solution of Eq. (3.9.6) is secured 
because the determinant of the coefficients is different from zero: 


1 eal (or1)° 
det{ 1 a (a) | = (a1 — a2)(a2 — a3)(a3 — 01) #0 (3.9.7) 
1 a3 (a3)° 


The scalars y,; are according to Eq. (3.9.6) functions of the principal values a,, 
alternatively of the principal invariants J, I, and II of A. From the general rep- 
resentation of a tensor of second order (3.3.30) we now obtain: 
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2 
B= S > Brak ® a = Yoda Baty, Seay @ aye ty2 d— (xx) ay @ ag 
k k k k 


which may be organized to: 
BIA] = yo1 + yA + yA? (3.9.8) 


If any two principal values are equal, say #2 = a3, then any direction a normal to 
the principal direction a, is a principal direction of A, confer Sect. 2.3.1, and 
according to Theorem 3.1 also a principal direction of B. This means that f, = f3. 
The following two equations for the two unknown scalar-valued functions 
do and d, of a, have a unique solution: 


hot Pi% =B, p=1,2 (3.9.9) 
The representation (3.9.5) now yields: 
BIA] = ¢o1+ 9,4 (3.9.10) 


If all three principal values a, are equal: «; = % = «3; = a, the argument tensor 
A and thus the function tensor B are both isotropic tensors, and we shall find: 


BIA] = ol forA =al (3.9.11) 


where Wo is a function of «. Equations (3.9.8, 3.9.10, 3.9.11) show that Eq. (3.9.3) 
implies Eq. (3.9.4). This completes the proof of Theorem 3.4. 
It may be shown that: 


Po = Vo % 272, by = M+ (K+ 2)? for ag = 3 (3.9.12) 
Wo=Yotyaty,0 fora =o = a3 =o (3.9.13) 


The proof of Theorem 3.4 is due to Serrin [3], who also shows that if the 
function B[A] is three times differentiable with respect to A, then the scalars y; are 
continuous functions of the principal invariants of A. 

An alternative form of the function (3.9.4) may be derived using the Cayley— 
Hamilton theorem (3.3.36), which gives: 


A? =JA—114+10 A! 
When this expression for A? is substituted into the function (3.9.4), we obtain: 


B[A] = 41+4AtA 1A! (3.9.14) 
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where 2; are isotropic scalar-valued functions of A. 
40 =%-Hy, A=nt+Iy, Av = yy (3.9.15) 


If B[A] is a linear function of A, it follows from the general expression (3.9.4) 
that the function takes the form: 


BIA] = (y+ 4trA)1+4+2uA (3.9.16) 


where y, 4, andj are constant scalars. An alternative form of the expression 
(3.9.16) is: 


BiA] = y1+1:A (3.9.17) 


where Ij is the symmetric fourth order isotropic tensor presented in formula 
(3.2.45). 


Ty = 2u 1, +21 @1& Lig = M (Sind + Odin) + 4.55 5e1 (3.9.18) 


If each of the two symmetric tensors A and B are decomposed into trace—free 
deviators: A’ and B’, and isotrops: A°and B’, as shown by Eqs. (3.3.39-3.3.41), the 
linear function (3.9.16) may be decomposed into: 


B’=2yA', B° =3KA°+y1 (3.9.19) 


where p,«K, andy are scalars. The derivation of the result (3.9.19) is given as 
Problem 3.5. From the expressions (3.9.19) we obtain an alternative form of the 
function (3.9.16): 


BA] = 2uA+ (« — 51) (trA)1+4 y1 (3.9.20) 


The linear functions (3.9.16), (3.9.19), and (3.9.20) are very important in consti- 
tutive modelling of linear, isotropic materials. An example will be the generalized 
Hooke’s law for isotropic linearly elastic materials, presented in Sect. 5.2. 


Problems 3.1-3.5 with solutions see Appendix 
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Chapter 4 ®) 
Deformation Analysis oe 


4.1 Strain Measures 


The word strain is used about local deformation in a material, i.e. deformation in the 
neighbourhood of a particle. Strain represents changes of the lengths of material 
line elements, the angles between material line elements, and the volumes of 
material volume elements. Below we define three primary concepts of strain: 
longitudinal strain &, shear strain y, and volumetric strain ¢,. Strains are primarily 
due to mechanical stresses and temperature changes in the material. But strain may 
also have contributions from other effects. For instance, changes in the water 
content in wood and in some plastics lead to swelling or shrinking, which may 
introduce both strains and stresses in the material. 

Figure 4.1 shows a body in the reference configuration Ko at time fo and in the 
present configuration K at time t. The motion of the body is given by the place vector 
r(ro,t), where ro (or X) represents an arbitrarily chosen particle. Alternatively 
modelling the motion may be given by the displacement vector u(ro, t): 


u(ro,t) =r(ro,t) — Fo (4.1.1) 


At the particle ro we select a material line element, which in Ko is a straight line of 
length so = Po Qo, and with a direction given by the unit vector e. In K the line 
element will in general have changed its length, which is denoted by s = PQ, and 
also have got a curved form. The longitudinal strain ¢ in the direction e in a particle 
Yo is defined by: 


. S—So ads—dsy ds 
é= lim = = 
so-0 SO dso dso 


(4.1.2) 


The strain ¢ represents change of length per unit length of undeformed line element 
in the direction of e in particle ro. The longitudinal strain is also called the normal 
strain. 
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Fig. 4.1 General deformation of a body. Reference Rf. Reference configuration Ko, particle rg (or 
X) at the position Po, and underformed material lines PopQp and PoRpo at the time f. Volume V, 
volume element dV. Surface area A. Present configuration K and particle rp (or X) at the position 
P (or place r), and deformed material lines PQ and PR at the time t. Volume Vo, volume element 
dV,. Surface area Ag 


The shear strain y in a particle rq with respect to two material elements, which 
in Ko are orthogonal, is defined as the change in the right angle between the line 
elements, and measured in radians. The shear strain is defined to be positive when 
the angle is reduced. Figure 4.1 illustrates the shear strain y in the particle ro 
between material line elements that in Ko have the directions e and e. 

A small body surrounding the particle ro has the volume AVo and is deformed 
and obtains the volume AV in the configuration K. See Fig. 4.1. The volumetric 
strain &, in a particle ro is defined by: 


_ AV—AVo 
& = a (4.1.3) 


Volumetric strain ¢, represents change in volume per unit undeformed volume 
element surrounding the particle ro. 


4.2 Green’s Strain Tensor 


In this section the primary measures of strain, introduced above, will be expressed 
in terms of the displacement vector u(ro, t). We look at the situation illustrated in 
Fig. 4.1 and again presented in Fig. 4.2. The length sg of the line element PpQo is 
now chosen to be a curve parameter for the straight material line PpQo and also for 
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Fig. 4.2. General deformation of a body. Reference Rf. Orthogonal line elements dro and dro 
from the particle rp (or X) at the position Po in underformed material at the time fo. Line elements 
dr and dr from position P at the place r (or x) in the deformed material at the time ¢ 


the deformed material line PQ in K. The length s of the deformed line PQ then 
becomes a function of sg. The unit vector e in the direction of PoQo has the 
components e; in the Cartesian coordinate system Ox. The coordinates of the points 
Qo and Q are X; + so e; and x;(X + so e, t) respectively. With sp as curve parameter, 
the arc length formula (1.4.5) gives for the length s of the line PQ: 


Ox; OX: 4, 
5(o, So) -| asi an (4.2.1) 


Let dsp be the length of the line element dro in Po and along PoQo, and let dX; be 
the components of dro: 


dx; 
dYro e dso AX, €x \dro| dso, dX; = eg dsy & Ce = a (4.2.2) 
AY) 


It follows that: 


ds _ Ox; Ox; = (d 2 (= =) dso)” (4.2.3) 


dso > Oso Oso Oso Oso 


Note that e, are components of the vector e, while e,; are the base vector of the 
coordinate system, i.e. e = e,ez.The vector differential dr, with components dx; 
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represents a line element in P, which is a tangent vector to the curve PQ and defined 
by: 


Fc eR a 


=—'¢ 4.2.4 
Oso Oso e ( ) 


From Eqs. (4.2.2) and (4.2.4) it follows that ds is the length of the differential line 
element dr: 


|dr| = ds (4.2.5) 


The differential line elements dro and dr do not in general represent the same 
material line. That is only possible if the curve PQ is a straight line in the neigh- 
bourhood of point P. 

The relation between the line elements dro in Ko and dr in K is determined as 
follows. 


Or Ox; 
dr = —-d dx; = dX, 4.2. 
r Dro To © dx DX, k (4.2.6) 


The coordinate invariant form Or/Oro is a symbol for a tensor: Grad r, with 
components Ox;/OX;. This tensor is called the deformation gradient tensor and 
denoted by F. 


Ox; 
F = Grad > F; 4.2.7 
radr : k OX; ( ) 
The relation (4.2.6) is now written as: 
dr F. d¥o dx; Fiz dX, = Fiz ek dso (4.2.8) 


From the coordinate expressions x;(X + soe, t) and the definitions (4.2.7) we obtain: 


Oxj(X + Soe, t) 
OS 


_ Ox;(X, t) A(X, a Spee) 
7 OX; ds, 


Ox; Ox; dX; -_ 


Oso OX, ds, 


Fix ex 


So=0 So=0 


Thus we have from Eq. (4.2.2) the result: 


(ds)? = (= =) (dso)°= (Fix ex) (Fiver) (dso)°= (e- (FTF) - e) (dso)? 
(4.2.9) 


= ds = y/e- (F’F) - eds, 
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We now define two symmetric tensors of second order: Green’s deformation tensor 
C and Green’s strain tensor E, named after George Green [1793-1841]: 


C=F'F & Cy = FF i (4.2.10) 


E=-(C-1) 6C=142E (4.2.11) 


Nile 


The result (4.2.9) may alternatively be expressed by: 


ds = ,/e- (F’F) -eds, = Ve-C- eds, = V1+2e-E- eds, (4.2.12) 


We are now ready to express the primary strain measures ¢,, and ¢,, presented 
in the previous section, by Green’s strain tensor. According to Eqs. (4.1.2) and 
(4.2.12) the longitudinal strain ¢ in direction e is given by: 


ds 


e=——1=V1+2e-E-e—1= V1 4 2e Exe, — 1 (4.2.13) 


In particular the longitudinal strain ¢;, (no summation) of a material line element 
that in Ko is parallel to the x; — direction, is found from the formula (4.2.13) if e is 
chosen to be the base vector e;. 


ij = \(1+2E; —1 (no summation w.r. to i) (4.2.14) 


In order to determine the shear strain y with respect to two material line ele- 
ments, which in Ko are orthogonal and have directions e and e, see Fig. 4.2, we 
compute the scalar product of the tangent vectors dr of PR and dr of PQ: 


dr - dr = |dr||dr| sin y 
dr - dr (4.2.15) 
|dr||dr| 


=> siny = 


Using Eqs. (4.2.9) and (4.2.12) we obtain: 


|dr| = ds = /1+2e-E-eds,, |dr| =ds= V1+2e-E- eds, 
dr - dr = (Fy &) (Fi e1)d5 ds, = @- (F’F) - edo ds, = @- (1+ 2E) - eds ds, 
= 2e- E-edsy ds, 


When these results are substituted into the formula (4.2.15), we obtain an expres- 
sion for the shear strain y: 
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2e-E- %e-E. 
siny = ee ae ed (4.2.16) 
JU +2e-E-e)(1+2e-E-e) (1+2)(1+2) 


é is the longitudinal strain in the direction of e. The shear strain y; for any two 
material line elements that in Ko have directions € = e; and e = ¢;, is: 
2E;; 2Ej; 52 
sin yy = = ixj (4.2.17) 
(1 + 2) (1 + 28;) ea) (ey) 


The longitudinal strains é;;, 7 = 1,2, or 3, from Eq. (4.2.14) and the shear strains »,; 
from Eq. (4.2.17) will be called coordinate strains. 

The volumetric strain 6, may be expressed as follows. Figure 4.3 shows a 
material element surrounding a particle ro in the position Po in the undeformed 
body and in position P in the deformed body. The volume dVo of the undeformed 
element is: dVy = dX dX2 dX3. The volume dV of the deformed element is given by 
the box product of the three vectors dr; in Fig. 4.3: dV = [dr dr2 dr3]. Using 
formula (4.2.4), we obtain: 


Or Ox; Or Ox; 
dr; = —dX, = —e;dX,,_ dry = —— dX) = —e, dX, 
eee) Otis a ! 28% ° ~ON, 
Or Xk 
dr; = ——dX3 = ——e, dX 
ms OX3 OX3 anes 


Fig. 4.3. Deformation of a material element of volume dVo = dX,dX2dX3 surrounding a particle 
Yo. The volume dV of deformed element is given by the box product of the line element 
dr; = (Or/OX;) dX; 
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Therefore: 


Ox; Ox; Ox 
dV = (dr; dr> dr3] = ei | dX, ) | —1dX> ) | dX; | = detF dV 
[ Yr) ar2 r3| C ijk (= ) ($e ») (= s) € 0 
= \/det(1+ 2E) dV, 
Here we have used the formulas (4.2.10) and (4.2.11) for the development: 


det(FF’) = det F detF” = (detF)* = detC = det(1+2E) => 
det F = \/det (1+ 2E) 


The volumetric strain &, is then determined from the definition (4.1.3): 


= detF — 1 = \/det (1+ 2E) — 1 (4.2.18) 


_ dV —dv, 
~ ay, 


&y 


It has now been demonstrated that the three primary strain measures ¢, y, and ¢, 
are all determined by the strain tensor E, which again is determined by the 
deformation gradient F. Most material models in Continuum Mechanics are defined 
by constitutive equations relating the stress tensor T, through some functions or 
functionals, to the strain tensor E and other measures of deformation, which are 
derived from the deformation gradient F. 

It is sometimes convenient to express the strain measures in terms of the dis- 
placement gradients Hix of the displacement vector u(ro,t) of the particle rp. From 
Fig. 4.2: 


r=r(fo,t) =1ro+u(ro,t) & x(X,t) = X; + u,(X,t) (4.2.19) 


The displacement gradients Hj, represent a tensor H called the displacement gra- 
dient tensor. The tensor and its components are defined by: 


ou Ou; 
H=— $ Ax = 4.2.20 
Oro OX; ( ) 
It follows from the formulas (4.2.11—4.2.12) that: 
Ox; OX; Ou; 
a Oo On am ( ) 
From the formulas (4.2.10), (4.2.11), and (4.2.21) we obtain the results: 
C =F’F = (1+H’)(1+H) =1+H+H'+H'H (4.2.22) 
1 1 Oug Ou; Ou; Ou; 
E=~(H+H’ +H’H) & ky = ~ 4.2.23 
gS Se 5 (Se + oe t aeoe) ( ) 
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A quantity related to the longitudinal strain ¢ is the stretch 2 of a material line 
element and is defined as the ratio between the length ds of a deformed material line 
element to the length dso of the undeformed element. 


ds 
j=] 4.2.24 
ao ( ) 


It follows by the definition that a stretch is always a positive quantity. 

The stretch of a material line element that in Ko is parallel to the x; — direction 
will be called a coordinate stretch and is according to the definition (4.2.24) and 
Eq. (4.2.14): 


R= 4/1438; (4.2.25) 


All deformation effects and mechanical response related to the displacement 
gradient tensor H, are most clearly exposed when we consider homogeneous defor- 
mation, which implies that the deformation gradient F and thus also the displacement 
gradient H are the same for all particles in the body, i.e. F = F(t) and H = H(t). 
Homogeneous deformations are given by the special motion: r(ro, ft) or u(ro, ft): 


r(ro, t) = Uo (t) + F(t) ‘tos xi(X, t) = uo;(t) + Fix(t) Xx (4.2.26) 


u(Fo, t) = r(¥o, t) —To = uo(t) + H(s) ‘To (4.2.27) 

=> uj(X, t) = xi(X, t) —-X;= uo; (Tt) + Hix(t) X_ 
The displacement vector uo(t) is the displacement of the particle ro = 0, if that 
particle belongs to the body under consideration, but up(t) also represents a 
translation of the body. It may be shown, see Problem 4.1, that in a homogeneous 
deformation material planes and straight lines in Ko deform into planes and straight 
lines in K. 


4.3 Small Strains and Small Deformations 


In most applications of structural materials like steel, aluminium, concrete, and 
wood the strains are small. For instance, elastic strains in mild steel under uniaxial 
stress are less than 0.001. We will characterize a deformation state in which the 
absolute values of all longitudinal strains are less than 0.01, as a state of small 
strains. According to Eq. (4.2.13) this implies that all components Ej, of the strain 
tensor E satisfy the inequality Ex. < 1. The formulas (4.2.16) and (4.2.18) imply 
that the absolute value of all shear strains is less than 0.02, and that the absolute 
value of the volumetric strain is less than 0.03. 

Small strains do not imply that the displacements are small or that rotations of 
line element will be small. The following example will illustrate this. 
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Fig. 4.4 ITlustration of a case straight undeformed beam 
with small strains and large 
deformations 


bent deformed beam 8B 


x, 


Figure 4.4 shows a thin horizontal steel bar AB fixed at the end A and loaded on 
the free B by a vertical force F. The bar is straight in the undeformed configuration 
ABy. Due to the bending the bar experiences large elastic deformations and obtain 
the bent configuration AB. 

However, as long as the bar remains elastic, and the strains in the bar do not 
exceed 0.001, the displacements |u;| and uz of the end B of the bar may be of the 
same magnitude as the length L of the bar. The angle of rotation @ of the tangent of 
the bar axis at B can be near 90°. Thus, this is a case of small strains and large 
deformations. 

In ordinary engineering structures the displacements of particles and the rota- 
tions of line elements will be small quantities. Measured in radians we may assume 
the angle of rotation to be much less than 1. The displacement will be considerably 
less than a characteristic length of the structure, for instance the length L of the 
beam in Fig. 4.4. This means that the change of the geometry of the structure, due 
to the deformation, need not to be taken into account when the action of the forces 
is considered. If both the strains and rotations are small, we use the expression state 
of small deformations. 


4.3.1 Small Strains 


From formula (4.2.13) for the longitudinal strain ¢ in the direction e we obtain for 
small strains: 


(e+1)? == (VI +2e-E-e) > 4+2e+1=142e-E-e 


(4.3.1) 
>e=e-E-e=¢;Eje; =e' Ee 


The term ¢” has been neglected when compared with the term ¢. In formula (4.2.16) 
for the shear strain y with respect to the two orthogonal directions e and e we set 
siny ~ y and replace the denominator by 1. Then we obtain for small strains: 


y = 2@-E-e = 22; E,e; = 2' Ee (4.3.2) 
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For longitudinal strains and shear strains with respect to material line elements that 
in Ko are parallel to the coordinate axes, we find: 


i = Ej (no summation), y;=2Ej; i#j (4.3.3) 
Because all the coordinate strains Ej; are small quantities, we get from Eq. (4.2.18): 


(e +1)’= det(1 + 2E) > e? + 28,41 =1+4+2(Eu +E +E33)+ :- 
=> & = Fy, + Fo + B33 = Ei = rE 


(4.3.4) 


It follows that the case of small strains is characterized by the inequalities: 
normE < 1. 


4.3.2. Small Deformations 


In order to make a basis for definition of what we shall mean by small deformations, 
we shall consider the deformation of the thin steel beam in Fig. 4.4. Let the ref- 
erence coordinates of the end of the beam be X = {X, = L X, = 0 X3 = 0}. For the 
displacement of the beam end we write: u; = u1(X1, X2) and uw = u2(X1, X2). The 
angle of rotation @ of the tangent of the bar axis at B is now expressed by: 
tan @ = Ou2/OX, = Hp). For the deformation of the beam to be small it is natural to 
require the deformation gradient H>, to be small, i.e. Hy; < 1. In a general case we 
define small deformations by the condition that all displacement gradients Hj in 
absolute values must be small compared to 1: 


Ou; 
OX) 


small deformations = |Hij| = | <1<snormH < 1 (4.3.5) 


Under the assumption of small deformations we get the following result for an 
arbitrary field f(r,t) = f(r(ro,¢),t), or f(x, t) = f(x(X, 1), 0), using Eq. (4.2.21): 


Of — af Om — OF (> 2). oF 


OX; 7 Oxx OX; 7 Ox, at OX; as Ox; = foi ee) 


Usually small deformations imply small displacements, and we may replace the 
particle reference ro by the place vector r and the particle coordinates X; by the 
place coordinates x; as particle coordinates. For the same reason we will set: 


Fee.) =F,t) = afr, = 2 . y (4.3.7) 
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For small deformations the displacement gradients are denoted by: 
Ay = uj, H = gradu (4.3.8) 


In the expressions for strains we take into account that the displacement gradients 
are small quantities. Products of Hj, — components are neglected compared to the 
components Hix, and the components Hix are neglected when compared with |. The 
Green strain tensor (4.2.23) is thus reduced to: 


E= ; (H+H’') © Ej = (uj +u;,i) (4.3.9) 


Nile 


(Hy + Hii) = 


Nie 


This strain tensor is sometimes called the small strain tensor. We shall call the 
tensor E defined by the formulas (4.3.9) for the strain tensor for small 
deformations. 

As we have seen small deformations imply small strains. In the literature the 
term infinitesimal deformations is sometime used about what is here called small 
deformations. As illustrated by the example in Fig. 4.4, small deformations also 
imply small strains. 

The expression for the volumetric strain for small deformations is obtained from 
the formulas (4.3.4) and (4.3.9): 


&y trE = Ex Ux,k = divu (4.3.10) 


The divergence of the displacement field is thus an expression for the change in 
volume per unit volume when the material has been deformed from the reference 
configuration Kp to the present configuration K. For the coordinate strains we get: 


6. = Fy =m, Y= 2Ei2 = 1,2 +u2,;__ etc. (4.3.11) 


The results (4.3.11) may be illustrated directly as shown in Fig. 4.5, which for 
clarity illustrates only the two-dimensional case. Before deformation a particle is in 
the position Po, and after deformation in the position P. Two orthogonal material 
line elements dx, and dx, are displaced and deformed to approximate new lengths 
dx; +41, dx, and dx2 + u2,2 dx. The longitudinal strains of the elements are then 
€11 = 41,1 = Ey, and &99 = uz, = E22 respectively. The right angle between the 
material line elements dx, anddx, is diminished by the shear strain 
Vig = M12 + 2,1 = 2Ej2. 

In the standard xyz—notation the formulas (4.3.11) are written as follows: 


Oux _ Oux | Ouy 
—_ Ox ’ Vay — dy + Ox etc. (4.3.12) 


& 
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Uy,, AX, 


u, tu,,, dx 
2 271 1 


U, +U,,, AX, 


Fig. 4.5 Two—dimensional construction of the coordinate strains ¢11, €22, and y; in the case of 
small deformations 


4.3.3 Principal Strains and Principal Directions for Small 
Deformations 


The condition of small deformations implies that all components of the strain tensor 
for small deformations E are small in absolute values. The condition may be stated 
thus: 


Small deformations = |E;| <1<onormE < 1 (4.3.13) 


Because the strain tensor E is symmetric, we may determine three orthogonal 
principal directions of strain and corresponding principal values. We shall interpret 
these quantities geometrically and follow the corresponding analysis for the stress 
tensor T in Sect. 2.3.1 and for a general symmetric tensor of second order in 
Sect. 3.3.1. For any direction in the reference configuration Ko given by a unit 
vector e, we define the vector E - e. The longitudinal strain ¢ in the direction e is the 
normal component of the strain tensor for the direction e and given by the formula 
(4.3.1). The shear strain y with respect to two orthogonal directions e and e is equal 
to twice the orthogonal shear component of the strain tensor for the directions 
e and e and given by the formula (4.3.2). The principal strains ¢; and the principal 
directions of strain a; are determined from the condition: 


E-a=ca (el —E)-a=0 © (6; — Ey)a; =0 (4.3.14) 


The characteristic equation and the principal invariants of the strain tensor ¥ are: 
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e — Ie’ +e — Il =0 
1 ; ; (4.3.15) 
[=1E, = 5|(wE) —(normE)?], I = detE 


The three principal strains ¢; are all real and the principal directions of strains are 
orthogonal. Through every material particle there exist three orthogonal material 
line elements before deformation that remain orthogonal after deformation. Material 
planes normal to the principal directions of strains are free of shear strains. The 
principal strains in a particle represent extreme values of longitudinal strain in the 
particle. 


8 S&) <& > Emax = €1, Emin = &3 (4.3.16) 
The maximum shear strain in a particle is given by: 


4 — = : 
Ymax — &max Emin 


4.3.17 
for the directions : e = +(a; +a3)/V2, @=+(a, =a3)/V2 ( ) 


4.3.4 Strain Deviator and Strain Isotrop for Small 
Deformations 


In constitutive modelling of isotropic materials, it is convenient to decompose the 
state of small deformations into a form invariant part and a volume invariant part. 
This is done by decomposing the strain tensor for small deformations E into a strain 
isotrop E°, which is form invariant, and strain deviator E', which is volume 
invariant: 


E=E°+EF’ 
1 1 
E’ = 3 (EI = 38 1 = form invariant strain (4.3.18) 


EF’ =E-EF? >¢,=trE=trE’ =0$ volume invariant strain 


Because the strains are assumed to be small, the strain tensors E° and E’ may be 
added commutatively. 

The strain isotrop E° represents a state of form invariant strain or an isotropic 
state of strain, because the angle between any two material lines does not change 
due to this deformation. All shear strains are zero. 

The strain deviator E’ is trace free, ie. trE’ = trE —trE? = trE— 
(1/3) (tr E)(tr1) = 0, and represents therefore a state of strain without change of 
volume. Therefore the strain deviator represents a state of volume invariant strain 
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or an isochoric state of strain. The strain deviator E’ and the strain tensor E are 
coaxial tensors. The principal strains of the two tensors are related through: 


& =e — xb (4.3.19) 


4.3.5 Rotation Tensor for Small Deformations 


For small deformations it is convenient to decompose the displacement gradient 
tensor H into to distinct contributions: the strain tensor E defined by the formula 


(4.3.9) and the rotation tensor for small deformations R: 


H=E+R 6 Aj = uj = Ey + Ry (4.3.20) 


It follows that R is defined by: 


~ = 1 1 
R= (H = H’) = Rj = 5) (Hy Hii) = 5) (uiy Uj,i) (4.3.21) 


Nile 


The two tensors E and R represent the symmetric part and the antisymmetric part 


of the displacement gradient tensor H. The dual vector to the rotation tensor R is 
the rotation vector z for small deformations and given by: 


Z= =F R = Srotu 4 z= — sein Riz = Fein hey (4.3.22) 
Separately the strain tensor E represents pure strain in the following sense: Material 
line elements in the principal directions of the tensor E do not rotate. The rotation 
tensor R and the rotation vector z represent the rotation of three orthogonal material 
line elements in the principal directions of the strain tensor E. 

The decomposition (4.3.20) will be illustrated as follows. We use the formulas 
(4.2.26), (4.2.27), (4.2.21), (4.3.20), and obtain: 


r(ro,t) = uo(t) + F(t) - ro = uo(t) + (1+ H(d) - ro = uo(t) + (1+E0) + R(:)) “To 


> u=r-—rp =uo(t)+E-rm+R-1r > du = dr — dry = E- dry +R- dr 


Let ¢; be the principal strains and a; be the principal directions of the strain tensor E, 
and let Ox be a Cartesian coordinate system with base vectors e; = a,;. We set: 
dr = dxje; and dro = dXje;. Figure 4.6a shows the displacement contribution from 
the term E - dro. Figure 4.6b illustrates in two—dimensions the displacement con- 
tribution from the term dr2&R-dro for two material line elements 
dro =e, dX, and d¥o2 =e@ dX). 
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%, dx, =|f,,|aX, =2,dX, 


dr,, =e,dX,. 
dx, =R,,aX, = 2,aX, 


dry, =e,dX, 


(a) Pure strain: dr = E- dr, (b) Pure rotation: dr =R- dr, 


Fig. 4.6 Decomposition of the displacement gradient H into a pure strain contribution and a pure 
rotation contribution. (a) Pure strain contribution: dr = E- dro = dx; = Ej dX; = & 6, dX;. 
Material line elements in the principal directions a; of the strain tensor E do not rotate. (b) Pure 


rotation contribution: dr = R- dry => dx; = Ri dX;. Material line elements in the principal 
directions a; of the strain tensor E rotate according to the rotation vector z= —P: R= rotu/2 


A necessary and sufficient condition for a pure strain under small deformations, 


i.e. R = 0, is that the displacement vector may be expressed by the gradient of a 
scalar field: 


u=V¢eR =06 pure strain (4.3.23) 


The scalar field #(r, t) is called the strain potential. The proof of the bi-implication 
(4.3.23) is given by Theorem 9.13 in Chapter 9. 


4.3.6 Small Deformations in a Material Surface 


Indirect measurements of stresses in the surface of an elastic body are performed by 
measuring the longitudinal strains in the surface. The strain measurements may be 
done by using electrical strain gages or strain rosettes. 

We shall now analyze the state of strain in a surface through a particle P and 
introduce a coordinate system Ox with the x3-axis normal to the tangent plane of the 
surface. The other two axes are then in the tangent plane, Fig. 4.7. In Fig. 4.7 we 
have introduced two orthogonal unit directional vectors e and e in the surface: 


e = [cos ¢, sin, 0], € = [sin d, — cos ¢, 0] (4.3.24) 
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Fig. 4.7 Orthogonal unit 
vectors e and eé in a material 
surface 


The longitudinal strain ¢ in the direction e in the material surface, and the shear 
strain y with respect to the two orthogonal directions e and e in the surface are given 
by: 


e= 6) =e-E-e = e, Exp eg = E;, cos” 6 + Ey sin’ & + 2E)2 cos o sin b 
7 = (o) = 2e-E-e = 2¢, Exp eg 
= 2(E\, — Ex.) sing cos ¢ — 2E12(cos”  — sin? ¢) 
(4.3.25) 


Using the formulas (2.3.35) for sin2¢ and cos 2, we may transform the formulas 
(4.3.25) to: 


Ey, +E Ey, — Ex : 
(p) = 2+ Ey sin2 
(9) eg es eee (4.3.26) 


»(@) = (En. — Enz) sin2¢ — 2E)2 cos 2¢ 


These formulas are analogous to those developed in Sect. 2.3.5 for the state of 
plane stress. The formulas for the principal strains ¢, and ¢2 in the surface, and the 
angle @, that the principal strain to ¢; makes with the x; — axis, follow directly 
from the corresponding formulas for plane stress: 


5 6 OEY +E E\, — Ex\* 
é _ Put Feo, | (Bir — B22 oe FY (4.3.27) 
&2 2 2 


é) —Ey, 


go, = arctan (4.3.28) 


12 


Note that the formulas (4.3.29) do not necessarily represent the principal strains of 
the general state of strain. It is not assumed that the x3 — direction, normal to the 
surface, is a principal direction of strain. However, very often this will be the case, 
especially when the surface is a free surface and with electrical strain gages for 
measuring strains attached to the surface. 

From the analogous analysis of plane stress we may also conclude that the 
maximum shear strain in the surface is given by: 
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Ey = fa 
Vmax = |@1 — &| = 2 (5%) Lei (4.3.29) 


4.3.7 Mohr—Diagram for Small Deformations in a Surface 


We assume that the state of strain in a surface is given by the strain matrix: 
Ey, Ey 

E= 4.3.30 
& Ex ( ) 
The Mohr-diagram for strains in the surface is drawn in a Cartesian coordinate 
system with longitudinal strain ¢ and one half of shear strain y as coordinates. The 
Mohr strain circle is constructed by the same principles as the Mohr stress circle. 
First the points (E1,, —E12) and (E22, E\2) are marked in the diagram. These two 


points are on a diameter of the circle and thus determine the circle. Figure 4.8 
shows the complete Mohr—diagram. 


y/2 


Fig. 4.8 Mohr—diagram for small deformations in a surface 
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4.4 Rates of Deformation, Strain, and Rotation 


In order to describe the motion and deformation of fluids, and sometimes solids 
with fluid-like behaviour we choose to work with Eulerian coordinates and the 
present configuration K as reference configuration. The particles are now denoted 
by the place vector r, or the place coordinates x. A particle P at the place r at the 
time ¢ has the velocity v(r,t) and is during a short time increment dt given the 
displacement du = v dt. This displacement field leads to small deformations with a 
displacement gradient tensor dH: 


Ov; 
dH, = — dt = vj,x dt 4.4.1 
k= Be, Vink (4.4.1) 
and a strain tensor dE and a rotation tensor for small deformations dR: 
1 ~ | 
dE =—(dH+dH'), dR =-—(dH- dH" 4.4.2 
We now define three new tensors: the velocity gradient tensor L at the time f, the 


symmetric rate of deformation tensor D at the time f, and the antisymmetric rate of 
rotation tensor W at time t: 


O 
L = gradv = ae Lik = Visk (4.4.3) 
or 
1 T 1 
p- 2 (L+L") = Dx = 5 (Vink + VE,i) (4.4.4) 
1 - 1 
W= 2 (L—-L") @ Wie = 3 Vink —Vksi) (4.4.5) 


W is also called the spin tensor and the vorticity tensor. It follows that: 
dH=Ldt, dE=Ddt, dR=Wd, E=D, R=W (4.4.6) 


Note that E is here the strain tensor (4.3.9) for small deformations. As will be 
demonstrated in Sect. 4.5 the relation between the general Green’s strain tensor 
E defined by formula (4.2.11) and the rate of deformation tensor D is more complex. 

The change length of a material line element per unit length and per unit time is 
called the rate of longitudinal strain or for short the rate of strain. From the analysis 
of small deformations in Sect. 4.3 it follows the rate of strain in the direction e is, 
according to Eq. (4.3.1): 


é=e-D-e=eDyez, = e' De (4.4.7) 
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In the coordinate direction e; we get the coordinate rates of longitudinal strain: 
&;; = Dy = v;,; (no summation) (4.4.8) 


The change per unit time of the angle between two material line elements that in 
K are orthogonal, is called the rate of shear strain or for short the shear rate. The 
rate of shear strain with respect to orthogonal line elements in the directions e and e 
is, in analogy to Eq. (4.3.2): 


y= 2€-D-e =@Dxe, = e' De (4.4.9) 
For the coordinate directions e; and e2 we get the coordinate rate of shear strain: 
Yar = 2Da1 = Vay + Vas (4.4.10) 


Figure 4.5 illustrates the coordinate rates of strain and shear rate when the dis- 
placement u is replaced by the increment in displacement du = v dt. 

The change in volume per unit of volume and per unit of time is called the rate 
of volumetric strain. By referring to the expression (4.3.4) for the volumetric strain, 
we may immediately write down the expression for the rate of volumetric strain. 


é = Dy = trD = divv Vk sk (4.4.11) 


The result (4.4.11) shows that the divergence of the velocity field v(r, t) represents 
the rate of change of volume per unit volume about the particle under consideration. 

The dual vector to the antisymmetric rate of rotation tensor W is the angular 
velocity vector: 


1 1 1 
=-P:W=-rotv Sw; = ~ex Wi = xe; aj 
" Ge ee ea (4.4.12) 
S&W=-P- wes Wy = —eijcwe 
The matrix of W may now be written as: 
0 —W3 w2 
W= W3 0 —wW) (4.4.13) 
—W. Wi 0 


Note that angular velocity vector w is related to the rotation vector z for small 
deformation defined by Eq. (4.3.28): 


w=i (4.4.14) 


In Fluid Mechanics it is customary to introduce the concept of vorticity c: 
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¢ = 2w=rotv=culv=Vxv (4.4.15) 


Due to the relationship between the rate of deformation tensor and the rate of 
strain tensor for small deformation, and the corresponding relationship between the 
angular velocity vector and the rotation vector for small deformation, we may 
conclude based on the discussion in Sect. 4.3.5 that material line elements parallel 
to the principal directions of the rate of deformation tensor D rotate instantaneously 
with the angular velocity w. In other words: 


The rate of rotation tensor W represents the instantaneous angular velocity of the three 
orthogonal material line elements that are oriented in the principal directions of the rate of 
deformation tensor D. 


This fact is demonstrated in Fig. 4.9, in which the coordinate system is chosen to 
have base vectors e; parallel to the principal directions a; of D. The matrix of D in 
this coordinate system has the elements: 


Dix = & Oix (4.4.16) 


This implies that Diz = v1,2 +v2,; = 0, and therefore vj ,. = —v2,;. Thus: w3 = 
Wo1 = V2,1. In Fig. 4.9 we now see that w3 df represents, during the time interval dt, 
the angle of rotation about an axis parallel to the x3-axis of material line elements in the 
principal directions a;(= e;) of the rate of deformation tensor D. The quantity w3 
represents the angular velocity of those line elements about the axis of rotation. 

To further illustrate the physical interpretation of the rate of rotation tensor, we 
consider the special motion of rigid—body rotation with angular velocity w = w(t) 
about the x3-axis through the origin O of the coordinate system Ox. The velocity 
field in this case is, see Eq. (3.5.26) and Fig. 4.10: 


V>,, x,dt 


(v, +¥,,, dx, ) dt 


©, =a, v,dt V5, Ax, dt 


(v, +,,, dx,) dt 


Fig. 4.9 Rotation about an axis parallel to the x3-direction of material line elements in the 
principal directions a; = e; of the rate of deformation tensor D 
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Fig. 4.10 Rigid—body 
rotation of a small material 
element about the x3-axis 
through the origin O. Angular 
velocity w 


v=W-r=wxr, v=wR>vy=—vsind=—-wxy, w=vcos0=wx, v3=0 


In Fig. 4.10 a small material volume element is shown to rotate as a rigid body 
about the x3-axis. 

We easily find that the rate of deformation tensor D = 0, and that matrix of the 
rate of rotation tensor is: 


0 -w 0 
W=|[{w 0 0O 
0 O O 

If the rate of rotation tensor is zero during the motion, i.e. W = 0, the motion is 
called irrotational motion or irrotational flow. According to Theorem 9.13 the 


velocity field in the case of irrotational flow may be derived from a scalar field: 
v=Vo (4.4.17) 


The scalar field (r,t) is called the velocity potential. Irrotational flow is for this 
reason also called potential flow. An important part of Fluid Mechanics is devoted 
to potential flow because we can in many practical flow cases show that the flow is 
in fact irrotational, or very close to be irrotational, and because potential flow 
introduces mathematical simplifications in Fluid Mechanics. 


Example 4.1 Rectilinear Rotational Flow. Simple Shear Flow 

A fluid flows between two parallel planes. One of the planes is at rest, while the 
other is moving with a constant velocity v parallel to the planes, as indicated in 
Fig. 4.11. We assume that the fluid particles move in straight parallel lines, and that 
the velocity field is: 


X2, = 73=0 
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This velocity field implies that the fluid sticks to the rigid boundary planes, a 
common assumption in Fluid Mechanics. The matrices of the velocity gradient 
tensor L, the rate of deformation tensor D, and the rate of rotation tensor W for this 
flow are: 


0 1 0 ‘ 0 1 0 1 0 
bea) Vis Dat 2 Oe Valet Ol 
00 0/" 0 0 0 0 0 
Only one rate of deformation component is different from zero, which gives the 
shear rate ),, and only rate of rotation component Wy is different from zero: 


lv Vv Vv 
—— => ¥ 2D ae Wo =— 
rh Y12 12 h’ 12 ah 


D2 


The angular velocity vector w and the vorticity vector ¢ are according to the 
formulas (4.4.12) and (4.4.15): 


W=W3e>W3=—->, e=2Ww=-Fe 
Figure 4.11 illustrates the flow of two fluid elements during a short increment of 
time dt. Fluid element 1 has a shear rate ),,. The deformation of the fluid element 2 
shows that the element sides remain orthogonal during the short time interval dt. 
The element shows no shear rate. This fact implies that the element is oriented 
according to the principal directions of the rate of deformation tensor D. The 
deformation also demonstrates that that the element 2 has an angular velocity 
component w3 = —v/2h about the x3 — axis. Note that the rate of volumetric strain: 
&, = divv = 0 for this flow. We say that this is an isochoric flow, i.e. a volume 
preserving flow. 

Because the fluid particles move in straight lines, the flow is called rectilinear, 
and because the flow give rise to rates of rotation, and thereby vorticity, it is called 


moving surface vdt 


element qd) 


fixed surface 


Fig. 4.11 Simple shear flow. Rectilinear flow with vorticity. Fluid element | has a shear rate 715. 
Fluid element 2 rotates with angular velocity w3 


4.4 Rates of Deformation, Strain, and Rotation 153 


Fig. 4.12 Circular 

irrotational flow created by a 
rotating cylinder of radius a in 
a linear viscous fluid. Angular 
velocity w. Fluid particles Vy ( x,,0) 
move in concentric circles 


solid circular cylinder 
path lines and stream lines 


rotational flow. This particular kind of rectilinear, rotational flow is called simple 
shear flow. 


Example 4.2 Circular Irrotational Flow. Potential vortex A solid circular 
cylinder with radius a that rotates about its axis with constant angular velocity @ in 
a linearly viscous fluid, creates an irrotational vortex, i.e. a vortex without vorticity, 
Fig. 4.12. 

The fluid particles move in concentric circles and the velocity field is: 


w 2 
ae Ve=v,=0, a=aa 
‘ AX. OX] 
> vy, = —vesind = , v2 =vgcos? = ~—,, 3=0 
x, +35 x +25 


20 X2X1 2a XX 


V2.2 = > V152 
2 9\2? 2 
(xj +33) 


Vi. = 


_ « 2ax7 o 
+R (at tad)? (at +3)’ 


V251 


The volumetric rate of strain rate é, = divv = vj,; + v2,2 + ¥3,3 = 0. Thus the flow 
is isochoric. 

Since this is a planar flow only one non-trivial rate of rotation component has to 
be evaluated, i.e. Wj2, for which we find: 
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1 1 
Wi2 W3 583 5 (12 v2.1) =0 


Hence we have the results: 


W=0, c=2w=rotv=Vxv=0 


The velocity field may be derived from a velocity potential @ = «0 as follows: 


op 
0, eae 


1 
Vv Vo v6 102 = VR = 


0 


The flow has now three names: circular irrotational flow, a potensial vortex flow, 
and a vorticity—free vortex. 


4.5 Large Deformations 


In this section we shall analyze the deformation in the neighbourhood of a particle 
r, that moves with a body from the reference configuration Kp at time f to the 
present configuration K at time ft. The motion is given by, see Fig. 4.13: 


r=r(ro,t) =ro+u(ro,t) @ x; = (X,t) = X; + u,(X, 1) (4.5.1) 


u(o, t) is the displacement vector. From the development in Sect. 4.2 we have seen 
that the three fundamental measures of strain ¢,, and ¢, may be determined from 
the relation (4.2.8) between the material line element dro in the reference config- 
uration Ko and the corresponding material line element dr in the present configu- 
ration K: 


dr =F dry & dx; = Fx dX, (4.5.2) 


The tensor F is the deformation gradient tensor and defined by: 


or Ox,(X,1) 
F = — & F;,(X,t) = ————_ 
‘ic ,t) OX; 


= (4.5.3) 


In order to simplify the following presentation we shall assume homogeneous 
deformation according to the formulas (4.2.26) and (4.2.27), in which the defor- 
mation is the same for all particles: 


_ dr 


r=uo+F-ro, u= uo(t), F= F(t) = ron 
0 


(4.5.4) 
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Fig. 4.13. General motion and deformation of a body. Reference Rf. Reference configuration Ko, 
particle rp (or X) at the position Po at the time fo. Present Configuration K and particle ro (or X) at 
the position P (or place r (or x)) at the time f 


The displacement vector uo(t) represents a translation of the body. The deformation 
gradient F represents a linear transformation of a material line element drop in Ko to 
the corresponding line element dr in K. The differentials dro and dr are the same 
material line element in Ko and K respectively. Material planes and straight lines in 
Ko are deformed into planes and straight lines in K, see Problem 4.1. 

From Sect. 4.2 we import the general results expressing the longitudinal strain ¢ 
in the direction e in Ko, the shear strain y with respect to two orthogonal directions 
e and e in Ko, and the volumetric strain ¢,: 


é=vV1+2e-E-e—l=ve-C-e-l 


: 2e-E-e : e-C-e 
y = arcsin = arcsin 
/(1+2e-E-e)(1+2e-E-e) J(€-C-e)(e-C-e) 
éy = detF — 1 = det (1+H) — 1 = det (1+2E) — 1 = VdetC —- 1 
(4.5.5) 
H is the displacement gradient tensor: 
ou Ou; OX; 
H F-18 Ax == — 6; 4.5.6 
Or, a, OG. sa 
E is Green’s strain tensor: 
1 1 
E = 5 (H+H!+H'H) © Ex = 5 (Hin + Ar + Ai He) (4.5.7) 
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C is the Green’s deformation tensor: 
C=F’F =14+2E (4.5.8) 


When dealing with large deformations, it is more convenient to use the defor- 
mation gradient tensor F and the deformation tensor C rather than the displacement 
gradient tensor H and the strain tensor E. For practical reasons we shall continue 
the discussion under the assumption of homogeneous deformations, as expressed by 
Eq. (4.5.4). Before we consider the general case, we will study two special cases, 
which the general case may be decomposed into.First we consider a rigid—body 
motion, as given by Eq. (3.5.33) and Fig. 3.4: 


r=ujp+R-ro, uo=uo(t), R=R(t), R’=R', F=R, detF=1 
(4.5.9) 


The displacement vector ug(t) represents the displacement of a point O that moves 
with the body and a translation of the body, and the displacement gradient F = R is 
an orthogonal tensor that represents a rigid—body rotation R - rg about the point O. 

Next we consider a motion resulting in what is called homogeneous pure strain, 
in which the deformation gradient F is a positive definite symmetric tensor U: 


r=uo+F-rp, F=U(s), U'’=U, detU>0S>C=FF=-UW 
(4.5.10) 


The symmetric tensors C and U are coaxial, i.e. both tensors have the same prin- 
cipal directions represented by the unit vectors a;(t). If the principal values of the 
tensor U are ,(t), the tensor C has the principal values /?(t). 

A material line element dro in Ko parallel to one of the principal directions aj, 
such that drop = dso aj, will in configuration in K be represented by the line element 
dr = U- dro. By the property (3.3.22) for symmetric second order tensors, we 
obtain: 


dr =U-drjp = U- (dso a;) = hi dsj a; => ds = \dr| = hi dso 


The result shows that and the vectors dr and dro are parallel to the principal 
directions a; of the tensor U, and that 4; are stretches, appropriately called the 
principal stretches of the deformation. By definition a stretch has to be positive. 
Therefore the tensor U, which is now called a stretch tensor, has to be a positive 
definite tensor. 

The property of the motion (4.5.10) that line elements parallel to the principal 
directions of the stretch tensor U do not rotate, is the reason for calling this a motion 
of pure strain. The property will now be further demonstrated in the following 
example illustrated in Fig. 4.14. For simplicity the translation uo(t) is neglected in 
the example. We choose a coordinate system Ox with base vectors e; that are 
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parallel to the principal directions a;. The deformation gradient F = U, the defor- 
mation tensor C, and the motion have now these representations: 


Fix = Une =Ai6ix, Cie = Ap 0x, 1 =U ty xj = AX; (4.5.11) 


In Fig. 4.14 the principal stretches have been chosen to _ be: 
A, = 3, 42 = 2, and A43 = 1. The same material volume element is shown in the 
two configurations Ko and K. In Ko the element is chosen to have orthogonal edges 
parallel to the principal directions a;. The figure shows that the edges of the same 
material element in K are orthogonal, and have been stretched but not rotated. Note 
that the material element may have rotated on its motion from Ko to K. 

The general homogeneous deformation, represented by the motion (4.5.4), may 
be decomposed into a deformation of pure strain and a rigid—body motion. We are 
going to demonstrate the decomposition in the following way, using the 
two-dimensional case in Fig. 4.15 as illustration. For simplicity the translation uo (t) 
is neglected in the demonstration. 

The deformation from the reference configuration Ko at the time fo to the present 
configuration K at the time ¢ is assumed to be given by the deformation gradient 
F. Then we can determine the deformation tensor C = F’F and its principal 
directions a;. As indicated in Fig. 4.15 a material volume element with orthogonal 
edges parallel to a; in Kg will also in K have orthogonal edges. This result follows 
from the fact that according to the formula (4.5.5) the shear strain is zero for any 
two line elements parallel to the principal directions of the deformation tensor C. 

Without regard to the actual motion and deformation history of the material 
element between the configurations Ko and K in Fig. 4.15, we may imagine two 
different alternatives to obtain the deformation represented by the deformation 
gradient F, each alternative performed in two steps. The alternatives are shown in 
Fig. 4.16. 


AA 


V = AAA 


Fig. 4.14 Homogeneous pure strain, F = U. The cubic material element in the reference 
configuration Ko are given principal stretches /; in the coordinate directions. The volume of the 
element is V, = A? in Ko and V = 4, 22 A3 A? in the present configuration K 
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AA 


O ~~ Re 


Fig. 4.15 General homogeneous deformation. Two-dimensional presentation of the result of the 
deformation tensor C from a reference configuration Ko to the present configuration K. A cubic 
material element in Ko has edges of length A that are oriented in the directions of the principal 
directions a; of C. The volume of the cubic element in Ko is Vo = A}. The particle ro, position Po, 
moves to the place r, in position P. The deformed material element has orthogonal edges with 


length 4; A, and the volume V = A; A; A; A*. Figure 4.16 presents a polar decomposition of the 
deformation in two alternatives 


Alternative I: The material is first deformed from Ko to K by pure strain, F = U: 
r=U-r,, Ul =U 
Then the material is given a rigid-body rotation from K to K: 
r=R-r, R'!=R’, detR=1 


The motion from the reference configuration Ko to the present configuration K is 
then: 


r=F-r,>F=RU, R'!=R’, dtR=1, U'’=U (4.5.12) 


R is called the rotation tensor and U is called the right stretch tensor. 
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Fig. 4.16 Polar decomposition of a general homogeneous deformation in two alternatives. 
Alternative I: Deformation by pure strain, F = U, from Ko to K, followed by rigid—body motion, 
F=R, from K to K. Alternative II: Rigid—body motion, F = R, from Ko to K, followed by pure 
strain, F = V, from K toK 


Alternative II: The material is first brought from Ko to K by a rigid—body rotation: 
r=R-ro, R'=R’, dettR=1 
Next, the material is deformed from K to K by pure strain: 
r=V-r, Vi=V 


The motion from the reference configuration Ko to the present configuration K is 
then: 


r=F-r,>F=VR (4.5.13) 


R is again the rotation tensor and V is called the left stretch tensor. 

Note that the real motion and deformation between Ko and K will in general be 
quite different from any of the two special motions presented above. 

The important results of the demonstration related to Fig. 4.16 and the 
Eqs. (4.5.12) and (4.5.13) are that the general homogeneous deformation (4.5.4) 
may be considered to consist of a pure strain and a rigid—body motion, and fur- 
thermore, that the deformation gradient F may be decomposed into a composition 
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of an orthogonal tensor R, which represents a rigid-body rotation, and positive 
definite symmetric tensors U or V, which represent pure strain. The decomposition 
of the deformation gradient F may be done in one of two alternatives ways: 


F=RU=VR (4.5.14) 


It also follows from how the decompositions (4.5.14) were developed above, that 
these decompositions are unique. The result (4.5.14) represents the polar decom- 
position theorem presented in Sect. 3.8, where an analytical proof is given. 

A mathematical condition for the tensor F in the analytical proof is that F has to 
be a non-singular tensor with a positive determinant, det F > O. This condition 
also follows from the physical condition that the volume dV of a material element 
must be positive, which again according to the formula (4.2.18) leads to: 


dV—dV)_ dV 


dV>0>4= = 
. dVo dVo 


1=detF—1> —1=>detF>0 (4.5.15) 


The two tensors U and V represent the same state of strain. From Fig. 4.16 it is 
seen, and from Eq. (4.5.14) it follows, that the tensor V is the R-rotation of tensor 
U: 


V = RUR’ (4.5.16) 


The principal directions of V are R — rotations of the principal directions a; of 
U. The two tensors V and U have the same principal values 1; > 0, i.e. the principal 
stretches. The principal stretch 2; represents the ratio between the lengths in K and 
Ko of a material line element that in Ko is parallel to the principal direction a; of U, 
see Fig. 4.15. In reference to their positions relative to the rotation tensor R in 
Eq. (4.5.14), U is the right stretch tensor and V is the left stretch tensor. 

The right stretch tensor U is closely related to the Green deformation tensor C. 


C=F'F=U (4.5.17) 


The two tensors C and U_= are coaxial. The principal values 
¢; of C and /; of U and V are related by: 


G=2 (4.5.18) 


The principal strains are: 
€ = Ai —1 (4.5.19) 


The principal strains ¢; are different from the principal values EF; of Green’s strain 
tensor E. Formula (4.2.18) gives: 
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6 = \/1+2E;— 1 (4.5.20) 


For the volumetric strain we get from Eq. (4.2.18): 
é, = detF —1 =detU-—1=detV—1=2,2,1;-1 (4.5.21) 


Green’s deformation tensor C is also called the right deformation tensor due to 
its relation to the right stretch tensor U. A left deformation tensor B related to the 
left stretch tensor V plays an important role in the modelling of isotropic materials, 
and is defined by: 


B = V’ = FF’ = RCR’ (4.5.22) 


We see that B is the R-rotation of C. 
In a general, non—homogeneous deformation r = r(ro,t) the deformation gra- 
dient F = F(ro, ft) is a tensor field defined by Eq. (4.2.7): 


F = Gradr = 2 RU = VR 
dro (4.5.23) 


F = F(ro, 0), R = R(ro,t), U = U(ro,t), V = Viro, t) 


The deformation of the material in the neighbourhood of the particle rp is deter- 
mined by a pure rotation R and a pure strain U or V. These tensors fields may be 
determined as follows. First we compute the deformation gradient F from its def- 
inition in Eq. (4.2.7). Then the Green deformation tensor C, the right stretch tensor 
U, and the rotation tensor R may be determined from the formulas: 


C=FF=U>U=VC, F=RU>R=FU"! (4.5.24) 


A deformation in a particle is called an isotropic deformation, also called a form 
invariant deformation, if any direction through the particle is a principal direction, 
and there is only one unique principal stretch 2. 


U=V=A1 8 F=IRSC=B=UH=/71 (4.5.25) 
All the tensors U, V, C, and B are now isotropic tensors. The volumetric strain is: 
e, =detF-1= 77-1 (4.5.26) 


If the deformation also is homogeneous the shape of any material volume element is 
unchanged by the deformation. 

A deformation in which the volume is preserved is called an isochoric defor- 
mation or a volume invariant deformation. In this case: 
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&, = 0 detF = detU = detV=1 (4.5.27) 


From the definitions of F in Eq. (4.2.7) and the velocity gradient tensor L in 
Eq. (4.4.3) we obtain the relationships: 


F=LFSL=FF'! (4.5.28) 


The development of this result and the following relations (4.5.29-4.5.31) is given 
as Problem 4.2. 


1 . : 
D= 5R(UU '+U'U)R’ (4.5.29) 
. 1 . : 
W=RR’+ zR(U UT —U"'U)R’ (4.5.30) 
=. ll 
E=F'(L+L")F =F'DF (4.5.31) 


Note that the motion corresponding to pure strain for large deformation, i.e. F = 
F(ro,t) = U(ro, t) and R(ro, t) = 1, the motion is not irrotational in the sense that 
W = 0. Furthermore, we see that “irrotational motion”, in the sense that R= 0, 
does not imply that W = 0. For large deformations E # D, i.e. the rate of strain 
tensor is not equal to the rate of deformation tensor. For rigid—body motion U = 0, 
and formula (4.5.30) gives W = RR’, which agrees with formula (3.5.22). 

For later application we introduce the determinant J of the deformation gradient F: 


fader saat) <ael |) acer (4.5.32) 
Ox, 


J is called the Jacobi determinant, or for short the Jacobian, of the mapping from 
ro to r(ro,¢), or from X to x(X,t). The name Jacobian is attributed to Carl Gustav 
Jacob Jacobi [1804-1851]. It may be shown that the material derivative of the 
Jacobian is given by, see Problem 4.3: 


J =Jdivv (4.5.33) 


Problems 4.1-4.3 with solutions see Appendix. 


Chapter 5 ®) 
Constitutive Equations oe 


5.1 Introduction 


In this chapter two major theories in continuum mechanics are briefly presented. 
The purpose of presenting these theories in the present book is to show two 
important applications of Tensor Analysis. Firstly, the theory of linearly elastic 
materials shows how the stress tensor T and the strain tensor E for small defor- 
mations are connected through constitutive equations, to provide a complete theory 
of wide applications. Secondly, the theory of linearly viscous fluids illustrates how 
the stress tensor T and the velocity field through the rate of deformation tensor 
D are combined through constitutive equations, to provide some important solu- 
tions to fluid mechanics problems. The constitutive equations of both theories are 
tensor equations and will be presented as such, with the component forms in 
Cartesian coordinates. 

In Chap. 7 the basic equations of continuum mechanics are presented in general 
curvilinear coordinates, and in particular cylindrical coordinates and spherical 
coordinates. The exposition includes equations of motion, deformation analysis, the 
constitutive equations for isotropic, linearly elastic materials and the constitutive 
equations for linearly viscous fluids. 

The author’s book Continuum Mechanics [1] provides a more extensive pre- 
sentation of theories of elastic materials, visco-elastic material and advanced fluid 
models. 


5.2 Linearly Elastic Materials 


The classical theory of elasticity is primarily a theory of isotropic, linearly elastic 
materials subjected to small deformations. All governing equations of this theory 
are linear partial differential equations. This implies that the principle of 
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superposition may be applied: The sum of individual solutions to the set of 
equations also is a solution to the equations. The classical theory of elasticity has a 
theorem of uniqueness of solution and a theorem of existence of solution. The 
theorem of uniqueness insures that if a solution of the pertinent equations and the 
proper boundary conditions for a particular problem is found, then this solution is 
the only solution to the problem. The basic equations of the theory are presented. 
As an illustration of application of the theory some aspects of the propagation of 
stress waves in elastic materials are presented. 


5.2.1 Generalized Hooke’s Law 


We assume small deformations and small displacements and replace the particle 
reference ro by the place vector r. In a Cartesian coordinate system Ox the particle 
coordinates X are replaced by the place coordinates x. The displacement vector field 
u(x,t) has the components u;(x,t) and the displacement gradient Hix = u;,,~. The 
strains in the elastic material are given by the strain tensor for small deformations 
E with the components, i.e. coordinate strains: 


1 
Ex = 5 (isk + ux;i) (5.2.1) 
A material is called elastic, also called a Cauchy-elastic material, if the stresses 
in a particle r = x;e; are functions only of the strains in the particle. 


Tx = Tx(E,x) & T = TIE, 4] (5.2.2) 


Equation (5.2.2) are the basic constitutive equations for Cauchy-elastic materials. 

If the elastic properties are the same in every particle in a material, the material is 
elastically homogeneous. If the elastic properties are the same in all directions 
through one and the same particle, the material is elastically isotropic. Metals, 
rocks, and concrete are in general considered to be both homogeneous and isotropic 
materials. The crystals in polycrystalline materials are assumed to be small and their 
orientations so random that the crystalline structure may be neglected when the 
material is considered to be a continuum. Each individual crystal is normally ani- 
sotropic. By milling or other forms of macro-mechanical forming of polycrystalline 
metals, an originally isotropic material may be anisotropic. Materials with fiber 
structure and well defined fiber directions have anisotropic elastic response. Wood 
and fiber reinforced plastic are typical examples. The elastic properties of wood are 
very different in the directions of the fibers and in the cross-fiber direction. 

Isotropic elasticity implies that the principal directions of stress and strain 
coincide: The stress tensor and the strain tensor are coaxial. 
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Homogeneous elasticity implies that the stress tensor is independent of the 
particle coordinates. Therefore the constitutive equation of an elastic material 
should be of the form: 


Tx = Tx(E) & T = TIE] (5.2.3) 


If the relation (5.2.2) is linear in E, the material is said to be linearly elastic. The 
six coordinate stresses 7, with respect to a coordinate system Ox are now linear 
functions of the six coordinate strains Ej;. For a generally anisotropic material these 
linear relations contain 6 x 6 = 36 coefficients or material parameters, which are 
called elasticities or stiffnesses. For a homogeneously elastic material the stiffnesses 
are constant material parameters. 

Figure 5.1 illustrates a bar of isotropic, linearly elastic material with 
cross-sectional area A and subjected to an axial force N. The state of stress in the bar 
will be uniaxial with the normal stress o = N/A in the direction of the axis of the 
bar on a cross-sectional. The bar experiences a small longitudinal strain ¢ in the 
direction of the stress and due to isotropy small negative longitudial strains ¢, in 
any direction normal to the stress. With respect to the Cartesian coordinate system 
Ox the stress matrix T and a strain matrix E are: 


s 
I 
ooa 
isp) 
o 
o 


0 0 
0 o0|, E=[0 « O 
0 0 0 0 & 


For an isotropic, linearly elastic material the following constitutive relations may be 
stated: 


ee. BSS (5.2.4) 
7 " 


y is the modulus of elasticity and v is the Poisson’s ratio, after Siméon Denis 
Poisson [1781 — 1840].The symbol y for the modulus of elasticity is used rather 
then the more common symbol E to prevent confusion between the modulus of 
elasticity and the strain matrix E. The first of Eq. (5.2.4) is known as Hooke’s law, 
named after Robert Hooke [1635-1703]. 

The constitutive relations (5.2.4) may be restated for a general situation of a state 
of uniaxial stress: o, 4 0,02 = o3 = 0, in an isotropic, linearly elastic material: 


Fig. 5.1 Isotropic, linearly 
elastic rod subjected to an 
axial force N. Normal stress ¢ 
on a cross-section 
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For a general state of triaxial stress with principal stresses o),02, ando3, the 
principal strains ¢; are given by: 
Oo; Vv l+yv v 


@) = ———(o.+03) = o1 (a1, +02 +03) etc. for é2 and €3 
u uf] u| 


The result follows from the fact that the relations between stresses and strains are 
linear such that the principal of superposition applies. The result may be rewritten to: 


l+yv v 
&= o; —-trT,trT = 0, +02 +03 = trT 
uf] u| 


The expression may also be presented in the matrix representation: 


This is the matrix representation of the following tensor equation between the 
tensors E and T in a coordinate system with base vectors parallel to the principal 
directions of stress: 


l+v v 
— T—-—(trT)1 Di 
7 E(u) (5.2.5) 


E 


In any Cartesian coordinate system Ox Eq. (5.2.5) has the representation: 


l+v 
Ex = 


Tix — P Ti Oix (5.2.6) 


From Eggs. (5.2.5) or equation (5.2.6) the inverse relations between the stress tensor 
and the strain tensor is obtained: 


Vv 


n n [eu + 
tag Ta 3y 


a a 


T [E +; u = (trE)1] > Tx = Ey Sx| (5.2.7) 
The inversion procedure is given as Problem 5.1. The relations (5.2.5—5.2.7) rep- 
resent the generalized Hooke’s law and are the constitutive equations of the 
Hookean material or Hookean solid, which are names for an isotropic, linearly 
elastic material. Note that normal stresses T;; only result in longitudinal strains E;;, 
and visa versa, and that shear stresses Tj; only result in shear strains y, = 2E,z, and 
visa versa. This property is in general not the case for anisotropic materials. 

For a state of pure shear stress, as in Example 2.2, the stress matrix Tj, related to 
the local coordinate system in Fig. 2.9 has only one non-zero element, i.e. the shear 
stress Tj, = t. The generalized Hooke’s Law (5.2.6) results in only one non-zero 
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strain element: E,2 = (1+ v)T12/n for the strain matrix Ej,. According to formula 
(4.3.3) this element corresponds to a shear strain y = ),. = 2E,2. Hence we have 
found from Hooke’s law (5.2.6): 


2(1 
y= a, S&S T=) (5.2.8) 


The material parameter j is called the shear modulus and is given by: 


u] 


i+ (5.2.9) 


k= 


Table 5.1 presents the elasticities 7, 4, and v for some characteristic materials. 
The values given in the table are at the temperature of 20 °C. The values vary some 
with the quality of the material and with temperature. We shall find that the rela- 
tionship for the shear modulus in formula (5.2.9) is not exactly satisfied by the data 
given in Table 5.1. This is due to the fact that the values given in the table are 
standard values found from different sources. 

The relationship between the elastic volumetric strain ¢, and the stresses is found 
by computing the trace of the strain matrix from Eq. (5.2.6). 


1 1-2 
ne ee en Se Le (5.2.10) 
n ui U| 


The mean normal stress o° and the bulk modulus of elasticity, also called the 
compression modulus of elasticity, « are introduced: 


1 1 
c= 3 Ti = 3 trT the mean normal stress 


i (5.2.11) 
kK = ———__ | the bulk modulus 
3(1 — 2v) 
Table 5.1 Properties of some elastic materials 
Material p [10° kg/m?] n [GPa] py [GPa] v a [10° °C} 
Steel 7.83 210 12 
Aluminium 2.68 70 23 
Concrete 2.35 20-40 10 
Copper 8.86 118 17 
Glass 25 80 3-9 
Cast iron 7.75 103 11 


Density p, modulus of elasticity 7, shear modulus p, Poisson’s ratio v, and thermal expansion 
coefficient « 
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The result (5.2.10) may be presented as: 


= Gg? 5.2.12 
€ ma ( ) 


For an isotropic state of stress T = o1 the mean normal stress is equal to the normal 
stress: o° = o. 

Fluids are considered as linearly elastic materials when sound waves are ana- 
lyzed. The only elasticity relevant for fluids is the bulk modulus x. For water 
«x = 2.1 GPa, for mercury 27 GPa, and for alcohol 0.91 GPa. 

It follows from Eq. (5.2.11) that a Poisson ratio v > 0.5 would have given k < 0, 
which according to Eq. (5.2.12) would lead to the physically unacceptable result 
that the material increases its volume when subjected to isotropic pressure p > 
o° = —p. Furthermore we may expect to find that v > 0 because a Poisson ratio 
v <0 would give an expansion in the transverse direction when the material is 
subjected to uniaxial stress. Thus we may expect that: 


0<v<0.5 (5.2.13) 


The upper limit for the Poisson ratio, vy = 0.5, which according to Eq. (5.2.11) gives 
K = oo, characterizes an incompressible elastic material. Among the real materials 
rubber, having v = 0.49, is considered to be (nearly) incompressible, while the 
other extreme, v = 0, is represented by cork, and is an advantageous property when 
corking bottles. 

An interesting and sometimes convenient decomposition of Hooke’s law (5.2.5- 
5.2.7) will now be demonstrated. First we decompose the stress tensor T and the 
strain tensor E into isotrops and deviators: 


T=T°+T, E=E’+E’ (5.2.14) 


1 
T’? =~(trT)1=0°1, B® = -(trE)1= ze (5.2.15) 


wl 
ol 


From Eq. (5.2.7) we find that: 
T°? = 3xE’, T’ = 2uE’ (5.2.16) 


The development of these results is given as Problem 5.2. 
Alternative forms for Hooke’s law, Eq. (5.2.8) and Eq. (5.2.6), are: 


T=2u [E = —; (wE)1] = 2E + (« = 51) (trE)1 (5.2.17) 


1 v 1 3K — 2u 
p= |r- wT Tom 18ux (tr T)1 (5.2.18) 
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The parameters: 
2 
wandd= K-35 (5.2.19) 


are called the Lamé constants after Gabriel Lamé [1795-1870]. The parameter 7 
does not have any independent physical interpretation. 

For an incompressible elastic material, i.e. &, = tr E = 0, the mean normal stress 
o° cannot be determined from Hooke’s law. For these materials it is customary to 
replace Eq. (5.2.17) by: 


T=-—p1+2nE (5.2.20) 


p = p(r,t) is an unknown pressure, which is an unknown tension if p is negative. 
The pressure p can only be determined from the equations of motion and the 
corresponding boundary conditions. 


5.2.2 Some Basic Equations in Linear Elasticity. Navier’s 
Equations 


The primary objective of the theory of elasticity is to provide methods for calcu- 
lating stresses, strains, and displacements in elastic bodies subjected to body forces 
and prescribed boundary conditions for contact forces and/or displacements on the 
surface of the bodies. The basic equations of the theory are: 

The Cauchy equations of motion (2.2.37): 


divT + pb = puS Tx + phi = pit (5.2.21) 
Hooke’s law for isotropic, linearly elastic materials, e.g. (5.2.17): 


Vv v 


— (wk)1| ay [Fu + Ei Si (5.2.22) 


T=2u [E +; 
The strain—displacement relations: 
E —— 


(H+H") © Ex = = (ie + ux) (5.2.23) 


Nile 
Nile 


The component form of these equations applies only to Cartesian coordinate sys- 
tems. Component versions in general coordinate systems of the basic equations are 
presented in Sect. 7.8. 

Equations (5.2.21—5.2.23) represent 15 equations for the 15 unknown functions 
Tx, Eiz, and u;. The boundary conditions are expressed by the contact forces t and 
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the displacements u on the surface A of the body. The part of the surface A on 
which t is prescribed is denoted A,. On the rest of the surface, denoted A,, we 
assume that the displacement u is prescribed. For static problems (ii = 0) the 
boundary conditions are: 


t=T-n=t'onA,, u=wonA, (5.2.24) 


t* andu* are the prescribed functions, and n is the unit normal vector on A,. We 
may have cases where the boundary conditions on parts of A are given as combi- 
nations of prescribed components of the contact force t and displacement u. For 
dynamic problems conditions with respect to time must be added, for instance as 
the initial conditions on the displacement field u(r, f) : 


u=u*(r,0) andu=u*(r,0)inV (5.2.25) 


V Denotes the volume of the body. u*(r,0) and u*(r,0)are prescribed functions 

We will now let the displacement vector u(r,t) be the primary unknown vari- 
able. The strain—displacement relation (5.2.23) is introduced in Hooke’s law 
(5.2.22), and the result is: 


Tik = [| Wink + Uk + Uj,j Oik (5.2.26) 


2v 
1—2v 


When these expressions for the stresses are substituted into the Cauchy equations of 
motion (5.2.21), we obtain the equations of motion in terms of displacements. 


V(V-u)+ 2 (b—@) =0 6 ui 


1 
v2 
sa L 1-—2y 


p . 
Uxski + —(b; — tj;) = 0 
m 
(5.2.27) 


These three equations are Navier’s equations named after Claude L. M. H. Navier 
[1785-1836] When the three displacement functions u; — functions are found from 
Navier’s equations, the strains and the stresses may be computed from Eqs. (5.2.23) 
and (5.2.26) respectively. The boundary conditions (5.2.24) and (5.2.25) will 
complete the solution of finding displacements, strains and stresses. 

Navier’s equations in cylindrical coordinates (R,0,z) and in spherical coor- 
dianates (r, 0,@) are presented in Sect. 7.8. 


5.2 Linearly Elastic Materials 171 


5.2.3 Stress Waves in Elastic Materials 


In this section we discuss some relatively simple but fundamental aspects of 
propagation of stress pulses or stress waves in isotropic, linearly elastic materials. 
We may also consider these pulses or waves as displacement, deformation, or strain 
pulses or waves, according to which of these quantities we are interested in. In the 
general presentation we do not distinguish between pulses and waves, and since the 
materials are assumed to be elastic, we use the common name elastic waves. 

In a large body of isotropic elastic material a relatively small region is subjected 

to a mechanical disturbance eminating from a point source. The disturbance may be 
considered to be a displacement field propagating into the undisturbed material as 
displacement waves. Sufficiently far away from the source the displacement 
propagates as approximately plane waves. 
Figure 5.2 illustrates the situation. The point source is placed at the origin of a 
Cartesian coordinate system Ox. In the neighbourhood of the x3 — axis and at a long 
distance from the source we may consider the displacement propagates as 
approximately plane waves. assume the displacement field: 


u = u(x3, 1) S uj = u;(x3,¢) (5.2.28) 


We shall see that the displacement field u = u(x3, ¢) really represents three different 
motions. 

The motions are governed by the Navier Eq. (5.2.27). If we neglect the body 
forces, the equations are reduced to: 


Ui skk + Uses = Pi (5.2.29) 
v ll 


1-2 


wave front at time f¢, wave front at time f,>¢, 


Ug (X3,0) 


U3(X3,t) 


disturbance region at r <r,(t,) 


undisturbance region at time ¢ <7, 1 
3 ‘ = plane wave 
point source of disturbance 


Fig. 5.2 Displacement disturbance u(r,t) from a point source at the origin O. Wave front u = 0 on 
a sphere of radius r=ry and at time t=%,. Approximately plane wave u(x3,ft) = 
Uy(x3, f)e, + u3(x3,t)e3 far away from the source at O. The displacement w3(x3,f) represents a 
motion in the x3-direction and is called a longitudinal wave propagating with the velocity c, from 
formula (5.2.30). The displacements u3(x3,t) represent motions in the x,-directions and are called 
transverse waves propagating with the velocity c, from formula (5.2.31) 
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The displacement field (5.2.28) is substituted into Eq. (5.2.29), and the result is 
three one-dimensional wave equations: one equation for the displacement w3 (x3, t) 
and two equations for the displacements u,(x3,t) for « = 1 or2. 


2 2 _ = 
ae u3 _ Ou3 eheee 2(1 v) He l-y N K+ 4/3 
Oe - Or 1—2v p (1+ v)(1 —2v) p p 


(5.2.30) 


Cu, uy Lt 1 4 
= - h =,/-= = 5.2.31 
omen ge wee a= = aay coe 


The displacement u3(x3,t) represents a motion in the direction of the propaga- 
tion, i.e. the x3 — direction, and is called a longitudinal wave. The displacements 
uy(x3,¢) represent motions in the directions normal to the direction of propagation, 
and are called transversal waves. 

The general solutions of the wave Eqs. (5.2.30) and (5.2.31) are given as: 


U3(x3,¢) = f3(cit +.x3) + 93(cit — x3) (5.2.32) 


Ug (x3, t) = falcrt+x3) + alert — x3) (5.2.33) 


The functions f;(k) and g;(k) are arbitrary functions of one variable k. Substitution 
of the displacements (5.2.32) and (5.2.33) into the wave Eqs. (5.2.30) and (5.2.31) 
will show that the equations are satisfied. It will be shown that the parameters 
c, and c, represent velocities of propagation of the displacement waves. 

Figure 5.3 shall illustrate the propagation of the longitudinal wave u3(x3,t) = 
g3(cit — x3). The graphs show the displacement w3(x3,1) = g3(cjt — x3) at two 
different times tandt-+ At. At the time ¢ the displacement has reached the position 
X3 = x3 ¢ which represents the wave front. At the later time t+ At the displacement 
has reached the position x3 = x3¢ + Ax3 which represents the new position of the 
wave front. It follows that: 


U3(x3/, t) = g3(cit = X3) =0 
U3 (x3¢ | Ax3,t t At) = 93(c{t t At} {x3¢ t Ax3}) = g3(cit Xa 4 {cj)At Ax3}) =0 
ciAt — Ax3 = 0 Ax3 = c,At 


The result shows that the motion u3(x3,t) = g3(cjt — x3) can be characterized as a 
displacement wave that propagates in the positive x3; — direction with the wave 
front velocity c;. Using similar argument we may show that the motion u3(x3,t) = 
f3(cit +.x3) represents a displacement wave that propagates in the negative x3 — 
direction with the wave front velocity cy. 

It also follows that the motions u,(x3,t) = fi(c;t — x3) and uy, + (43,1) = 
fu(c;t +3) may represent motions in the x, — directions propagating respectively in 
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Uz 


U3 = 23 (ct —X3) 


ee 23(c) {t + At} — x3) 


wavefront at the time ¢ + dt 


x3 


wavefront at the time ¢ X3/ X35 +Axs 


Ax; =c,At 


Fig. 5.3 Propagation of the longitudinal displacement wave wu3(x3,t) = g3(cjt — x3). The 
positions of the wave are shown at the time t and the time ¢+ dt. The wave fronts 
x3 = X3F from 13 (x3/, t) = 83 (cit = x39) =0 and 13= X3¢ + Ax; from u3(Xx3¢ + Ax3, t+ At) = 
g3(cit + At} — x3¢ + Ax3) = 0. c = velocity of propagation of longitudinal elastic waves 


the positive x3 — direction and in the neggative x3 — direction with the wave front 
velocity c;. These motions are therefore called transversal waves. 
Because for known materials 0 << vy <0.5 we will find that in general: 


a<c (5.2.34) 


For steel with v = 0.3,4 = 210 GPa, and p = 7830kg/m*, we find c, = 3212 m/s 
and c; = 6009 m/s. 

The longitudinal wave implies volume changes:¢, = u33 = E33, and the wave is 
therefore called a dilatational wave or volumetric wave. Because: 


rot(u3e3) = curl(u3e3) = V x (u3e3) = 0 


the displacement u3(x3,t) is also called an irrotational wave. A physical conse- 
quence of an irrotational wave is that the principal directions of strain do not rotate. 
For the displacement field u3(x3,t) the x; — directions are the principal strain 
directions. According to Hooke’s law (5.2.26) the stresses are determined by: 


2(1-—v v 
( ies, Ty = Ty = 


je 
i l—-v 


es (5.2.35) 


The transverse waves u;(x3,t) and u(x3,t) are isochoric, i.e. ¢, = 0, and are 
therefore also called dilatation free waves or equivoluminal waves. The stresses are 
according to Hooke’s law (5.2.26): 


T13 = LU),3, T23 = BU2,3 (5.2.36) 


Because these waves also represent shear stresses on planes normal to the direction 
of propagation, they are also called shear waves. Other names are distortional 
waves and rotational waves. 
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An earthquake initiates three elastic displacement waves. The fastest wave is a 
longitudinal wave called the primary wave, or the P — wave. The second fastest 
wave is a transverse wave, a shear wave, called the secondary wave, or the S — 
wave. Both waves propagate from the earth quake region in all directions and their 
intensities, or energy per unit area, decrease with the square of the distance from the 
earth quake. These two waves therefore are registered by relatively weak signal on a 
seismograph far away from the epicenter of the earth quake. The third, and gen- 
erally the strongest wave propagates along the surface of the earth and is called a 
surface wave. 


5.3 Linearly Viscous Fluids 
5.3.1 Definition of Fluids 


In continuum mechanics it is natural to define a fluid on the basis of what seems to 
be the most characteristic macromechanical aspects of liquids and gases as opposed 
to solid materials. Due to the fact that liquids and gases behave macroscopically 
similarly, the equations of motion have the same form and the most common 
constitutive models applied are in principle the same for liquids and gases. A fluid 
is thus a model for a liquid or a gas. 

A common property of liquids and gases is that at rest they can only transmit 
pressure on solid boundaries or interfaces to other liquids. Figure 5.4a shows a 
small liquid volume element subjected to the pressure p. The liquid is in an iso- 
tropic state of stress. Shear stresses from the liquid on solid boundaries will only 
occur when there is relative motion between the boundary and the liquid. The 
capability to sustain shear stresses in a fluid is expressed by the viscosity of the 
fluid. In a fluid in motion shear stresses will always be present on material surfaces 
and the fluid is in an anisotropic state of stress, as illustrated in Fig. 5.4b. However, 
in some flow problems, especially with gasses, the shear stresses are very small and 
may be neglected in the part of the flow analysis. Based on these remarks we may 
choose that following general definition of fluids as a continuous material: 

A fluid is a material that deforms continuously when subjected to anisotropic 
States of stress. 

The constitutive equations of any fluid at rest relative to any reference must 
reduce to: 


T=—pl, p=p(p,9) (5.3.1) 


p is the thermodynamic pressure, which is a function of the density p and the 
temperature 0. The relationship for p in the formulas (5.3.1) is called an equation of 
state. 
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(a) 77) pressure p (b) Pp shear stress T 


Fig. 5.4 a Stresses on a volume element in a fluid at rest. Isotrop state of stress b Stresses on a 
volume element in a fluid in motion. Anisotrop state of stress 


An ideal gas is defined by the equation of state: 
p=Rp0 (5.32) 


R is the gas constant for the gas, and 0@ is the absolute temperature, given in degrees 
Kelvin. The model ideal gas may be used with good results for many real gases, for 
example for air. 

Due to the large displacements and the chaotic motions of the fluid particles it is 
in general impossible to follow the motion of the individual particles. Therefore the 
physical properties of the particles or quantities related to particles are observed or 
described at fixed positions in space. In other words we employ spacial description 
and Eulerian coordinates. The primary kinematic quantity in Fluid Mechanics is 
the velocity vector v(r, f). 

An instrument that measures the viscosity in a liquid is called a viscometer. 
Figure 5.5 illustrates a cylinder viscometer. A test fluid is filled in the annular space 
between a cylindrical container and a cylinder. The container is at rest while the 
cylinder is subjected to a torque m, and is made to rotate with a constant angular 
velocity omega. The rotation creates a flow in the annular space between the 
cylinder and the inner container wall. It is assumed that the distance h is very small 
as compared to the radius r and that the flow in the annular space may be considered 
as the flow between to parallel surfaces, represented by the moving wall of the 
rotating cylinder and the fixed inner wall of the container, as shown in the cut out in 
Fig. 5.5 It is also assumed that the fluid sticks to the solid wall. With respect to the 
local coordinate axes the velocity field in the annular space is assumed to be: 


v 

V1 (x2) = an v2=v3=0, v=or (5.3.3) 
A small liquid element in the cut out in Fig. 5.5 is subjected to normal stresses and 
the shear stress t. The rate of deformation in the flow is represented by the shear 
strain rate: 
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cylindrical container 


| rotating cylinder 
rotating cylinder surface 


liquid element at time t+ dt 
vdt 


liquid element at time ¢ 
fixed container surface 
liquid element with stresses 


cutout 


Fig. 5.5 Cylinder viscometer. Rotating cylinder of radius r in a cylindrical container. Test liquid 
in annular space of thickness h < r. The cylinder is subjected to a torque m, and rotates with 
angular velocity « 


v 
h 


, 1 . 
} = 2(Di2) = 2(F(rr2 + 2,1 )) V1,2 y AO (5.3.4) 


For the case of steady flow at constant angular velocity the torque m, is balanced by 
the shear stress t on the wall of the cylinder: 


mM 


(t-r)-(Qar-H)=M > => ,0F 


(5.3.5) 


The viscometer records the relationship between the torque m, and the angular 
velocity w. Using the formulas (5.3.2) and (5.3.3) we obtain a relationship between 
the shear stress t and the shear rate ‘. 

A liquid is said to be purely viscous if the shear stress t is a function of only y: 


T = t(p) purely viscous fluid (5.3.6) 


A Newtonian fluid is a purely viscous fluid with a linear constitutive equation for 
the shear stress: 


T = wy > Newtonian fluid (5.3.7) 


The coefficient s is called the viscosity of the fluid and has the unit Ns/m. The 
viscosity varies with temperature and to a certain extent with the pressure in the 
fluid. For water atO0°C pu = 1.8 x 10~3Ns/m? and at 20°C pw = 1.0 x 10-3Ns/m’. 
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In some fluid flow problems the viscosity plays a minor role in describing the 
flow and may be neglected in the flow analysis. The fluid is then characterized as a 
perfect fluid or an Eulerian fluid. 


5.3.2 The Continuity Equation 


A small part of a fluid body of volume dV and density p has the mass dm = pdV. 
The principle of conservation of mass implies that the mass dm is constant, while 
both the density p and the volume dV may change with time. From 
Equation (4.4.11) we have found that the rate of change in volume per unit volume 
and per unit of time is given by divv. Therefore we may write: 


i, d(dm) 
dm = pdV = constant in time > a o> 
d(dV 
pav + pA) =0= pdV + pdivvdV =0> 
pt+pdivv=0 (5.3.8) 


If we introduce the formula (2.1.17) for material derivative of an intensive quantity, 
Eq. (5.3.3) may be rewritten to: 


0 

= + div(pv) =0 (5.3.9) 

Ot 
Equations (5.3.3) and (5.3.4) are both called the continuity equation for a fluid 
particle. If the fluid is incompressible the rate of volumetric strain is zero, and the 
continuity Eq. (5.3.3) is reduced to the incompressibility condition: 


divv = 0 (5.3.10) 


5.3.3 Constitutive Equations for Linearly Viscous Fluids 


George Gabriel Stokes [1819-1903] presented the following four criteria for the 
relationships between the stresses and the velocity field in a viscous fluid: 


1. The stress tensor T is a linear function of the rate of deformation tensor D. 

2. The stress tensor T is explicitly independent of the particle coordinates, which 
implies that the fluid is homogeneous. 

3. When the fluid is not deforming, i.e. D = 0, the stress tensor is:T = —p(p, 0)1, 
where p(p, 0) is the thermodynamic pressure. 

4. Viscosity is an isotropic property. 
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To fulfil these assumptions the constitutive equation must express the stress tensor 
T as a linear function of D and a function of the density p and the temperature 0. 
The following function satisfies the assumptions: 


T = —p(p,0)1+ 2uD + (x — #)(trD)1 & 

Qn (5.3.11) 

Tj = —p(p, 0d, + 2uD i + (ic — ) Du dij 

The scalar parameters j:and « will in general be functions of the density p and the 

temperature @ and are called the (shear) viscosity and the bulk viscosity. If we 

compare these equations with Eq. (5.2.17) for a Hookean solid, we understand that 

the isotropy assumption for the fluid is assured. Equation (5.3.11) are the consti- 
tutive equations of linearly viscous fluids, or what is called Newtonian fluids. 

If the symmetric tensors T and D are decomposed into isotrops and deviators, 

the constitutive Eq. (5.3.7) take the alternative form: 


T’ = —p(p, 9)1+ 2uD? & T; = —p(p, 0) 64 + 3xDj, (5.3.12) 
T=2ud's T;, = 2uDi, (5.3.13) 
For isotropic states of stress, we may replace Eq. (5.3.7) by: 


T=—pl, p=p(p,0)—Ké,, & =D =divyv=—? (5.3.14) 
p 


Note that the total pressure is not the same as the thermodynamic pressure p(p, 0). 

The bulk viscosity « expresses the resistance of the fluid toward rapid volume 
changes. Due to the fact that it is difficult to measure x, values are hard to find in the 
literature. Kinetic theory of gasses shows that « = 0 for monatomic gasses. But as 
shown by Truesdell in J. Rat. Mech. Anal. V.1 (1952) [2], this result is implied in 
the stress assumption that is the basis for the kinetic theory. Experiments show that 
for monatomic gasses it is reasonable to set « = 0, while for other gasses and for all 
liquids the bulk viscosity «, and values of 4, are larger than, and often much larger 
than yw. The assumption x = 0, sometimes taken for granted in older literature on 
Fluid Mechanics, is called the Stokes relation, since it was introduced by him. 
However, Stokes did not really believe the relation to be relevant. Usually the 
deviator D’ dominates over D® such that the effects of the bulk viscosity are small. 
The bulk viscosity « has dominating importance for the dissipation and absorption 
of sound energy. 

In modern literature (5.3.6) is sometimes called the Cauchy-Poisson law. For an 
incompressible fluid, for which trD = 0, Eq. (5.3.6) has to be replaced by: 
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T = —p(r,t)1+2uD = T; = —p(r, t)dy + 2uD, (5.3.15) 


The pressure p(r,t) is a function of position r and time ¢, and can only be deter- 
mined from the equations of motion and the boundary conditions. An equation of 
state, p = p(p, 0), loses its meaning when incompressibility is assumed. 


5.3.4 The Navier-Stokes Equations 


The general equations of motion of a linearly viscous fluid are called the Navier— 
Stokes equations. These equations are obtained by the substitution of the consti- 
tutive Eq. (5.3.6) into the Cauchy equations of motion (2.2.37). If it is assumed that 
the viscosities 4 and x may be considered to be constant parameters, the resulting 
equations are: 


1 HX2 1 u 
0, -Viv= V Viv-4 c V(V- b 5.3.16 
Ww+(v-V)v ; ae Vv a (ets) (V-v)+ ( ) 


In a Cartesian coordinate system the Navier-Stokes equations are: 


1 1 
OW + VEV ink = Pit ane + («+ -) Vesti + Dj (2.07) 
p p p 3 


For incompressible fluids V-v = 0, and Eqs. (5.3.16) and (5.3.17) are reduced to: 


; 2) Ly 
OW + (Vv ae aver vt+bs (5.3.18) 
OWVi + VEVirk = — 5 Poi + o Viskk +d; 
The Navier-Stokes Eqs. (5.3.16—-5.3.18) are the most important equations in the 
study of viscous fluids. The complexity of the equations indicates that analytical 
solutions in most cases require major simplifications and approximations. Modern 
computer codes make it possible to use the Navier-Stokes equations in numerical 
solutions of very complex fluid flow problems. 
The Navier-Stokes equations in general coordinates and in particularly in 
cylindrical coordinates and spherical coordinates are presented in Sect. 7.9. 


5.3.5 Film Flow 


As an example of application of the basic equations of fluid mechanics, we shall 
determine the flow of a linearly viscous and incompressible fluid along an inclined 
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conveyor belt presented in Fig. 5.6. The width of the belt is b and the angle of 
inclination is «. The conveyor belt moves with a constant velocity vo. The fluid has 
the density p, the viscosity 1, and moves in a constant gravitational field given by 
the body force: 


b = —g sinae; — g cos ae (5.3.19) 


We assume stationary flow of the fluid in a film of constant height h and with the 
velocity field, as shown in Fig. 5.6: 


vp =V1(%2), v= v3 =0 (5.3.20) 
The velocity field satisfies the incompressibility condition: 


av, 
Ox 1 


divv =0> v,,; (5.3.21) 


With an atmospheric pressure of pq at the free fluid surface at x2 = h the boundary 
conditions in the problem are: 


Tx = —Pa, T12=0 atmh=h (5.3.22) 


The velocity field (5.3.20) results in the following non-zero rates of deformations 
and stresses in the fluid: 


Dy =3 (vig + Yj), Ty = —P(0, 0) dy + 2HDy + (« — F) Di dy > (5.3.23) 
Dy =32, Ti=Ta=Tu=-p, Te=n@ 
The third of the boundary conditions (5.3.22) is now rewritten to: 
dv, 
Ty. = Oatxy =h > —=O0aty =h (5.3.24) 
dx2 


Fig. 5.6 Flow of a viscous 
fluid film on a conveyor belt. 
The belt is moving with 
constant velocity vo 


conveyor belt 
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The velocity field (5.3.20) results in zero acceleration: 
OV +E, =O, Ovo + ViV2k = 0, Ov3+ VEV3.k = 0 (5.3.25) 


The Navier-Stokes Eq. (5.3.18) for an incompressible fluid are reduced to: 


1 d 1 1 
0= 2 : g sing, ie os Gosh yee 
pox,  p dx; p Ox, p Ox3 
(5.3.26) 


First we conclude from these equations that the pressure can only be a function of 
x, and x2, and furthermore we find: 


CEP aq, Of OP) cl ORY Ee) _ 
Ox) (#4) =o Ox ($2) ~ Ax> (3") = o> am = constant = c 


Integrations of the last equation and the second of Eq. (5.3.26) yield: 


P = P(*1, x2) = —(pg cos «)x2 ++cx + C\ (5.3.27) 


From the boundary conditions (5.3.22) and (5.3.24), and the result (5.3.27) we 
obtain: 


—(pg cosa)h+cxy +Ci =pas>c=0, Ci=pat(pgcosa)h (5.3.28) 
The general expression for the pressure is therefore: 
P = P(x) = pat (h — x2) pg cos « (5.3.29) 


The pressure is thus only a function of x». 
With the expression for the pressure (5.3.29) Eq. (5.3.26), gives: 


ad 2 
a = Trina => vita) = Shsina + Cox + C3 (5.3.30) 


The boundary conditions (5.3.22) and (5.3.24) yield: 
v1 (0) =vo = C3 


dv, dy — (0 = Bony a PB oi ht 
nes 0 7 SiN 05 +Coh > Cz 7 SUM 5 


X2=h 


Hence the velocity field for the film flow is given by: 


He? sin a [2x X2\ 2 h? sin a 
V1 (x2) = vo Ps | : ( *) | 1i=_y = 


QL h h QU 


182 5 Constitutive Equations 


The volumetric flow on the belt is: 


ey ey re fee ee 
0 0 


pg sina wh? 
wh — ———_—_—— 
3y 


= Vo 


Problems 5.1-5.2 with solutions see Appendix. 
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Chapter 6 ®m) 
General Coordinates in Euclidean Cheek for 
Space E3 


6.1 Introduction 


In the previous chapters we have almost exclusively used Cartesian coordinate 
systems in the three-dimensional physical space which we have called a 
three-dimensional Euclidean space E3. Vectors and vector algebra were defined in 
Sect. 1.2, first geometrically, and then through their Cartesian components. Tensors 
were introduced via the Cauchy stress tensor in Sect. 2.2.4. A general definition of 
tensors in Euclidean space was presented in Chap. 3: 

A tensor A of order n is a multilinear scalar-valued function of n argument 
vectors: 


Ala,b,...] =. 


Relative to a Cartesian coordinate system Ox with base vectors e; the tensor A is 
represented by n components: Aj - -; = Al[e;,e;, --, e].- 

In the present chapter general coordinate systems will be introduced in the 
three-dimensional Euclidean space E3. The geometrical definition of vectors leads 
to a vector being represented by two sets of components in each coordinate system. 
The definition of tensors as multilinear scalar-valued functions of vectors results to 
a tensor being represented by many related sets of components. 

The tensor analysis in general coordinates will be applied to two special coor- 
dinate systems; the cylindrical coordinate system and the spherical coordinate 
system. 

Equations of motion, analysis of stress, analysis of deformation, deformation 
kinematics, and basic equations for linear elasticity and for linearly viscous fluids in 
general coordinates will presented in Chap. 7. 
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6.2 General Coordinates. Base Vectors 


In many applications of vector and tensor analysis it is convenient to describe the 
position of points in three-dimensional space using other parameters than the three 
coordinates x; in a right-handed Cartesian Ox system. Three such parameters or 
general coordinates are necessary. These will be denoted: 
y y,yey (=1,2,3) (6.2.1) 

Note that in Cartesian coordinate systems we have used sub indices for coordinates 
and components of vectors and tensors. In general coordinates it is, as we shall 
demonstrate convenient to use both sub indices and super indices. 

A one-to-one correspondence between points in space and coordinate sets y' for 
the points must exist, which implies that reversible dependencies must exist 
between the coordinates x; and y’: 


xi(y) =x(y',y*,y°) & y'(x) Sy! (1, 42,93) (6.2.2) 


It may be shown, see Sokolnikoff [1], that sufficient conditions on the functions 
y'(x) for this to be the case are: 


(a) The functions y'(x) are single-valued, continuous functions that have contin- 
uous partial derivatives of order one, 
(b) The Jacobian to the mapping y'(x) must be non-zero: 


oy’ 
(c) J. = det (=) #0 (6.2.3) 
Ox; 
We now assume that these conditions are satisfied in that part of the space EF; that is 
of interest for the problem we are engaged in, except at isolated points, on isolated 
lines, or on isolated surfaces. Apart from these singular regions, the Jacobian J® is 
different from zero. We shall see below that the Jacobian either is positive 
everywhere or negative everywhere. 
According to the multiplication theorem for determinants, Eq. (1.1.23): 


Ox \ __ Ox; Oy = OX; dyk _ 
aet( 52) =l1=> aer( 5 x) der( 5) aet(F) =1=> 


—— Ox; dyk os y\-1 
som) ((@)) = 


When one of the y-coordinates is kept constant, the functions x;(y) describe a 


(6.2.4) 


coordinate surface. For example, y' = constant = a, represents a y!-surface, 
Fig. 6.1: 
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Fig. 6.1 Euclidean space with a reference Rf. Cartesian coordinate system Ox with origin O and 
base vectors e;. Coordinate surfaces and coordinate linesfor general coordinates y; 


y'-surface: x; = x;(0,,¥2,y3) is a oordinate surface for y' = o (6.2.5) 


The intersecting curve between two coordinate surfaces is called a coordinate line. 
The functions x;(y) describe a coordinate line when two of the y-coordinates are 
fixed. For example, with y! = « and y? = a the functions x;(y) represent a y>-line, 
Fig. 6.1: 


y>-line: X; = x;(%1,02,y3) is a oordinate line for y! = a and y’ = a (6.2.6) 


The coordinate lines are in general curved, and the coordinates y' are therefore 
called curvilinear coordinates. We shall use the symbol y also to denote a general 
coordinate system or a curvilinear coordinate system. Likewise we shall, in this 
chapter, let the symbol x denote a right-handed Cartesian coordinate system Ox. 

As will be demonstrated in the examples below, the dimensions of the y-coor- 
dinates may be different within one and the same coordinate system. If the coor- 
dinate difference between to arbitrary points on a coordinate line is equal to or 
proportional to the length of the line element between the two points, the coordinate 
is called a metric coordinate. 

In cylindrical coordinates (R, 0, z), presented in Fig. 6.2, we set: y! = R,y* = 0, 
y> = z. The mapping x;(y) is then: 


x}=Rcos), m=Rsind, 3~=z (6.2.7) 


The R-surfaces are cylindrical surfaces, and the 0-surfaces and the z-surfaces are 
planes. The 6-lines are circles, and the R-lines and the z-lines are straight lines. 
R and z are metric coordinates. The length of a line element between two points on a 
R-line, or a z-line is independent of the two other coordinates @ and z, for the R-line, 
or R and 0, for the z-line, and equal to the coordinate difference of the two points, 
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Fig. 6.2 Cylindrical | @earhice 
coordinates:y! = R, y* = 0, 3 
yoz 


x 


while the length of a line element between two points on a 0-line is dependent on 
the R-coordinate of the 0-line. 

In spherical coordinates (r,0,), presented in Fig. 6.3, we set: yj =7r,y2 = 
0, y3 = b. The mapping x,(y) is then: 


x) =rsinOcos¢?, »=rsinO sing, x3=rcosd (6.2.8) 


The r-surfaces are spherical surfaces, the 0-surfaces are cones, and the d-surfaces 
are planes. The r-lines are straight lines, and the 0-lines and the ¢-lines are cir- 
cles. The coordinate r is a metric coordinate. The length of a line element between 
two points on a r-line is equal to the coordinate difference of the two points, while 
the length of a line element between two points on a 6-line is dependent on the 
coordinates r and ¢ of the 0-line. Likewise, the length of a line element between 
two points on a ¢-line is dependent on the coordinates r and 0 of the ¢-line. 
Any point P in space may be determined by a set of coordinates in any of the 
two coordinate systems x or y, or by the place vector r from a reference point O, 


Fig. 6.3. Spherical 
coordinates: yl = ye = 0, 


yao 
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which in Fig. 6.4 is the origin of the Ox-system. The vector r may be consid-ered to 
be a function of either the x;-coordinates or the y;-coordinates. The base vectors in 
the Ox-system are the three unit vectors e; in the positive directions of the coor- 
dinate axes: 


Or 
r=xe@i > —— =@4; (6.2.9) 
Ox; 
The base vectors in the y-system at the point P are defined as the tangent vectors to 
the coordinate lines y! through P: 


Or 


cad 21 
8 = By) (6.2.10) 


The relations between the base vectors e; in the Ox-system and g; in the y-system 
are given by: 


Or Or Ox Ox Or Or Oy* Oy* 
8 Oy ax Oy' = * Oy? ae, Oy Ox; ~ Bi ane 62.11 
Or = Ox, Or dy ee 
gi ay! yi A= ej aie te Ze 


The functions Ox,(y)/Oy' represent the components in the x-system of the base 
vectors g; for the y-system. These functions play the same role as the elements of 
the transformation matrix Q when transforming from the x-system to another 
Cartesian x-system, confer the formulas (1.3.2). 


Fig. 6.4 Place vector r. Base 
vectors e; in the Cartesian 
coordinate sytem Ox.Base 
vectors g; in the general 
coordinate system y 
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6.2.1 Covariant and Contravariant Transformations 


Let the y-system be replaced by another general coordinate system y such that there 
is a one-to-one correspondence in the functional relationship between the sets of 
coordinates: 


¥(y) = y'(¥) (6.2.12) 


The place vector r is now a function of either of the coordinate systems x, y or y. 
We find the base vectors g; in the y-system from the relations: 


3 = Or _ Or Oy* 
(aa oF aa 

ay OOF (6.2.13) 
_ Oy oy 


ye 
-=—2,62,= 8, 
Bi = Bi Bk P Be = 5 a8 


The differential dr of the place vector r(y) or r(y) is expressed as follows: 


dr Lae g,dy! o ear (6.2.14) 
oy’ Oy’ 


The relationships between the sets of differentials dy! and dy’ are found as: 


dy* (6.2.15) 


The formulas (6.2.13) and (6.2.15) exemplify two kinds of linear transformations 
characteristic in general coordinate systems: covariant transformation in (6.2.13) 
and contravariant transformation in (6.2.15). When operating in general curvilinear 
coordinates, it is convenient to use indices in two positions. An index in the upper 
position, as for the differentials, is called a super index. When an index is in the 
lower position, as for the base vectors g,, it is called a subindex. 

In coordinate transformations between two Cartesian systems x and x: 


Xi = Ci + Qik Xk, Xk = —CK + Qik Xi (6.2.16) 
where Qi are elements of the transformation matrix Q when transforming from the 


x-system to the x-system, the two kinds of transformation coincide, as we can see 
from the relations: 


eg. (6.2.17) 


The base vector e; in the x-system represents both a tangent vector to the 
coordinate line x; and a normal vector to the coordinate surface x; = constant. In a 
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general curvilinear coordinate system the tangent vectors and the normal vectors do 
not necessarily coincide. It becomes convenient to introduce two sets of base 
vectors: the tangent vectors g; to the y'-lines, and the normal vectors g’ to the 
coordinate surfaces y' = constant. The normal vectors g' are defined by the 
relations: 


g'-g,— 6) (6.2.18) 


where oi = 6x is a Kronecker delta. The normal vectors g’ are called the reciprocal 
base vectors or the dual base vectors. 
Using Eq. (6.2.11)2 and the formulas (6.2.18) we obtain: 


ee 2 ee ae dy* , _ dy 
gee: (Som) - Pew = rn a 


The result shows that the symbols Oy! /Ox; represent the components in the x-system 
of the reciprocal base vectors g: 


i_ dy OX; i 
g ap 9 age (6.2.19) 


The result on the right side of the bi-implication sign in Eq. (6.2.19) follows from 
the developments: 


go @ e ) ae (5 Zoe ad ed] = ej 


au) Oy *\O¥Om) = ay 
Furthermore, with respect to a general y-system: 


Ors Oy Oy* 


~ Oxy! Ay Ox, 7 


si — 


which with formula (6.2.19), gives the results: 


(6.2.20) 


The relationships (6.2.20) show that the reciprocal base vectors follow a con- 
travariant transformation. For this reason it is also customary to call the two sets of 
base vectors g; and g’ covariant base vectors and contravariant base vectors, 
respectively. 

The vector product g; x g, of any two base vectors is a vector in the direction of 


the reciprocal base vector g*, where the index k is not equal to either i or j. Using 
the formulas (6.2.11);, (1.2.27), (6.2.19)s (1.1.21), and (6.2.4), we obtain: 
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” Ox, OXs oe Ox, OXs i Ox, Ox; OX; kop eS. 
i p= ; 7; €; = 7 A Crs = ; “aE ers = J) ej 
Bi * 8) yi yi yl Opi ME yi OyI Dyk CMB ~ My CRE 
8) x 8) = ci e" 
(6.2.21) 
Here we have introduced the permutation symbol: 
eijk = Jy C ijk (6.2.22) 
Similarly we find: 
gx gi = elke, (6.2.23) 
where we have introduced the permutation symbol: 
ck = P ein (6.2.24) 


Using the formulas (6.2.21), (6.2.23), and (6.2.18), we obtain the box products: 
[sige] = cin, [g'g’e“] = el (6.2.25) 


Since it is assumed that the Jacobians J} and JY are different from zero, it follows 


that the base vectors g; and g! at a place cannot lie in one and the same plane. We 
say that the coordinate system y is a right-handed/Neft-handed coordinate system 
when J” is positive/negative. Furthermore, we say that g; (i = 1, 2, 3) and g'(i = 1, 
2, 3) represent right-handed/left-handed systems of vectors when J* is positive/ 
negative. Note that the results (6.2.21) and (6.2.23) are based on the assumption that 
the x-system is right-handed. 


6.2.2 Fundamental Parameters of a General Coordinate 
System 


The base vectors g; may be decomposed along the g/-directions, and the base 
vectors g' may be decomposed along the g,-directions: 


g=sye’, gs = 8"; (6.2.26) 


Using the formulas (6.2.11); and (6.2.19); we obtain: 
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Ox, OX 
Oy! Oys’ 


Oy! Oy! 
Ox Oxx 


i 


8 = 2°28) = gl g'- g/ (6.2.27) 
The elements g,; and g! are symmetric with respect to the indices and are respec- 
tively called the fundamental parameters of the first order and the reciprocal 
fundamental parameters of first order for the y-system. The elements g; and g", 
i= 1,2, or 3, represent the square of the magnitudes of the base vectors. The 


elements g; and g!,i # j, represent the angels between the base vectors. 


lgil= Vea |e'| = ve! 
a gi — (6.2.28) 


008(8).8) = Te cos(8' 8!) = Tay 


It will be demonstrated in Sect. 6.4.1 that the fundamental parameters are com- 
ponents of the unit tensor of second order, also called the metric tensor, in the y- 
system. 

From the formulas (6.2.26) and (6.2.18) we obtain: 


g,-¢/ = gus’ -g! = gue = 6) > 


eee 6.2.29 
sug = 6 


The determinant of the matrix (gi) is denoted by the symbol g, and using the 


formulas (6.2.26), (1.1.23), (6.2.30), (6.2.28), (6.2.3) and (6.2.4), we obtain the 
results: 


det(gixg”’) = det(gix) det(g’) = det(5/) =1 > g= det(g,x), det(g’) == 


g = det(gi) = aet(5 5] (« (28))'= (1 
2 

joie) 0 ) 
g = det(g;) = («ee($) ) i) {= detlg!) = (a0(2*)) - (n)? 


(6.2.30) 


With the cofactor, Co g,;, of the matrix element gj; we use the formula (1.1.29) to 
write: 


Co gij 
8 


gl= (6.2.31) 
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6.2.3. Orthogonal Coordinates 


In applications it is often convenient to use a coordinate system with orthogonal 
coordinate lines, which implies that: 


fori#j: g)-8)=8j;=0 and g'-gi/=g"=0 (6.2.32) 


Cylindrical coordinates (R,0,z) in Fig. 6.2 and spherical coordinates (r,0,@) in 
Fig. 6.3 are the most common examples of orthogonal coordinates. The two sets of 
base vectors g; and g’ in orthogonal coordinate systems are parallel sets of vectors, 
and (g;;) and (g’”) are diagonal matrices. 

Let h; denote the magnitudes of the base vectors g; and let e; be the unit tangent 
vectors to the coordinate lines. Then: 


, ol 
hi = V8; 8 = Vi > g=Mmhs, e} = 7 Bi 2 8 = he; (6.2.33) 


From the definition (6.2.18) of the reciprocal base vectors and the formulas 
(6.2.33) it follows that: 


is 1 a ee 
Spa 8. gees. 6.2.34 
g h; I ie gi» & ii h? ( ) 

In cylindrical coordinates (R, 0, z), Fig. 6.2, we introduce unit vectors 
er(@), e9(0), and e, in the directions of the tangents to the coordinate lines, and 


write for the place vector: 


r = Rer(0) + ze, (6.2.35) 
From Fig. 6.2 we obtain: 
er(0) = cos Oe; + sin@e, e9(0) = — sin Oe; + cos Oe. > 
21 ~ e(6), deo(6) aigsiel (6.2.36) 


From the definitions of base vectors we now find: 


ee SOF gt. 5 2 
81 = br &® 82 = 59 00 = Keg, 8 5 & 


1 2 1 3 
B=er, GS = pee, F =e: h=1, mM=R, bk=1, g=R 
(6.2.37) 
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1 0 0 
(gi) =(g-g)=|0 RF? O], g=det(gy) =F’ (6.2.38) 
00 1 
; _ 1 0 0 
(e") =(e'-#) =| 0 1/R? 0 (6.2.39) 
0 0 1 


In spherical coordinates (r, 0, ), Fig. 6.3, we introduce unit vectors e,(0, @), 
e9(0, h), and eg(@) in the directions of the tangents to the coordinate lines, and 
write for the place vector: 

r=re,(0,o) (6.2.40) 
From Fig. 6.3 we find: 


e,(0,) = sin @ cos de; + sin @ sin de + cos Oe; 
p 


e9(0, d) = cos 0 cos he; + cos 0 sin de, — sin fe; } > 
aM = —sin de; + cos dez 
0e,(0, ) /00 = cos @ cos de; + cos O sin Pez — sin Oe; 
0e,(0, &)/Od = — sin @ sin de; + sin 6 cos der 
Oeo(0, b)/00 = — sin 0 cos de; — sin @ sin der — cos Oe; => (6.2.41) 
Oeo(0, b)/O¢ = —cos Osin de; + cos O cos den 
dey(b)/db = — cos de; — sin fer 
Berl) =e, ceo) = sin dey, , deol) =-e,, elt0) = cos Jeg 
des{9) =0, “eal = —cos de, — sin dey = — cos Oeg — sin Oe, 


From the definitions of base vectors g; and g' we find: 


as =e ag ws ip pene 
21= or T) 22 59 00 05 83 5g | ao v) 
1 1 
Tt a 3 
g=6, f= 7 oo g ene ey 


h=1, m=r, m=rsind, h=r'sind 


(6.2.42) 
1 0 0 
(gi) = (8g) =| 9 7 0 , g=det(gy) = r’ sin? 0 
0 0 Pr sin’? 0 
1 0 0 (6.2.43) 
(') = (g'-g/)= [0 1/7 0 
0 0 I/(r sind)? 
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6.3 Vector Fields 


Any vector field a(y) may be decomposed into components a’ along the directions 
of the base vectors g; or into components a; along the directions of the reciprocal 
base vectors g’, as illustrated in Fig. 6.5, which for simplicity does not show the 
third dimension. We write: 


a=a'g, = a;g! (6.3.1) 
It follows that: 


ad=ga=g'-(ag')=g%a, a =g;-a=g- (a*g,) =gaa" (6.3.2) 
The parameters a are called the contravariant components, and the parameters a; 
are called the covariant components of the vector field a. From Eqs. (6.2.20) and 
(6.3.2) it follows that when changing from one general coordinate system y to 
another general coordinate system y, the contravariant components and the co- 
variant components of the vector a transform according to the contravariant rule or 
covariant rule respectively: 


@a=—a, 4=—%K% (6.3.3) 


a'/\lg — 
es a,/ 8 


Fig. 6.5 Contravariant components a’ and covariant components q; of a vector field a. Coordinate 
lines y! and y for general coordinates y. Base vectors g; and reciprocal base vectors g; 
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The unit vectors in the directions of the base vectors g; are g,/./gij (no sum- 
mation), and the magnitude of the vector components ag, are a /8ii (no summa- 
tion). The unit vectors in the directions of the reciprocal base vectors g' are g! / /gii 
(no summation), and the magnitude of the vector components aj;g' are ajv/git (no 
summation). 

The normal projections of the vector a onto the directions of the base vectors g; 
and the reciprocal base vectors g', respectively, become: 


Normal projection of a onto the base vector g; : 


a-g,/./gi (no summation) = 3 (aeg* - g:/\/@i) = a:/./gi (no summation) 
k=1 
(6.3.4) 
Normal projection of a onto the reciprocal base vector g’ : 
a- gi /,/g (no summation) = 3 (a'g, -gi/ Ve") = a'/\/g' (no summation) 
k=1 
(6.3.5) 


These results are illustrated in Fig. 6.5. Note that the contravariant component a! of 
the vector field a represents both the vector component a’g, and the projection of 
the vector field a onto the reciprocal base vector g'. Likewise, the covariant com- 
ponent a; of the vector field a represents both the vector component ajg' and the 
projection of the vector field a onto the base vector g;. 

The magnitudes a! /gii (nO summation) of the vector components ag, (no 
summation) of a vector field a, are called the physical components of the vector 
field a, and are denoted by a(i): 


ai) =a' Vg, a= J ali) Pi =alie’ (6.3.6) 


F ii 
In a Cartesian coordinate system we find that: 
aia =a; (6.3.7) 


In cylindrical and spherical coordinates the physical components of a vector a are 
related to the contravariant and covariant components of the vector through: 


2_1 3 
adrj=a=a,, ag=Ra = pa a, =a =a 
(6.3.8) 
1 2_1 : 3 a3 
a=a =a, ag=ra=-a, ayg=rsinda =— 
r r sin 0 
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When adding or subtracting vectors, we find that: 
atb=csad+b=c Sa4+bh=c (6.3.9) 
Adding/subtracting the covariant components of one vector to/from the con- 
travariant components of another vector has no meaning. 
The scalar product of two vectors a and b may be developed as follows. 
a-b= (a’ g;) : (b; g’) = a'b;(g; -g!) = a'b; of = a'b; 
Similarly we find: a - b = aq; b'. Thus: 
a-b=a'bj =a)b' (6.3.10) 


If we write: 


a;bi = > Fa [b' Vail (6.3.11) 


we may interpret the scalar product a - b as the sum of the products of the normal 
projections of the vector a onto the base vectors g;, Formula (6.3.4), and the 
physical components of b, formula (6.3.6). 

The covariant and contravariant components of the vector product b x ¢ of the 
vectors b and ec may be found by using the formulas (6.2.22) and (6.2.24). The 
result is: 


a=bxesa;=sybic oa = cb cy (6.3.12) 


The scalar triple product, or box product, of three vectors a, b, and ¢ may be 
computed from: 


[abe] = a: (b x c) = ea’ b) ck = ea; bj cx (6.3.13) 
In some literature the definitions (6.2.23) and (6.2.25) are replaced by: 


us 1 
ijk 
Ey = /8 Cie, 8 = ex (6.3.14) 
Ve 


When the expressions (6.3.14) are used for the symbols é;, and e/* in the formulas 
(6.3.12) for the components of the vector product, the vector product changes 
direction when transforming from a right-handed system to a left-handed system 
and the other way around. The vector product is now what is called an axial vector. 
We shall demonstrate this by transforming from a right-handed Cartesian system 
x to a left-handed Cartesian system y: 
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2 2 3 
yor, YY =%2, VY =X3 > 


g.=2'=-e, =f =e, g=f =e, gy=sl =d; 


Then: 


Ox. i _ dy! = 
Oyi — Ox Cj — 0 


g (x) =1 Je=l 


oro 
= 6 © 

NN 

<o 
II 

a 

io) 

-* 
eS 
2|2 
oe 

| 


A vector a with components a; in the x-system will have the following components 
in the y-system: 


i 
Oy % Ox; Ea a 1 iG 2 x 3 


i 
=a, a=—aG 
Ox; dyi 


a 


According to different presentations of vector algebra in the literature, the vector 
product b X ¢ may be represented as either of the following two vectors. Using 
&ijk = J ei from the definition (6.2.23), we get the first alterative for the vector 
product b x ¢: 


—eQ; Cp & 
a=bxe= eible'g! = Neiubicig! = —det| —b} by bs | = eubicre; 
“7 G4 G 
(6.3.15) 


Using the definition (6.3.12),, we get the second alternative for the vector product 
bxc: 


—-eQ; Oo & 
aat = bx c= equbickg' = Veeinbickg' =det] -—b) by by] = — ei D5 CR 
-d a 


(6.3.16) 


The vector agi, has the opposite direction of the vector a. 

In the present presentation the vector product is defined geometrically in 
Sect. 1.2.2 by Fig. 1.9 and the formula (1.2.25) as a coordinate invariant quantity. 
This implies that if we do not intend to limit our choices of coordinate systems to 
only right-handed systems, or only to left-handed systems, we keep the formula 
(6.3.12) for the vector product and the definitions (6.2.23) and (6.2.25) for the 
symbols ej, and e/. Then the vector a in Eq. (6.3.15) is the proper vector product 
of the vectors b and c. 
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The scalar product and the vector product of the vectors a and b when the 
vectors are expressed in physical components, are: 


= a(i) b(k) giz 
le Dae a (6.3.17) 


ax b=co FS ejgali) b(j)g" OE di) (6.3.18) 
"ink 8ii Si 


The two formulas are derived as follows. For the scalar product a- b we write: 


a-b= (ag) - (be) = a/bhg,- ge = ) SOW se 


=> 6.3.17 
tk V Si Bkk 


For the vector product c = a x b we write: 


i c(1) 
c=cg, = g=axb 
rid 


. . 7 i iat a(i) b(j)s" 
= (a'g)) x (b/g;) = a'b’g, x g; = a'blejg = a’blegug"g, = I. Sey 8 
(a'g;) = (b’g)) i ‘ eee 2» Meas 


> axb=ces JES  eijea(i) b(j)e"" /gu/ (gi 8) = c(L) > 6.3.18 


ik 
In orthogonal coordinates the formulas (6.3.17) and (6.3.18) reduce to: 


a-b=a(i)b(i), ax b=c ema) b(k) =c(i) (6.3.19) 


6.4 Tensor Fields 


6.4.1 Tensor Components. Tensor Algebra 


In Sect. 3.1 a tensor of order n is defined as a multilinear scalar-valued function of 
n argument vectors. Let C be tensor of second order. Then the scalar value of C for 
the argument vectors a and b is: 


a = Cla,b] =a-C-b (6.4.1) 


In a Cartesian coordinate system x with base vectors e; the tensor is represented by 
its components: 
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Cj = C[e;,e;] in a Cartesian coordinate system (6.4.2) 


In a general coordinate system y with base vectors g; and g! the tensor C is rep- 
resented by either of four associated sets of components: 


7 =C (gi. g;| covariant components 
Clg’, g!] contravariant components (6.4.3) 


ea i, Cc = C[g', g)| mixed components 


The formula (6.4.1) may now be presented as: 


a= Cla,b] =a-C-b=aC[g,,g]b/ = a'C[g,, g/]b; = aCe’, g]b/ = aC [g', g/]) > 
= Cla, b] = a-C-b = a'Cyb! = a'Cibj = aCjb! = aC; 


(6.4.4) 


Using the formulas (6.2.27) for the base vectors in the expressions (6.4.3), we find 
the relationships between the four sets of components of the tensor. For example: 


eS - Cle. gi] = = C[gg,,g;] = = z*C[g.,8;] = = gkc, 
Ci = Cle',e'] = Cleg,.2"5)] = oe" Clay.) = oy 
CG =g"Cy, Cl=s"e"Cy 


(6.4.5) 


Such operations are called “raising and lowering of indices’’. 

A tensor C of second order is symmetric if C[a, b] = C[b, a] and antisymmetric 
if C[a,b] = —C[b,a]. Symmetry implies that Cj = Cj, Ci = C", and C; = Ci. 
For a symmetric tensor we introduce the notation: 


C.=G=CG (6.4.6) 


The unit tensor 1 of second order is by formula (3.1.20) defined by the scalar 
product of the any to argument vectors a and b: 


1[a,b] =a-b (6.4.7) 


The components of the unit tensor 1 in a Cartesian coordinate system x with base 
vectors e; are given by the Kronecker delta 6: 


1e;,e;] = 5, in any Cartesian coordinate system (6.4.8) 
From the definition (6.4.7) it follows that the components in a general coordinate 


system y of the second order unit tensor are equal to the fundamental parameters of 
first order in that coordinate system: 
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1(g;,8,| =8:-8 =8), 1[g',2’] =g'-g’ =e" (649) 
1[g;,8/] = 8-2’ = 1[2’,g)] =8-g = 5} 
Equation (6.4.5) may be considered as component expressions for the identities 


C =1C and C = 1IC. The scalar product (6.4.7) may alternatively be expressed 
by: 


a- b= Ia,b] = a‘bjl[g,,g/) = a'bjd! = a'b; = ajb! (6.4.10) 


The results agree with the formulas (6.3.10). 

When the components of a second order tensor C in one y-system are known, we 
may find the components of the tensor in another y-system by the use of the 
formulas (6.2.13) and (6.2.21. For example: 


_ Oyk Oy! dy* Oy! 
C;=Cie.4|= BgF Byi CBW Bl = Bar Apa CH 


Using similar procedures, we obtain the results: 


= Oy* dy! 
Cy = a «i covariant transformation 
; y Oy 
.. Oy Oy | 
C= a Sil C"  contravariant transformation (6.4.11) 
yy 


; _ Oyk Oy! ai _ 99 Oy! 
iY OY a _ PV OY pk _. ; 
i= By ayl Ce CG = Dyk Oy C; mixed transformations 


A generalization of the results above to tensors of higher order is straight for- 
ward. A tensor of order n has in every y-system 2” associated sets of components. 
The algebra of tensors using components in general coordinate systems is very 
similar to what applies in Cartesian coordinates. However, addition and subtraction 
of tensors of the same order must be performed with components of the same kind. 
For example, the sum of two tensors A and B of second order is a tensor C of 
second order, which may be represented by either of the following sets of 
components: 


Cy =Ag+By, Cl=A¥+B!, Cl=Ai+Bi, Cl=A/]+B/ (6.4.12) 


The tensor product of a tensor A of order 2 and a tensor B of order 3 is a tensor C of 
order 2 +3 =5: 


A@B=CSA;Bi, = C; 


ijlp etc (6.4.13) 
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Contraction of a tensor must be performed with respect to indices of opposite kind: 
one superindex and one subindex. For example, a vector a may be constructed from 
the tensor C of third order in the following manner: 


poo... 220. (6.4.14) 
Scalar product, dot product, double dot product, linear mapping, and composition 
of tensors, defined in Cartesian coordinates by the formulas (3.2.12, 3.2.15, 3.2.16, 


3.2.17, 3.2.20, 3.2.22, 3.2.23, 3.2.24), are illustrated by the following examples: 


a=A:B=A!B;, a=Ab=A -b Sa; =Axb* (6.4.15) 


d=A:C@d=AjCi, D=AB & Dj =AxBi (6.4.16) 


The component form of tensor equations in a Cartesian coordinate system x are 
readily translated into component equations in a general coordinate system y as 
shown by the following example. Let a and b be two vectors, A and C two tensors 
of second order, and B a tensor of third order with the following components in a 
Cartesian coordinate system x: a;, bj, Ay, Cj, and By. Suppose that these five 
tensor are related by the tensor equation: 


a=A-b+B:C Sa; =Ajb;+Biyx Ce (x-system) (6.4.17) 


Two possible representations of the tensor equation in a general coordinate system 
y are: 


a; = Aj b! + Bix C* @ a! = AY bj +Bi,C*,  (y-system) (6.4.18) 


Note that all terms in a tensor equation must be tensors of the same order. In the 
tensor Eq. (6.4.14) all terms are first order tensors. 

The trace, the norm, and the determinant of a second order tensor B are in a 
general coordinate system y given by: 


rhea R=s (6.4.19) 
norm B = ||B|| = VB:B = 4/tr(BB’) = \/tr(BB’) = \/B,B, (6.4.20) 
det B = det(B,) /g = det(B/) = det(B}) = det(B")g (6.4.21) 


If det B ¥ 0, the inverse tensor B | is found from: 
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B'1B=16B;,! BY =6! (6.4.22) 


The derivation of the formula (6.4.21) from the definition (3.3.10) of the deter- 
minant det B of the tensor B is given as Problem 6.1. 

It may be shown, Problem 6.2, that the symbols ¢/ and &jjx are Components of 
the permutation tensor P defined by formula (3.1.25), and that, Problem 6.3, the 
following identity holds: 


a ere = 6161 — 56! (6.4.23) 


6.4.2. Symmetric Tensors of Second Order 


Let S be a symmetric second order tensor and a and b two orthogonal unit vectors. 
To find the principal values and the principal directions for the tensor we proceed as 
in Sect. 3.3.1. First we defined the vector s of the tensor S for the direction a, the 
normal component o of the tensor S for the direction a, and the orthogonal shear 
component t of the tensor S for the orthogonal directions a and b: 
s=S-ass'=Siai 

23 2 ¥ (6.4.24) 
g=a-s=a-S-a=q;S,a, t=b-s=b-S-a=);S,a 


The principal values o; = o and the principal directions a; = a for the tensor 
S are determined from the condition: 


s=S-a=aae (od,—S,)a; =0 (6.4.25) 
The condition for a solution of these equations is that: 
det(o 5, — S,) =0 4 o — Io’ +o —- I =0 (6.4.26) 
I, IT, and III are the principal invariants of the tensor S: 
T=trS, Il = detS = det(S;) 
= ; [(w S)°—(norm s)’| = ; [Si Si — Si S*] (64.27) 


The three principal values o; are determined from Eq. (6.4.26), after which the 
principal directions a; are computed from Eq. (6.4.25). As demonstrated in 
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Sect. 2.3.1 for the stress tensor T, the principal directions are orthogonal. From the 
result expressed by the formula (3.3.26), we may write: 


O| 0 0) 
(S[a;,aj])= | 0 a2 O |} = (ax) (6.4.28) 
0 0 03 


6.4.3 Tensors as Polyadics 


In Sect. 3.2.2 tensors were expressed as polyadics, i.e. linear combinations of 
polyads. For instance, a tensor B of second order with components By, in a 
Cartesian coordinate system x, may be expressed as: 


B= Bie © e (6.4.29) 


We use the formulas (6.4.11) to express the Cartesian components Bj, in terms of 
components in a general coordinate system y and the formulas (6.2.11) to express 
the base vectors e; by the base vectors g; and g’ in the y-system. We then obtain 
from the expression (6.4.29): 


: Ox, Ox1 ..\ [ Oy" oy* Oy" Ox (Oy* Oxi\ _,. 
B=Bie = ~—— BY a - - | BYg. , 
wecoe= (Fae!) (See) © (are) = (may) (ana) Meee > 


B = 6;0;B"g, ® g, = Bg; @ g 


Similar expressions for the tensor B are obtained by raising and lowering of indices. 
Hence: 


B = Big, @ g = Bie’ ® g = Big, © g! = Byg' @ g (6.4.30) 


The results obtained for second order tensors are readily extended to higher order 
tensors. The operations discussed and presented in Sect. 3.2.2 may be generalized 
to apply in general coordinate systems. As an example the following operations are 
easily verified when D is a third order tensor, B is a second order tensor, and a is a 
vector, i.e. a first order tensor: 


D-a=Be (D) g,22/@ 2") - (a'g)) = Di, a'g, @ g/(g* - g)) 


6.4.31 
= Di, a'g; ® g/d; = Di, a’g; ® g/ = Big; @ g! 
ix AS; @ B'O; in A Bi BY 81 OF 
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6.5 Differentiation of Tensor Fields 


6.5.1 Christoffel Symbols 


The base vectors in a general curvilinear coordinate system are place functions: 
gy) and g'(y). We shall now find the changes of the base vectors along the 
coordinate lines. Using the comma notation when differentiating with respect to the 
coordinates y; we write: 


Og; _ k k 


The components Ty and I are called Christoffel symbols of the first and the 


second kind respectively. These symbols have their names after Elwin Bruno 
Christoffel [1829—1900]. Using the formulas (6.2.11) and (6.2.20) we obtain the 
results: 


Ox, Ox: OXp-% Ox. OF 
sini = ; jer = iQ G5 ras ; iA. eo 
Oy/Oy OylOy! Oy OylOy! Ox, 


By comparing the result with the definitions (6.5.1), we conclude that: 


Ox Ox; Ox Oyk 
igo... =e CS. er 6.5.2 
He Ayldyi Oyk PT AylOyi Ax, F 2?) 
In Problem 6.4 the reader is asked to prove the following formulas: 
Ty =s"Ty, Tie = sul (6.5.3) 
1 
Sink =Vag + Ti, Tie = 2 (gin, + Siti Bin) (6.5.4) 
g;= Tig (6.5.5) 


In Problem 6.5 the reader is asked to use the formulas (6.5.1, 6.5.3, and 6.5.4) 
and (1.1.24) in order to show that: 


ae 1 


le = 2g &i= VE (V8), (6.5.6) 


In orthogonal coordinate systems gj = 0 for i ¢ j, and it follows from formulas 
(6.5.4)2 and (6.5.3), that: 
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Dix =Tj =0 wheniAjAk Fi (6.5.7) 
In cylindrical coordinates (R, 0, z) the non-zero Christoffel symbols are: 


1 


Tin =I =R, T= ee Ty, =—R (6.5.8) 


In spherical coordinates (r,0,) the non-zero Christoffel symbols are: 


1 1 +9 
Ta =—-I'n, = -Py,=7r, P33 = —P331 = —P33 = r sin’ 0 


1 

In33 = -I32 =r’ sin@ cos0, Ti,=T},=—, 13, =cotd (6.5.9) 
r 

I}, = —sin 0 cos 0 


The Christoffel symbols Tj, and E * do not represent a tensor. This fact follows 


. ; ak : 
from the following transformation formula relating I , and Tr ; in two general 
coordinate systems y and y, see Problem 6.6: 


- _ Oy" oy® Oy* ; ay Oy* 
7 Oy! Oy! Ay’ Ay'Ay Oy" 


(6.5.10) 


6.5.2 Absolute and Covariant Derivatives of Vector 
Components 


Curves in three-dimensional space have been introduced in Sect. 1.4. A curve in 
space is described by the place vector r = r(p) from the origin O in a Cartesian 
coordinate system Ox to a point on the curve identified by the curve parameter 
p. With respect to the coordinate system Ox with base vectors e;, the space vector is 
given as r(p) = x;(p)e;. The three coordinate functions x;(p) define the curve. In a 
general coordinate system the curve is defined by the coordinate functions y;,(p). 
The length of the curve, from a point on the curve represented by the parameter 
value p = po to the place r(p) = x;(p)e;, is given by the arc length formula, 


equation (1.4.5): 
dr da i dx; d. 
r r Xj AX; 4 
adn = — —d length 6.5.11 
B dp ip Iz 7 ip, arc leng ( ) 
Po 


To obtain the representation of the arc length formula in the y-system, we set: 
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dr or d(y' dyi 
cls (6.5.12) 
dp Oy' dp dp 


The differentials dy’ = d(y,) are the contravariant components of the vector dif- 
ferential dr: 


Or 
dr =F ; dy' = g, dy’ (6.5.13) 
The arc length formula (6.5.11) now takes the form: 


a a 5 


a 6.5.14 
Po 


From this formula it follows that: 


ds = |dr| = WP) 4 OE iad aa 
Ss = jar a i = L 
a Vda ap Vee (6.5.15) 


The quadratic form gj dy! dy/, which is a scalar, is called the metric of the space Ex 
because the form relates the general coordinates y to length measurement. The 
result (6.5.15) may also be presented as: 


(ds)’= dr - dr = dr -1- dr = dy'gidy/ (6.5.16) 


For this reason the unit tensor 1 is also called the metric tensor in the Euclidean 
space £3. 

With the arc length s(p) as the curve parameter the curve is represented by the 
coordinate functions y'(s). The tangent vector t to the curve is defined as the unit 
vector: 


dr Ordy' ; ; 
Sey x ae 
ds_ Oy' ds ds 


(6.5.17) 


Let a(r,t) be a scalar field. The change of the field along the space curve 
r(y) where y' = y/(s), may be expressed by the derivative: 


du  Oaudy' dy’ 


= = a,j = a; ti 6.5.18 
Os Oy; ds mi ds . ( ) 
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Because Oa/Os is a scalar the formula (6.5.18) shows that the functions «,; 
represent the covariant components of a vector “grad «”, the gradient of the scalar 
field «(y), defined in Cartesian coordinates by the formulas (1.6.6) and (1.6.9): 


-_ =e;,; in Cartesian Coordinate systems (6.5.19) 
Xj 


In a general coordinate system y the expression for the vector grad « is: 


7) .O 
=~ =Va=g' as =2'4,; (6.5.20) 


de= 
grad « 5 By 


The del-operator is a coordinate invariant scalar operator defined in a general 
coordinate system y by: 


V()=¢2' 0) (6.5.21) 


The definition is in accordance with the del-operator (1.6.10) and with the 
left-operator (3.4.15) in Cartesian coordinates. To see that the operator is indeed 
coordinate invariant, we use the transformation (6.2.21)2 for reciprocal base vectors 
and obtain: 


OQ _ [' x 90) Oy! _ gt Ay! Oy! A) _ gt5/90 _ 90 
Lay | yi Oy! © Oy! Oy] Oyi © “K Oyi Ay 


(6.5.22) 


It is convenient to present the formula (6.5.20) as: 


a , ; 2 3 

grad 4 = = =Va=alg'=al'g; wherea|=o,;, a|'= ga, (6.5.23) 
The functions a|' are the contravariant components of the vector grad «. 
Equation (6.5.18) may now be presented as: 


” = (grad a) -t (6.5.24) 
N 


This result is presented as formula (1.6.11) in Sect. 1.6, where it was shown that the 
vector grad al is a normal vector to the level surface «(r,t) = a(t). 
For a space curve s(y) along a y'-coordinate line the formula (6.5.24) gives: 
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dy’ j 
a aaey (grad a) - t = (grad «) - - g;) (no summation w.r. toi) > 
Os Oy! ds ds 
a,j = 2% — (grad 1) +g, 
yy! 


(6.5.25) 


This result is also obtained directly from the formula (6.5.20). 
The derivative of vector field a(y,t) along the curve y;(s) is a new vector: 


da O(a'g;) _ Oa’ 


Os Os Os 


ek dyk Oa = O(aig') _ 0a; i, H dy* 
Bit F Bink ds’ Os Os 5s een ds 


Using the formulas (6.5.1) and (6.5.5), we may present the vector 0a/Os as: 


Oa Oa' 
Os Os 


a _ [8 ait ‘| = & — ai ‘| gi (6.5.26) 


We now define absolute derivatives of the vector components a' and a; as the 
contravariant and covariant components of the vector 0a/0s : 


: (6.5.27) 


da’ Oa Oa ens a; Oa Oa ; 
gf = ipi fk f—-.g = tgif 6.5.28 
Sg Os Bs Bs Og ae he) 
We write: 
Oa' _ dyk 4 Oa; dy* i 
: : a = 4k — = A, 5.2 
5 CK ay tf, Ds Fisk Ge = Girk (6.5.29) 


Then the expressions for the absolute derivatives of the vector components in 
Eq. (6.5.28) take the forms: 


Odj 
as a;|,t* (6.5.30) 
where 


al; =a' x +a'Tiy, il, = Gisk —aT, (6.5.31) 


The expressions a'|, and a;|, are called covariant derivatives of the vector com- 
ponents a’ and a; respectively. 
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In Cartesian coordinate systems the Christoffel symbols are all zero and the 
absolute derivatives of vector components reduce to partial derivatives with respect 
to the curve parameter s and the covariant derivatives reduce to partial derivatives 
with respect to the general coordinates y: 


da’ 6a;_— Oa; ; j . . . 
=— =— anda'|, =a’, = aj|, = a,x in Cartesian coordinate systems 


os os. Os 
(6.5.32) 


The covariant derivatives of vector components are components of the tensor we 
in Sect. 3.4.1 have called the gradient of the vector fielda(y, t). Equations (6.5.30) 
is now seen to express the coordinate invariant relation between the vector 0a/Os, 
the second order tensor grad a, and the tangent vector t: 


a = (grad a) -t (6.5.33) 


We may express grad a as the polyadic, confer the formulas (3.4.6): 
grad a = a'|,g, @ g* = aj|,8' @ g* (6.5.34) 
For a space curve s(y;) along a y,-coordinate line the formula (6.5.33) gives: 


da dady' dy' 
- - a = (grad a) - t = (grad a) - (2) (no summation w.r. to i) > 


Oa 
a= an (grad a) - g; = a | 8 = ag 
" 


Ji 


(6.5.35) 


This result is also obtained by differentiating the formulas: a = ag, = a,g* with 
respect to yj. 

A vector field a(y, t) is said to be uniform at the time t along a curve y;(s) if the 
vector a(y,t) has the same direction and magnitude at all points on the curve at the 
time ft. This implies that: 


5 i 
a =0¢ ~ = Oalong the space curve y;(s) (6.5.36) 
s s 


If the vector field a(y, t) is uniform everywhere in a volume V in space, then: 


grad a = 0 © a'|, = 0 everywhere in the volume V (6.5.37) 
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6.5.3 The Frenet-Serret Formulas for Space Curves 


Curves in space were introduced in Sect. 1.4. We shall present the components of 
the properties of a space curve given by the coordinate functions y,(s), where 
s represents the arc length from some reference point on the curve to the curve point 
given by the coordinates y;(s), or by a place vector r(s) from some fixed point O in 
space to the curve point y;(s). The tangent vector t to the curve is given by formula 
(6.5.17). The principal normal to the curve is defined by the unit vector n in 
formula (1.4.10), and now presented as: 


ee (6.5.38) 


K is the curvature to the space curve and defined by: 


/ ot’ oti 
= bis. 50 (6.5.39) 


The binormal b to the curve is defined by the unit vector b in formula (1.4.11), and 
now presented as: 


dt 


kK = |— 
ds 


b=txns bj = gjxtin' (6.5.40) 
The torsion t of the curve is defined by the formula (1.4.12): 


db db 
= —m>T= a (6.5.41) 


From the formulas (1.4.14) we obtain the formula for the torsion of the space curve 
in general curvilinear coordinates y: 


dn dn dn » pOn” 
t=b-7 = (txn)-7 = in| = byt n’ —— (6.5.42) 


The three Frenet-Serret formulas (1.4.13) for a space curve are in general 
coordinates: 


ee ge i 
ds és - 
d oni . . 
P= tb — xt = whi — Ket (6.5.43) 
ds os 
db ob' 
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Example 6.1. Kinematics of a Particle Moving on a Space Curve 

A mass particle is at the time f at the place r(¢). The path of the particle is given by 
the space curve y; (#). Let s(t) be the path length along the curve, measured from 
some reference point on the path to the place r(f). The velocity of the particle is 
given by: 


dr drds dy' dy'ds 


—=— k i sf! 5.44 
dtdsdt=—=—é‘ SC*é‘iS SC on 
The acceleration of the particle is: 
dv i dt ds dv fe 2 
=—_=5 t iss =—_—_— = § a 4 
.=—- +i a A st+Ksn (6.5.45) 


The first term in the expression for the acceleration a, St, is the tangential accel- 
eration and the second term, KN, is the normal acceleration. The contravariant 
components of the acceleration vector a = dv/dt are, according to the formulas 
(6.5.45), (6.5.29), and (6.5.30): 


ov évids dy! i 
ee =—+wTi,v* (6.5.46 
ot os dt go ( ) 

The contravariant components and the physical components of the velocity 
vector v in cylindrical coordinates (y1,y2,y3) =(R,0,z) are obtained from the 


formulas (6.5.44), (6.3.6), (6.5.46), and (6.5.8): 


i 


vil es = vi] vA [vn +T} |v 


dr Or dy' dR. do 
a dya @ a © a 


v=vig, > (v’) = {dz} (z, 6,2), v= v(ie’ = (v(i)) = (vi Vga) = {® RO a} 
(6.5.47) 


dz ; ‘ ; 
+ $3 ai erR + Regd + e.Z 


The contravariant components and the physical components of the acceleration 
vector a in cylindrical coordinates (y1,y2,y3) = (R,0,z) are obtained from the 
formulas (6.5.46) and (6.5.8): 


—— ee eit ee ae, cee 
eee = 2 — § = _R= — 3 
a =R+0(-R)0, a O+REO+OER aaa 


=e () = fa b+2% ‘| (a b+28 ) 


a = ale! = (a(i)) = (a' Vga) = {&@— RP RO+2R0 zh 
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6.5.4 Divergence and Rotation of Vector Fields 


The divergence and the rotation of a vector field a(y, t) are defined by the formulas 
(1.6.12) and (1.6.15) respectively. The expression for the divergence of a vector 
field a(y,t) in general coordinates y is obtained by application of the formula 
(6.5.21) for the del-operator V and the formulas (6.5.35): 


: ; Oa i i i i 
diva=V -a=g'- a & : (a‘|:84) =§° (ax|,8°) a’|; ax|;g"" ax|* 
diva=V -a=a'|, =a‘ 
(6.5.49) 


The rotation of a vector field a(y,t) in general coordinates y is also obtained by 
application of the formula (6.5.20) for the del-operator V and the formulas (6.5.34): 


oO F : 7 
rota=cula=V xa=g/ a ag! x (aig) = dka| gs. > 
Ov; y y 


21 2 &8 
_ _ s es ao ee 
rota =curla= V x a= e"a|g; = eax, = et a te ts 


a4, a2 43 


(6.5.50) 


In Problem 6.7 the reader is asked to prove the last two equalities in Eq. (6.5.50). In 
Problem 6.8 the reader is asked to use formulas (6.5.6) and (6.5.31); to derive the 
formula: 


diva=V-a= 7 (vad), (6.5.51) 


This formula may be utilized to develop expression for V - a in a particular coor- 
dinate system. 


6.5.5 Orthogonal Coordinates 


In an orthogonal coordinate system we introduce the unit tangent vectors e} and the 
symbols h; defined in Eq. (6.2.34). We also apply the symbol: 


h= J/g =hyInhy (6.5.52) 
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A vector a may be represented by contravariant components a’, covariant com- 
ponents a;, or by physical components a(i). From the formulas (6.3.4) and (6.2.34) 
we obtain: 


a(i) = ah; = a;/h; (6.5.53) 


To express the del-operator (6.5.21) we use the formula (6.2.35), : 


,O() 1 yA) 
VO)=2¢—-= e —~ 6.5.54 
Oe ar oo (6.5.54) 
From the general formulas (6.5.54), (6.5.51), and (6.5.50) we obtain for orthogonal 
coordinates: 


1 
grad «= Va= Loi, L,; @} (6.5.55) 
oe 1 6) a(i) 
divas v-a=7 Do (t 10) (6.5.56) 
_ = 1 0 : 
rota=cula=V xa= hoe C ijk Dyih a(k))h; e; 
ij, 
hye; hye} h3 e, (6.5.57) 
a) a] a) 
=> zo ay! ay? ays 
h,a(1) hy a(2) hy a(3) 
1 O (h Ou 
= -_v 
div grad w= V-Va=V 2= 5a leas) (6.5.58) 


In cylindrical coordinates (R,0,z) we have from the formulas (6.2.38) and 
(6.5.52): hy =hg = 1, ho = R, h=R. The formulas (6.5.55)-(6.5.58) provide the 
results: 


Ou 1 0a Ou 


grad « = Va = OR er + Roo | Bz (6.5.59) 
: 10 10ag Oa 
diva = ROR (Rar) + R00 + ae (6.5.60) 
_ 10a, Oag Oar Oa; 10 1 Oar 
pee F a0 aa | Oz “| ons eae ay sag | “ORO 
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v1 2 Oa\ | 1 Pa Ota _ Ota Lda, 1a | Me 
*=RoaR\" oR) Rae | 02 OR | ROR' Row 02 


(6.5.62) 


In spherical coordinates (r,0,@) we have from the formulas (6.2.42) and 
(6.5.52): hy =1, kn =r, hy =rsind, h=r?sin0. The formulas (6.5.55)- 
(6.5.58) provide the results: 


Oo. 10a 1 Oa 


grad a = Va = 2 e.+ 700° t vsinbdd ey (6.5.63) 
en Og I @y, 1 Oag 
diva = 2 Or (r’a,) + ~snd90 sim 6ag) + pang ag (6.5.64) 
1 O,., 1 dao 
t =e. | —— Se 0. =. ae 
acne F sin a9 (0 046) — a Al aes) 


1 0a, 27 ) 10 
‘lramdag ov “#)| Te] >a, ("8) — 7 HG 


div grad a = V - Va = V7 


19,0 1 9/, de) 1 @a (6.5.66) 
~Par\" ar)” Psind00 00) © 72 sin? 00¢? 


In order to find expressions for the Christoffel symbols of the first kind we first 
develop from the formulas (6.5.4) some special results: 


1 si 
Tye = Tj = 5 (Sik +851 Sik)» 87 = h; 6 > 


1 1 1 1 
Mui= 7S = 5 (r),l=Mha, Ti3=0, Tiv= 8U2= — 5 (hi) .2 hyhy,2 


1 1 1 1 
T 22 782201 5 (M3) 0 hyho,1, iar 758i 5 (ht) 2 hyhy,2 


Keeping in mind the symmetry Ij = Ij, the above results are generalized to the 
formulas: 


Vix =O fori fAfAkFi 
Vix = —hjhij, no summation w.r. toiand k 4 i 
: : | *¥) (6.5.67) 
Virk = Vx = hehe; 0 summation w.r. to k 


Vig = Vee = hihi, no summation w.r. toi 


For the Christoffel symbols of the second kind we obtain from Eqs. (6.5.3); and 
(6.5.67) first some special results: 
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1. 
Me=i=s'T, 3 0 > 


=52 
h; 
V3 = 8" Toy = g"'T231 = 0, 
1 h 
l 2 
Py = g'T 2 = g!'T 221 = ye (akan) = — pala 
1 1 
1 
yey =2 lee lor = pina = y, M2 
1 1 
ieee tS 
nS tiv=S§ bin HBWMAMN, = 151 
hy hy 
Keeping in mind the symmetry I" = r, we may generalize the above results to the 
formulas: 
h; Oh; ; ; 
Ti, =Ofori fj Ak Fi, - z x no summation w.r.to i, and k # i 
cs _ r. 1 Oh; 


i= no summation w.r. to i 
i" hy Oy* 


(6.5.68) 


The covariant derivatives of the vector components a! and a; are developed from 
Eq. (6.5.31). First we develop some special results for the components a'|,: 


a _ ay +aT', a- a(i) = a(i) 


= => 
V8 
a’) =a'y aT) =a, +a'Ti,+@T3,+@7T}, 
1 1 1 
=a 4 atin ae hy 4 a ahis 
i 
dy! \ hy wy hy Oyk 


: 1 
1 1 Ipl 2p 3yp1 1 1 
a|,=a.+a@T, =a. +aly+aTy+aTy =a, +a 


hy 
I oe 
hi 1152 —a he 12 51 
1 da(1) 1 a(1) 1 a(2) hy 1 1 Oa(1)  a(2) Ohg 
= 1 h hy. = 
hy dy a( ‘i 1,2 4 be hi 152 ho We 21=4|, 


~ hy Oy? hi Oy! 
The above results are generalized to the formulas: 


: O j k) 1 Oh; ; 
a'|, = a (=) fe Yas no summation w.r. toi 


(6.5.69) 
i 1 Oa(i) a(k) Oh it k 
kh Oy* h? Oyi 


216 6 General Coordinates in Euclidean Space E; 


Next we shall derive the formulas for the components a;|, = gia | e 


; Oa(i) Ohy ‘ 
a;|, = hea'|, = hj yk — a( ) Bayi ixk 
: 0 j k)_ Oh; 
ail; = hea, = hi Bi (*) + On, oe no summation w.r. toi 


(6.5.70) 


Example 6.2. Covariant Derivatives of Vector Components in Cylindrical 
Coordinates 

A vector a is expressed in physical, contravariant, and covariant components in 
cylindrical coordinates (R, 0, z) in the formulas (6.3.8) and we write: 


a = ager + ayep +. a,e, = a'g; = aig’ > [a(1), a(2), a(3)] = [ar, a0, ,] 

1 6.5.71 
[a',a’,a’| = lan pana) [a1, a2, a3] = [ar, Rao, az] 

We shall derive expressions for the covariant derivatives of the contravariant vector 

components a‘ and the covariant vector components ax in cylindrical coordinates 

(R, 0, z). From the formulas (6.2.37), (6.5.69), and (6.5.70) we obtain the following 

matrices: 


at hao Ge ae Rao 
i = 10a9 1 0a0 adr 1 0ao : _ dap Oag dag 
@'i)=| roe rote woe |. Gi) =| Rag Rap+Rar RF 
Oa, Oa, Oa, Oa; Oa, Oa; 
OR 00 Oz OR 00 az 
(6.5.72) 


6.5.6 Absolute and Covariant Derivatives of Tensor 
Components 


The results derived in Sect. 6.5.2 for scalar and vector fields, i.e. for tensors of order 
0 and 1, will now be generalized to tensor fields of any order. 

Let A(y, t) be a tensor field of order n. The components of the two new tensors: 
OA/ds of order n and grad A of order (n + 1), are well-defined in any Cartesian 
coordinate system Ox, as presented in Sect. 3.4.1: 


OAj..j 


Os 


OA 
—— is defined through the components: in Cartesian coordinates (6.5.73) 


Os 
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grad Ais defined through the Cartesian components: 


OAj.. 
= Aj..;, 5.74 
Ox, jak (6 3 ) 


The following tensor relation is valid in a Cartesian coordinate system, confer the 
formulas (3.3.8): 


OAj..j 


oP a (grad A) t= 
Os 


= Aj..j.4t in Cartesian coordinates (6.5.75) 


In a general coordinate system y we write: 


OA OAj..j 
a (grad A) -t © re 


=Azgle (6.5.76) 


Confer the formulas (6.5.33) and (6.5.30) for tensors of first order. The tensor 
OA/Os is now represented by the absolute derivatives 6Aj..;/ds of the tensor 
components Aj;..;, and the tensor grad A is represented by the covariant derivatives 
Aj..j|, of the tensor components A;..;. 

It will be demonstrated below how we may obtain the expressions for the 
covariant derivatives of the tensor components. Analogous to the development of 
the formulas (6.5.24) and (6.5.35) for scalar fields and vector fields, we obtain in 
general for tensor fields of any order: 


A; = (grad A) - g; (6.5.77) 


From the definitions above it also follows that the rules of ordinary and partial 
differentiation also apply to absolute and covariant differentiation. For example, 
from the tensor equation: 


A=b@cSA=dG (6.5.78) 
we may compute: 
dA Ob de 6A; Obi OC; 
esieae engi = :+b'— Pf 
Os ao as os OS ae os sete) 
grad A = (grad b) @c+b ® (grade) & Ail; = b,c +bicil, (6.5.80) 


Equations (6.5.79) and (6.5.80) are true in Cartesian coordinate systems, and as 
tensor equations are thus true in general coordinates. 

We now seek the expressions for covariant derivatives of the component sets of 
a tensor field, which by definition represent the component sets of the gradient of 
the tensor field. In order to simplify the presentation, we take as an example a tensor 
field C of second order, and we shall find the expressions: 
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Cl, = Ce + CT), — CIT, (6.5.81) 
Cyly = Cie —Cy Ty, — Cu (6.5.82) 
cH,= Ci, +COT, +CTd (6.5.83) 
Ci, = Cia -ciT,+cry, (6.5.84) 


With these expressions for the covariant derivatives of tensor components, the 
absolute derivatives of the tensor components may be found from the formulas 
(6.5.76). 

To derive the formulas (6.5.81)-(6.5.84) we may use either one of three 
methods: 


1. by application of the transformation rules for tensor components from the partial 
derivatives in a Cartesian x-system to the covariant derivatives in a general 
y-system, 

2. by partial and covariant differentiations of the component form of the 
scalar-valued function that the tensor represents, 

3. by partial differentiation of the tensor presented as a polyadic. 


The first method is straightforward but leads to some lengthy manipulations, and for 
that reason the method will not be demonstrated here. The second method shall now 
be applied to find the covariant derivative (6.5.81) as follows. Let a and b be two 
vector fields, such that according to the formulas (6.5.31): 

ail, =i4—4T,, bl, = bi, + TY, (6.5.85) 
The scalar value « of the second order tensor C for the argument vectors a and b is: 

a = Cla, b] = Cia; b! 
Partial differentiation of this equation yields: 
n= Cie a; b! + Ci aj bi + Chaz b) x (6.5.86) 

Since partial differentiation coincides with covariant differentiation in a Cartesian 
coordinate system, Eq. (6.5.86) may also be considered to be the Cartesian form of 
the more general tensor equation: 


o|,= Cj|,ai b! + C aj|,b! + Ci ajb!|, (6.5.87) 


Now since «|, = %,,%, we obtain from Eqs. (6.5.87) and (6.5.86) that: 
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Ci|,4; b! + Ic aj|,b! + C; aj bl, —a,=0 = 


Cileai b! + [Ci (ain ar) 6! + C)ai(b/ 4 + 6'T}) | 


= [Cie a;b) + Chay bi + Cia; bly | =e 


Cilyaib! — [Cha arb! + Cha, b! — Cha:b'T}] = 0 


From the last result we obtain by renaming indices appropriately: 
{Cl = Gi +O Ty - C | ai p=0 


Because the vector fields a and b may be chosen arbitrarily, it follows that the 
coefficients in the brackets {} must be zero. Hence: 


Cle = Cie + Ty, — CE Ty, > (6.5.81) 


The result indicates a general recipe on how to obtain covariant derivatives of 
tensor components as a sum of the partial derivative of the component and con- 
tracted products of the components and the Christoffel symbols, one product for 
each component index. The products are added with a positive/negative sign 
according to whether the contracted tensor index is a superscript or a subscript. This 
tule applies to tensors of any order. 

The third method for finding the covariant derivatives of tensor components will 
now be illustrated. The tensor C and grad C are presented as: 


C=Cig@g/, grdC=Cilg og! og! (6.5.88) 
Substituting the expression for grad C into formula (6.5.77), we get: 
Cu = (grad C)- = (Cig @ 8! @ 8!) - & = (Cig @e/)d = Cil,g @ 8! > 


Cy = (grad C)- g, = Ci eB @g! 
(6.5.89) 


The expression for C, is also obtained by differentiation of equation in (6.5.88): 
Cu= Che 8 @8/+Cig,.@g'+Ce,@e4 


By use of the formulas (6.5.1) and (6.5.5), the above equation is rewritten to: 
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Cea [Cpt C0 — CITk] 9 @ 8’ (6.5.90) 


By comparing the two expressions for C; in Eqs. (6.5.89) and (6.5.90), we get the 
expression for the covariant derivatives presented in Eq. (6.5.81). 

A tensor field A(y, t) is said to be uniform at the time t along a space curve y;(s) 
if its components in a Cartesian coordinate system are constants at all points on the 
curve at the time ¢. This implies that: 


A OAl..j 
along the curve y;(s) : ” = Oand grad A=0 5 “= Oand A’..;|, =0 
s s 
(6.5.91) 


If the tensor field A(y, f) is uniform everywhere in a volume V in space, then: 
grad A = 0 © A’..;|, = 0 everywhere in the volume V (6.5.92) 


The unit tensor 1 and the permutation tensor P are uniform tensor fields 
everywhere in F3. Therefore: 


Ogi bgil ij 

- == 0, gile = 2" |, =0 (6.5.93) 
Og dell : 

. =3- =0, eixl) =e |, = 0 (6.5.94) 


Second covariant derivatives of the tensor components C; are presented by: 
Cllr = Cilar = Ciliz (6.5.95) 


The symmetry with respect to the last two indices follows from the fact that this 
symmetry is true in Cartesian coordinate systems. This type of symmetry, which in 
fact shows that the order of differentiation is immaterial, is an inherent property of 
Euclidean spaces. As will be demonstrated in Sect. 8.5, this property does not in 
general hold in the two-dimensional Riemannian space R>. 

The second covariant derivatives of a scalar field «(y,t) are components of a 
tensor of second order appropriately called the gradient of the gradient of the scalar 


fielda(y, t): 
grad grad « = | ie @ g! (6.5.96) 


The symmetry implies that we may write: 
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al; = olf = af; (6.5.97) 


For div grad « = V7a, we obtain, using the formulas (6.5.22) and (6.5.55): 


div grad « = Va =V- Va (a|')|; o|'|, = al! 


F (6.5.98) 
In Problem 6.9 the reader is asked to use formulas (6.5.6) and (6.5.51) to derive the 
formula: 


1 s 
V70 = —(\/e g4a,;) i (6.5.99) 
V8 (vg i) 
This formula may be utilized to develop the expression for V7« in a particular 
coordinate system. 
The divergence of a tensor field A(y, t) of order n is a new tensor field div A of 
order (n — 1) and defined by the components A;..*|,, confer Eq. (3.4.9): 


divA = Aj..*|,.g' @ .. (6.5.100) 


The rotation of a tensor field A(y,t) of order n is a new tensor rot A of order n and 
defined by the components ¢/*A,..., |; confer Eq. (3.4.13): 


rot A = curl A = eA, kB ® .. Og; (6.5.101) 


The rotation of a vector field a(y, t) is the following vector rota, confer the for- 
mulas (1.6.15) and (3.4.14): 


rot a= curl a = e*a|,g; (6.5.102) 


The Laplace-operator V* is used to express the divergence of the gradient of a 
tensor A of order n, confer formulas (3.4.11): 


V°A = div gradA = A'.ifg, @.. @g! (6.5.103) 
In the Navier equations (5.2.27) in linear theory of elasticity and in the Navier- 
Stokes equations (5.3.16) for linearly viscous fluids the divergence of the gradient 


of a vector field and the gradient of the divergence of a vector field appear. For a 
vector field a(y, t): 


div grad a= V7a= a'lig,, grad diva =a‘ |g, (6.5.104) 
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We shall present formulas for these two vector fields. With the help of the 
formulas (6.5.20) and (6.5.51) we obtain the result: 

i o{1 a 

grad diva = V(V-a) =a'|.g, = — nw 

k Oy! |/g Oy* 


The following expression for div grad a = Va shall be derived: 


go | lo , 1 0d (Oa, Oa 
2 = ¢ __ J—_ _ k Yoo kr jis ( YEP Ss ; 
—_ laa ea (vga | Te ayk vas g & a) | fe 


(vec) (6.5.105) 


(6.5.106) 
We need the result, see Problem 6.10: 
1 O _ (Oa, Oa 
Vx (V xa) = | ae ( a *) |e (6.5.107) 
J/g Oyk v3. Oys Oy" 


The formula (1.6.17) is rewritten to: 


div grad a = grad div a — rot rota & V’a = V(V-a) —-V x (V xa) 
(6.5.108) 


The expression (6.5.106) is now obtained by substitutions of the result (6.5.105) for 
V(V -a) and the result (6.5.107) for V x (V x a) into the formula (6.5.108). 


In orthogonal coordinates: 


an = hya(k) 


From the formulas (6.5.99), (6.5.105), (6.5.107), and (6.5.108) we obtain: 


po ee. 
v= y F ai \eBy (6.5.109) 
; 10 flo ~)| ‘ 
dd = V(V-aj= : h A 6.5.110 
grad div a (V-a) 3 By F Dyk ( ih e ( ) 


Vx(Vxa)= ee ae (5 (hya(k)) — sath) e) (6.5.111) 
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Va=V(V-a)-V x(Vxa)= {n x F wa (:)| \ e 


ik 


h; O h O 0 E y 
os h dyk on (a (ea(i)) — dyk tat) " 


In the following two examples we record the formulas for the operators pre- 
sented in the formulas (6.5.109)—(6.5.112) in cylindrical coordinates (R, 0,z) and 
spherical coordinates (r,0,@). These formulas will be applied in the Navier 
equations for linearly elastic materials in Sect. 7.8 and in the Navier—Stokes 
equations for linearly viscous fluids in Sect. 7.9. 


Example 6.3. Vector Operators in Cylindrical Coordinates (R, 0, z). 
In cylindrical coordinates: h = R, hy = hz = 1, hy = R. Formula (6.5.109) yields: 


te. Le 


OR. ROR’ Raw’ a2 ee 


V= 


Formula (6.5.110) gives: 


grad diva = V(V -a) = b = brern+ dopey +b,e, => 
O-arp 10ag agp 1 ag 1 0ag Oa, 


be= om t ROR R2* ROROO R200’ OROz 

1 Gap 1 Oar 10a 1a, (6.5.114) 
bo = + + ++ 

ROOOR R2 00 R2 06 RO00z 
b Pap 1 Oar ; 1 ag Oa, 


“~~ @z0R ' R Az | RAO OL 
Formula (6.5.111) gives: 


V x (V x a) = c= crer + coeg + c,e, > 
1 ay 1 dag 1@ap Oa, Cap 
“R= Ra0OR | R00 ROW | aOR OL 
1 Pap 1 Oagp Gag 10a 1 od a, ag (6.5.115) 
~RaROO R00 aR RoR | R”’' Rad a2 
_ Oar  10ar lda, Ga, 10a 1 Wa, 
°~9rdz RR Oz ROR OR? | ROOdz RAP? 


a) 


( 
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Formulas (6.5.112) gives: 


V7a = V(V-a) —V x (V xa) =d = drer+ dopey +d-e, =b—e 
2 Oar 
R? 00 


1 
= Var -— aa e, = [Vea R ag+ eg + V- aes 


(6.5.116) 


Example 6.4. Vector Operators in Spherical Coordinates (r, 0, ). 
In spherical coordinates:h = r* sin 0, hj = 1,42 =r, hz =r sin@. Formula 
(6.5.109) yields: 


oc 20° Le 1 () 1 @& 


G2 php Ree - 


6.5.117 
00 Pr sin? 0047 ( ) 


y= 


Formula (6.5.110) gives: 


grad diva = V(V -a) = b= b,e, + beg + byes 
a, 2 0a, 2 1 Pag 1 Oag 1 Pag 1 Oag 


by ! - + — 
ae ‘+ dr Pp" raro00 P00 | rsind Ord r*sin@ Od 
b 1 Pay . cot 0 0ag 1 ae 1a, _ 2 Oa, cotO dag 1 ag 
"Par ' P 80 PsintQ "| rd0dr' P40 Psind dd | rsinOd0d0d 


1 ay ; 2 Oa, 1 Gag 1 @a, cot dag 


"= Fain OF ' -sinfd¢ | r2sin00¢00— rsinO ddr | r2 sind dd 


(6.5.118) 
Formula (6.5.111) gives: 
V x (V xa) =c = c,e, + cpeg + cgeg => 
1 1 Oag 1 Oa, 10a 
Cr = cot Gag + — cot d Dp 2000 ae +35 0 
me! ay 1a, 1 Oag a 1 Pag 1 a, 
'1d00r PAP” rsinb Od ' rsinOdddr sin? 0 AG? 
1 Oa, 20a, Oa e cot dag 1 Pag 
co= t 
‘~~; sin0dr00 r Or Or? | rsind Op r* sind ddd0 (6.5.119) 
1 a 
r? sin? 0 Og" 
_ tf Oa, 2 Oa Pag cos@ Oag " 1 ay 
“oF sind Or0od r Or Or Psin? GO rsindd0dd 
1 cot 0 Oay 1 ag 


7 Pino ® P00 P de? 
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Formula (6.5.112) gives: 


V?a = V(V-a) —V x (Vx a) =b-—e 


v2 2 2 0ag 2cotd 2 Oag a 
= ay ay a ‘i Tr 
PrP" p90 Pe "9 sind AM 
1 2 Oa cos@ Oa 
Vv po 
| 00 sin 08 POO Psin26 Od | = 
1 2 0a, 2 Oag 
+|V? + + 0— “le 
| “2s? 6? | sin? Ob sin’ O ~ aa 6 


6.6 Two-Point Tensor Components 


The content in this section will be applied in the deformation analysis in Sect. 7.3. 
With reference to Fig. 6.6 we introduce three coordinate systems: y and Y are 
general curvilinear coordinate systems, while x is a Cartesian system. The coor- 
dinate sets y and Y may represent two different places in £3. The place y has the 
position vector r and Cartesian coordinates x;, while the place Y has the position 
vector ro and Cartesian coordinates X;. The base vectors in the Y-system are 
gx and g*, and in the y-system g, and g’. Upper case and lower case letter indices 
shall refer to the Y-system and the y-system respectively. 


Fig. 6.6 Threes coordinate systems:general coordinates y and Y, and Cartesian coordinates 
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The base vectors gx and g* at the place Y are moved to the place y and 
decomposed there. We write: 


Be =8keZ=sns, B =e g =e! (6.6.1) 


The components gi, gxi,g*’, and gX are called Euclidean shifters and represent 
two-point components of the unit tensor 1 of second order: 


, _ OX; Oy! 


8k =8 8 =1lgx, FJ] == (6.6.1) 
K K [ K | OYE Ox; 
OX; Ox; 
Ski = 8iK = Sx 8; = [[gx, gil = YK Dy! (6.6.2) 
OYK Ox; 
= K.g,=1/e*, g| =—-~2 6.6.3 
gi =e" -g,=1[8*, gi] BX, Oy’ (6.6.3) 
a OY Oy 
Ki iK K i K i 
g =s =e -g=l1(g", 8} ==> (6.6.4) 


When the base vectors g; and g’ at the place y are shifted (moved) to the place Y, we 
get: 


B=sex=sike, gas ge=sxek (6.6.5) 


A vector a may be decomposed at the places Y or y with respect to either set of base 
vectors: 


a=a* gy =axg* =a'g,=ajg' (6.6.6) 


From these expressions we get the following relations between the component sets: 


ak =gkd=ea, ax=gai= gid (6.6.7) 


i i oK iK K K 
a=&§ka =8§ ak, G=8; 4k = 8ika 


We conclude that the Euclidean shifters have the property of moving a vector from 
one place in space to another place in space. The Euclidean shifters are functions of 
both y-and Y-coordinates. 

Let C(y, t) be a tensor field of second order and a and b two argument vectors 
fields. The scalar field C[a, b] may now be calculated from alternative formulas, as 
for instance: 


a = Cla, b] = Cy a* b' = CE ag b! = Cig a! b* ete. (6.6.8) 
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The components: 
Cxi = Clgx,gi], CF = Clg", gi] ete. (6.6.9) 


are called two-point components of the tensor C. The component sets are related 
through formulas of the type: 


Ca=e,G, Chaerc (6.6.10) 


Two-point components of a second order tensor C may be used to transform a 
vector a at one place to a new vector b at another place. For example, let a be a 
vector at the place rg. Then: 


b= Cat (6.6.11) 


are the components of a vector b at the place r. For each distinct value of the index 
K the components Ci, and C;x represent a vector at the place r. Likewise, for each 
distinct value of the index i the components Ci, and C;x represent a vector at the 
place ro. In the literature, the two-point tensor components are therefore often 
presented as the components of a two-point tensor or a double vector. In the present 
exposition, we shall not distinguish between tensors with argument vectors at one 
and the same place or at two different places. 

A vector field a = a(y, Y) is called a two-point vector field, or a two-point tensor 
field of order I. The components of the vector in both the y-system and the 
Y-system are in general functions of the six variables y' and Y*, with special cases 
when a = a(y) or a = a(Y). 


a(y, Y) © aj(y, Y) and ax(y, Y) 
a(y) = a;(y) and ax(y, Y) (6.6.12) 
a(Y) = aj(y, Y) and ax(Y) 


Two — point tensor fields of higher order are defined similarly. 

Let C(y, Y) be a two-point tensor field of second order. Since the components Cx 
behave as vector components at the places y and Y, we may calculate covariant 
derivatives at these places from Eq. (6.5.31): 


The Christoffel symbols T° ‘if and T° sa refer to the systems y and Y respectively. The 
expressions (6.6.14) are called partial-covariant derivatives of the two-point 
components of C. If the coordinate systems y and Y are chosen to be identical to the 
Cartesian system Ox, the partial-covariant derivatives reduce to: 
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_ ack ack 


xl; = Ox; ’ ay, (6.6.14) 
If a one-to-one mapping between the places y and Y is given: 
y=y(Y) 8S Y=Y(0) (6.6.15) 
the total-covariant derivatives of tensor components may be defined: 
All, = Ab Ai Oe, aill = Able +44 25 (6.6.16) 
Oyl Joy 


6.7 Relative Tensors 


The tensor fields presented so far in this book will in the present section be called 
absolute tensors fields, absolute vectors fields, or absolute scalar fields. In the 
extended definition to relative tensor fields the tensors lose some of their charac- 
teristic coordinate invariance. Since relative tensors are used in the literature to 
some extend, they will be given a brief introduction here. 

An NP-scalar field is defined as a quantity that in every coordinate systems y is 
represented by a magnitude «, such that: 


“a4= 


N \P 
(sign I) hy (6.7.1) 


i 


N is an integer, P = 0 or = 1, and a is a scalar field. If y is a right-handed Cartesian 
system x, it follows that « = %. In the case P = 0, the quantity is called a relative 
scalar field of weight N. A relative scalar field of weight N = 1 is called a scalar 
density. From Eq. (6.2.31) it follows that the quantity g = det(g,;) is a relative 
scalar of weight 2, and that ,/g is a scalar density. For VN = 0 and P = | the quantity 
a in Eq. (6.7.1) is called an axial scalar. Note that the magnitude « of an axial 
scalar changes sign by a transformation from a right-handed/left-handed coordinate 
system and to a left-handed/right-handed coordinate system. For N = P = 0 the NP- 
scalar is an absolute scalar. From Eq. (6.7.1) it finally follows that the magnitudes 
a« and & in two coordinate systems y and jy respectively, are related through the 
formula: 


cs 23)" (sign BY? 0 (6.7.2) 


An NP-vector field b is defined as a linear NP-scalar-valued function of a vector a: 


6.7 Relative Tensors 229 


x = bfal (6.7.3) 


In the coordinate system y the NP-vector field b is represented by the component 
sets: 


bj =blg), o' = big’ (6.7.4) 


It now follows from Eqs. (6.7.2)-(6.7.4) that the components sets of b in two 
coordinate system y and ¥ are related through the formulas: 


k ai 
b; = |J3|" (sign 8S by, bi = |R\" (sign ee bk (6.7.5) 
For P = 0 the NP-vector is called a relative vector of weight N, and for N = 0 and 
P = 1 the NP-vector is called an axial vector. For N = P = 0 the NP-vector is an 
absolute vector. If the vector product of two absolute vectors a and b are defined by 
the components ,/g ejx a! D¥ rather then by the components bik a/ DE as in Sect. 6.3, 
the vector product becomes an axial vector. 
An NP-tensor of order n is defined as a multilinear NP-scalarvalued function of 
n absolute vectors. In the coordinate system y the NP-tensor is represented by 
component sets defined similarly to the components of absolute tensors. For P = 0 
the NP-tensor is called a relative tensor of weight N, and for N = 0 and P = | the 
NP-tensor is called an axial tensor. For N = P = 0 the NP-tensor is an absolute 
tensor. The components ,/g ej define an axial tensor of third order. Confer the 
discussion in Sect. 6.3. 
The algebra of NP-tensors follows the rules applying for absolute tensors. 
Addition has only meaning for tensors of equal weight N and of the same value of 
P. By tensor multiplication the weights of the tensors are added as are the P-values. 


Problems 6.1-6.10 with solutions see Appendix 
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Chapter 7 ®) 
Elements of Continuum Mechanics Cheek or 
in General Coordinates 


7.1 Introduction 


In this chapter the basic equations of continuum mechanics are presented in general 
curvilinear coordinates. Section 7.2 presents the kinematics and the material 
derivative of intensive quantities. In Sect. 7.3 the deformation analysis presented in 
Chap. 4 is extended to applications in curvilinear coordinates. The analysis of large 
deformations introduced in Sect. 4.5, is generalized in Sect. 7.4. The concept of 
convected coordinates is presented in Sect. 7.5. Section 7.6 introduces the concept 
of convected derivatives. The components of the Cauchy stress tensor T and the 
Cauchy equations of motion, introduced in Chap. 2, are presented in curvilinear 
coordinates in Sect. 7.7. Some basic equations of linear elasticity and linear viscous 
fluids, from Chap. 5, are the subject matter of Sects. 7.8 and 7.9. 


7.2 Kinematics 


Figure 7.1 illustrates a reference Rf to which motion and deformation of a material 
body will be referred, a reference configuration Ko representing the body at a 
reference time ty and the present configuration K representing the same body at the 
time t, which we call the present time. The reference configuration will usually be 
chosen to be real configuration of the body, such that the configurations K and Ko 
coincide at t = fo. 

Figure 7.1 also introduces three coordinate systems fixed in the reference Rf: 
(1) an orthogonal Cartesian coordinate system Ox with base vectors e;, (2) a general 
coordinate system y with base vectors g,, and (3) a general coordinate system Y with 
base vectors gx. In Sect. 7.5 the coordinate system Y will be used as a material 
coordinate system imbedded in the continuum. 
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Fig. 7.1 Body of a continuum in a reference configuration Kp at the time fp and in a present 
configuration K at the time ¢. Three coordinate systems fixed relative to the reference Rf: Cartesian 
coordinate system Ox with base vectors e;. General coordinate system y with base vectors g;. 
General coordinate system Y with base vectors gx. Particle vector ro (Y). Place vector r(Y, 2). 
Displacement vector u(Y, ft). Velocity vector v = v'g; =V&x 


A particle in the body is a material point which at the reference time fo is 
denoted by Po and localized by the Cartesian coordinates X;, the general coordinates 
YX, or the place vector ro(Y), which we call the particle vector. At the present time 
t the particle is denoted by P and localized by the Cartesian coordinates x;, the 
general coordinates y;, or by the place vector r(Y,t). The coordinates X; and Yx are 
called particle coordinates, while the coordinates x; and y; are called place coor- 
dinates. We use the alternative notations for a particle and for the place of the 
particle at the present time ¢, confer the notations (2.1.1) and (2.1.2): 


X, y! 
particle: ro, [Xi,Xo,X3], X;, X= | X |, ¥*, Y=] ¥? 
a me (i) 
XxX] y 
place: r, [x1,%2,%3],47,x= | m |,y¥,y= y 
X3 y 


Note that lower case Latin letters are used as indices in the x-system and the y- 
system, while upper case Latin letters are used as indices in the Y-system. 

The motion of the body at the present time ¢ may be given by the functional 
relationship between the place vector r and the place vector ro, or the functional 
relationships between the place coordinates y; and the particle coordinates Y*, 
confer the expressions (2.1.3): 
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r=r(ro,t) or r=r(Y,t), y=y(¥',Y?,¥°,) =y'(Y,0 (7:22) 


The motion of the body may also be represented by the displacement vector 
u(ro,7), or u(Y, 7): 


u=u(ro,t) =r(ro,t) —ro or u=u(Y,t) =r(Y,t) — r0(Y) (7.2.3) 


Intensive physical quantities are expressed either by particle functions or place 
functions. Particle functions are field functions of the particle vector ro, or particle 
coordinates Y, at the reference time fg, and the present time f. Place functions are field 
functions of the place vector r, or the place coordinates y, and the present time 7. 


article function: f(ro,t) = f(Y,t) =f(V',Y7,Y°*,t 
p f(t.) =f(%.1) =F TT 
,t 


place function: f(r, 1) = f(y,t) =f('.y?, 0) 


In accordance with the presentation in Sect. 2.1.1 the coordinates (Y,t) = 
(Y!, ¥*,¥3,1) are called Lagrangian coordinates, material coordinates, or refer- 
ence coordinates. The application of these coordinates is called Lagrangian 
description or reference description. The coordinates (y,t) = (y',y’,y>,f) are 
called Eulerian coordinates or space coordinates, and their application is Eulerian 
description or spacial description. 


7.2.1 Material Derivative of Intensive Quantities 


Let the particle function f(ro,t) = f(Y,+) represent an arbitrary intensive physical 
quantity. For a particular choice of the particle ro or the particle coordinates Y the 
function f(ro,t) = f(Y,t) is connected to that particle at all times. The material 
derivative of the particle function f is defined as the time rate of change of the 
function when it is attached to the particle: 


Of (Yo, t) 


i =F, = dt r es Or ~ SE ra; ‘ ied 
. P i Hes (7.2.5) 
f =f(Y, t) = dt ew a Ot = Of (Y, t) 


This definition is in accordance with the definition (2.1.8) in Sect. 2.1.1. 
The velocity v of the particle rp is given by: 


V =V(ro,t) =f = Or (Fo, t) = Ou(ro, t) @ v= V(Y,t) =r = Or(Y,1) 
= 0,u(Y, 1) (7.2.6) 


234 7 Elements of Continuum Mechanics in General Coordinates 


Another expression for the particle velocity v is found as follows. 


Or ayi(Y,t) _ 


= = dy'(Y, t) K 
ia om aaa a 


gv -_ Kg, y= ap a vigk (7.2.7) 


The symbols g* = g* - g, are Euclidian shifters as defined by the formulas (6.6.3), 
and v< are components of the velocity vector v with respect to the Y-system at the 
place ro. 

The material derivative of a tensor field A(ro,t) = A(Y,t) = Axg..’g,@..@g° of 
order n is a new tensor field of the same order and defined by, confer with the 
formulas (3.4.27): 


- OA(Y,t ; : rs) ‘ 

A= oA) = Ag.."9¢8..8g" > Ax. = a (Ax..”) = Algx,..,g”] (7.28) 

Let the place function f(r, t) = f(y,t) represent an arbitrary intensive physical 
quantity. The local change of the function f per unit time is: 


Of (y, t) 
Ot 


Of (r,t) _ 
a = Of (r,t) = 


= Of (y,t) (7.2.9) 


In order to find the material derivative of the place function f(r,t) = f(y,t), we 
attach the function to the particle ro, or Y, that takes the place r, or y, at the time 
t. Thus we write: 


f(r, t) = f(r(ro, t), 4) =f, t) = f(W(Y, t), t) (7.2.10) 


The definition (7.2.5) of the material derivative of an intensive quantity leads us to 
the result: 


foo _ Of(y,t) a Of (y, t) Oy'(Y, t) 
7 dt ro=constant Ot oy ; Ot 


fs Of (y; 4) +f(y,t),iv! = Of (y, t) + (grad f) = 


= Of (yt) +f0,0iv > 


(7.2.11) 


The material derivative of a tensor field A(y,t) of order n is a new tensor field of 
the same order and defined by the following formulas, confer with the formulas 
(3.4.28): 


A= ° A(y(¥,1),t) = OA(y,t) + grad A(y, 1) - v(y,t) (7.2.12) 


Aj../ = Alg,, 8] = O,Ai.7 +Aj.7 |, 


7.2 Kinematics 235 


Note that A;../ are components of the tensor A and not the material derivatives of 
the tensor components Aj../. The latter are given by: 


0 


; a) 0 
gy Ar/O 9,9] = 9, 4i-"0.9)] + ge lar.) (7.2.13) 


Ot 


and do not represent a tensor in general coordinates y, only when the coordinate 
system y is Cartesian. 

Material differentiation follows the standard differentiation rules. For example, 
the material derivative of the vector a = Bc, where B is a second order tensor and 
c is a vector, has the components: 


a; = Bi cy + BY cy (7.2.14) 


This result is easy to prove by use of Eq. (7.2.12) and the differentiation rules for 
covariant derivatives. 

Because the unit tensor 1 and the permutation tensor P are time independent and 
uniform tensors it follows that: 


gy = 89 =0, fx =e =0 (7.2.15) 


The definition (7.2.11) may be used to find the following expression for the 
particle acceleration a(y, t): 


a=v= 0+ (gradv)-v=Ov+(v-V)ved =, 4+v' |, (7.2.16) 
If A is a steady tensor field: A = A(y), the material derivative of A may be 
expressed by the absolute derivative of tensor components with respect to time. 


From the formulas (7.2.12) and (6.5.76) we obtain: 


ds _ 6A;..4 


Aj..4 = Aj.A |v = A;.4 —=— T2179 

kv li i x ( ) 
. dA... 6A,.4 

A=—#4,./=— 724 

dt ae ot ( 8) 


7.3. Deformation Analysis 


It has been shown in Sect. 4.2 that the deformation in the neighborhood of a particle 
Y, or X, is determined by the deformation gradient tensor F defined by the formulas 
(4.2.7) and (4.2.8): 
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td, FS Gade (7.3.1) 
Oro 


dro and dr represent a material line element respectively in the reference configu- 
ration Ko and in the present configuration K. In the Cartesian coordinate system 
x the relations (7.3.1) are represented by: 


Ox, i 


dx; = FixAXy, Fix = aX, 


(7.3.2) 


In a general curvilinear coordinate system y the motion of the particles in body of 
continuous material is given by y (Y,f) and the relation (7.3.1) has the component 
representation: 


—— . ae 
dy =Fidy®, Fi = 


k = Bye (7.3.3) 


F‘. are two-point components of the deformation gradient tensor F. 
The lengths dsp andds of the material line element in Ko and K are found from 
the formulas: 


(dso)’= dro - dro = gxidY¥*d¥", (ds)’= dr - dr = gidy' dy! (7.3.4) 


We introduce the unit vector e in the direction of the material line element dro, see 
Fig. 4.2: 


eae (7.3.5) 


Using Eqs. (7.3.1) and (7.3.5) we may write: 


(ds)’= dr -dr = (F- dro) - (F- dro) =e- (F’F) - e(dsy)? => 


(7.3.6) 
(ds)? = e+ (FTF) - e(dso)’=e - C - e(dso)” 
C is Green’s deformation tensor and is defined by: 
C=F'F 6 Cx, = Fe Fin ease 


As an alternative to the result (7.3.6) we write: 


(ds) = dr -dr = (F . dro) . (F . dro) = d¥o Fi (F’F) A dro = dro -C.- dro = 
(ds)? = dry -C- dro = Crrd¥* ay" 
(7.3.8) 
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It follows that we can write: 

(dsy)°= dry -1- dry = gxrdY*dY" (7.3.9) 

(ds)’—(dsy)’= dro - (C — 1) - dr = 2dry -E- dro (7.3.10) 


E is Green’s strain tensor and defined by: 


1 
E=>(C-1) @ Ext = 5(Cxz — 8xx) (7.3.11) 


Nie 


If we imagine that the Y-system is imbedded in the continuum and moves and 
deforms with the body as a convected coordinate system, the result (7.3.8) shows 
that the components Cx, of the Green deformation tensor also represent the fun- 
damental parameters of first order for the convected Y-system. This interpretation of 
Cx, will be utilized below in Sect. 7.5. 


7.3.1 Strain Measures 


The following strain measures are defined in Sect. 4.1: the longitudinal strain «¢ in 
the direction e, formula (4.2.13), the volumetric strain &,, formula (4.2.18), and the 
shear strain y with respect to two material line elements, which in the reference 
configuration are orthogonal and have the directions e and e, formula (4.2.16). The 
expressions for these strain measures in general coordinates are: 


Hehe 
pe eee 1 Sa Oe el 


ds, (7.3.12) 
e=V1+2e-E-e—1= V/142eK Exel — 1 


dV — dV, 
oy = A = det F- 1 = Veet E - 1 = Vaet(1 + 2) - 1 


: (7.3.13) 
= 1/det(Cz) — 1 = \/det(d% + 2EX) — 
a= e-C-e = & CrretX 
J(€-C-e)(e-C-e) J (€ Cyne’) (e? Cro e2) (7.3.14) 
2@-E-e 2K Exp et a 
sin y = = 


J(1+2e-E-e)(1+2e-E-e) \/(1+28)(1+<) 


é is the longitudinal strain in the direction e. 
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When the motion is expressed by the displacement vector: 
u(ro,¢) =r(ro,t) —Yo, the deformation will be defined in terms of the displace- 
ment gradient tensor H: 


H = — = 
Oro 


F-1, Ax, =ux|_ = Fre — 8xt (7345) 


It now follows that: 


C= 1+H+H’ +HHs Crt = sxe tuKl, +urlk +u| unl, (7.3.16) 


E =~(H+H'+H°'H) © Ex, == (ux|, tule +4 unl) (7.3.17) 


1 
2 


Nile 


7.3.2 Small Strains and Small Deformations 


The special but very important case of small strains and small deformations has 
been discussed in Sect. 4.3. Small strains may be characterized by the inequality: 
norm E < 1. The expressions (7.3.12—7.3.14) for the primary strain measures are 
reduced to: 


e=e-E-e=e*Exe’,y = 26-C-e = 20 Exe’,e, =trE=Ey (7.3.18) 


Small deformations imply small strains and small rotations. The condition of 
small deformations is defined by the formulas (4.3.5) and (7.3.15): 


norm H = \/tr(HH") = yuk |p|, <1 (7.3.19) 


Note that the components u*|, are dimensionless quantities. The expressions 
(7.3.16-7.3.17) for the Green deformation tensor C and the Green strain tensor 
E may be approximated by: 


C=1+H+H! © Cx = exit url, tukl, (7.3.20) 


E =~(H+H") © Ex, == (ux |, +ur|,) (7.3.21) 


1 1 
2, 2 
If we further can assume that the displacements are small, such that the Ko and 
K are configurations close to one another, the place coordinates y; may be used as 


particle coordinates. The expressions (7.3.21) are now written as: 
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1 
E=5(H+H") © By =5 (wil; + ul) (7.3.22) 


1 
2 
The tensor E defined by the formulas (7.3.21) is the strain tensor for small 
deformation. 

The three characteristic strain measures at a particle Y: the longitudinal strain 
in the direction e, the shear strain with respect to two orthogonal directions e and 
e, and the volumetric strain &, are now expressed by: 


e=e- E-e=eujlje’, y= 2€-E-e= é' (wil, + ul, el, e =tE= wl, (7.3.23) 


The rotation tensor for small deformations R is defined by formula (4.3.20) and 
now by: 


~ 1 e 1 

R=; (H-H’) Ry = 5 (ul — wl.) (7.3.24) 
The principal directions of the strain tensor E rotates a small angle determined by 
the rotation vector in the formula (4.3.21): 


1 : 1 vik 1 ik 1 ‘ik 3 
z=5V xXue@z =e ul; = 58 UE = se Ry (7.3.25) 

We shall now present coordinate strains for small deformations in orthogonal 
coordinates. First we present the physical components u(i) of the displacement 
vector u, according to the formulas (6.5.53): 


Uj , 1 


u = u(i)e) = u(i) = wh; =—,e} Bi hig' (7.3.26) 


e} are the unit tangent vectors to coordinate lines in the orthogonal system y. The 
physical components of the strain tensor for small deformations E are defined by: 


7 1 1 ; 
é = E(ii) =e} -E-e} = pi = pail no summation w.r.t i 
; : i (7.3.27) 


hihj 


. ; 2 
Vy = 2E(y) = 2e] -E-e) = __Ey = 


1 Tal eet 


Using the formulas (6.5.70) we obtain from the formulas (7.3.27): 
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Oh; u(j) . . 
+) no summation w. r. to i 
Oys hj h; 


Yj = 2E(i) ~ hjhy ay hj Oy! ey 10) hj Oy! ( hy i 


(7.3.28) 


ey = ttE = E(ii) = ia (“) (7.3.29) 


The physical components of the angle of rotation z in formula (7.3.25) becomes 
according to the formula (6.5.57): 


zi) = oe ek i [hyu(k)] (7.3.30) 


The results of applying the formulas (7.3.28—7.3.29) in cylindrical coordinates 
and spherical coordinates are presented in the examples below. 


Example 7.1 Physical Components of E in Cylindrical Coordinates. 
(R, 0,z):u = [upr, Ue, Uz], hy = 1, hg = R, hg = 1,h=R. The formulas (7.3.28- 
7.3.29) yield: 


ER Yro/2  Yr,/2 
(E(ij)) = | Yor/2 &6 Yoz/2 
Vor/2 20/2 & 


Our 1 Our 48 Be) 10u;, | 10up 

OR 2R 00 2 OR 2 OR 2 Oz 
= 1_ Our 49d (4) 1 Oug UR 10u9 , 1 Ou, 

2R 00 2 OR R 00 R 2 Oz 2R 00 

1 Ouz ah 1 Our 10u9 4 1 Ou; Ouz 

2 OR 2 Oz 2 Oz 2R 00 Oz 


6) 
é& = trE = E(ii) = ert+egte, = + 


Example 7.2 Physical Components of E in Spherical Coordinates. 
(r,0,¢) :u= [ur, U9, Ug] A = 1,4) =r,h3 =r sin0,h =r’ sin@. The formulas 
(7.3.38-7.3.43) yield: 


é, ro /2 rg /2 
(E(ij)) = | Yor/2 &0 ~~ Yog/2 
Yor/2 Yoo/2 & 
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Ou, i Oug Uy i Oug uy,  coté 
Or °F 0 r’ oF sind O@ r r 
- 1 Ou, 0 (2) 006 _ 1 Oug sind O ( Ud ie 


& = 


ye ag ae rangoe | or 00 ame 
O (ug 1 Ou, 
Tea on 


é =trE = E(ii) =¢-+e9t+e = + 


7.3.3 Rates of Deformation, Strain, and Rotation 


The velocity gradient tensor L, the rate of deformation tensor D, and the rate of 
rotation tensor W at the time ¢ are introduced and defined in Sect. 4.4. The com- 
ponents of these tensors in a general curvilinear coordinate system y are directly 
transformed from the corresponding expressions in a Cartesian coordinate system Ox: 


OV 
L = gradv = 2 Lj vil; (7.3.31) 
1 : 1 
D=5(L+L ) Dy =5 (vil) +l.) (7.3.32) 
1 ; 1 1 
W=5(L-L’) & Wa =5 (vl = vil) = 5 (ij —Y%) (7.3.33) 


The last equality follows from the fact that the rate of rotation tensor is 
antisymmetric. 

The longitudinal strain rate é in the direction e, the shear strain rate ) with 
respect to two orthogonal directions e and e, and the volumetric strain rate &, have 
been defined in Sect. 4.4. The expressions in general coordinates are: 


é=e-D-e=e'Dye! = e'vj\je/ (7.3.34) 


j= 2e-D-e=22Dje! =e (vil, +yj|;) e! (7.3.35) 


é, = trD =divv = Di = v'|, 


L 


(7.3.36) 


The principal directions of the tensor D rotate with the angular velocity w: 
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1 i 1 ijk 1 ijk 
w=,Vxvow ae a a Wy (7.3.37) 


To find the physical components of the rate tensors in orthogonal coordinates we 
first present the physical components of the velocity vector v: 


E 1 
vie? — 8 = hig (7.3.38) 


The physical components of the rate of deformation tensor D are defined by: 


1 1 . 
é = D(ii) = e} -D-e} = pei — pe viili no summation w.r. toi 
2: 1 
ye i. 2 y y_ a A kes . . 
Vig 2D(ij) = 2e; ‘D-e¢ _ hale! — hh (vil I vil) i#j 


(7.3.39) 


Using the formulas (6.5.70) we obtain from the formulas (7.3.39): 


. 1 0 /(v(i) v(j) Oh; : : 
&; = D(ii) ig Di Dyi (42) + dit dyl no summation w.r. toi 


(7.3.40) 
é, = trD = D(ii) = a2 (=) (7.3.41) 


The physical components of the vorticity vector ¢ = rotv are according to the 
formulas (6.5.57): 


i 0 1 3) a) 
c(i) = oe Cik Byi [hyv(k)] => c(1) = —— (2 (h3v(3)] — By (hav(2)]) etc. 


ik 


In Cartesian coordinate systems the vorticity vector ¢ and the rate of rotation tensor 
W are according to Eqs. (4.4.12) and (4.4.15) related through: 


1 
Ci = ijk Wey > Wi = — 5 eiik Ck in Cartesian coordinate systems (7.3.43) 


In orthogonal coordinate systems we define the physical components of ¢ and 
W through relations similar to the relations (7.3.43): 
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c(i) = ein W(ki) = Wij) = — Sein c(k) (7.3.44) 


From Eqs. (7.3.44) and (7.3.42) we obtain: 


1 1 1 
W(23) =—-7 731 c(1) => ({hov(2)],3 —[h3v(3)],3) etc. > 
; 7 2liahs (7.3.45) 
Wij) = 2 hil ({hiv(i)] y — [AyvQ)] 5) 


The results of applying the formulas (7.3.40-7.3.45) in cylindrical coordinates 
and spherical coordinates are presented in the examples below. 


Example 7.3 Physical Components of D, W and c in Cylindrical Coordinates. 
(R, 0,z) : V = [vr, Vo, ¥2],41 = 1,t2 =R hg =1,h =R. The formulas (7.3.40- 
7.3.45) yield: 


ér — Yro/2 Yr, /2 
(D(i)) = Jor/2 é9 Por/2 
Ver/2 }.9/2 é, 


Ove 1 Ove RO (vo 1 Ov; 1 Ove 
OR oe ae t Soe R) 2aR + 2 a 
— 1 Ove RO (vo 1 Ovo VR 1 Ove 1 Ov, 
aR oo + Doe x) Roo + R az + IR OO 
10v, 1 Ove 1 Ove 1 Ov; Ov, 
2aR + 2a Doz + 2R OO Bz 
Ove ve 10vg Ov, 
é =trD = D(ii) = ég+éep te = | | + — 
(i) ORR ROO” 
O Wro Wr 
(W(ij))= | Wor O Woz 
Wr Wa 0 
0 1 |Ove _ ARvo) 1 |Ov. _ Ove 
aR | 00 OR 2|OR a 
— | — 1 | ae _ (Rvo) 0 1 Ovo _ 1 Ov. 
= 2R | 00 OR 2|a& ROO 
1 Ov Ove uy Ovo 1 Ov. 0 
2|OR Oz 2 | dz 
10v, Ovo Over Ov, 
c(1) = cr = 2W.g = = 2) = co = 2Wr, = —— - 
M) ROO Oz’ (2) Oz OR 
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Example 7.4 Physical Components of D, W and c in Spherical Coordinates. 
(r,0,0): v= [vrs Vo, vo]> M4 =1,4) =r,h3 =r sind,h=r’ sin@. The formulas 
(7.3.38-7.3.43) yield: 


7.4 


(Do) = ( ju/2 ‘tn ng? 
Vor/2 Voo/2 eo 


A _ Ov, j NOG 4M a 1 Ovg | Vr , cord 
ar? + 80 r? or sind Ob r r 9 
. _ 10, Ovo. — 1 Ovg _ sind O V6 
Yr = 5 80 ges aera Ty, oy ACen: 
. O (VG 1 Ov, 
iG | at os 
0 W, W,. 
Wii) = | W : a ee eee ee 
(W(ij)) = Or 06 | Wro = —Wor =>" |p Dp ir v0) 
W5, Woo 0) 
1 Ove O,. 
Wa = Fang E a0 (ind), 
1/o 1 Ov, 
i el ae E (rv9) ed 
_ ol O,. Ove 
c(1) = Cr = 2Woo => ay nd sr (sin 0 vg) - ou, 
1/ 1 Ov, O 


1/0 Ov, 


General Analysis of Large Deformations 


The deformation of a differential material line element dro from the reference 
configuration Kp to the line element dr in the present configuration K may be 
decomposed into a deformation of pure strain and a rigid-body motion as discussed 
in Sect. 4.5 and illustrated in the Figs. 4.15 and 4.16. In addition to the deformation 
the line element may experience a displacement u. The decomposition of the 
deformation, which does not necessarily represent the actual deformation of the 
material, may be considered in two alternative ways. We applied the coordinate 
systems presented in Fig. 7.1. 
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In the first alternative let the material be subjected to pure strain through the right 
stretch tensor U, transforming the line element drg = dY*g,x emanating from the 
particle Y at the place ro to the line element dr: 
dr =U ide dY" =a (7.4.1) 
Then the line element dF is rotated to give the element dr: 
dt =R-dr oe dy" = RN ay" (7.4.2) 


Finally, the line element dr is given the displacement u from the place ro to the 
place r with coordinates y, and becomes the element dr = dy'g;: 


dr = dt © dy! = gidy™ (7.43) 
dr = dt = RU - dro © dy' = gi Ry UEdY* _ 
The symbols are Euclidean shifters as defined by the formulas (6.6.1). 
In the second alternative of deformation decomposition the material line element 
dro is given a displacement u and moved from the reference place ro to the final 
place r. The element dro is then represented by the element dry emanating from the 
place r: 


dy = dro + dyp = gy dy” (7.4.4) 


Then the line element dro is rotated according to the rotation tensor R to give the 
element dr: 


dt =R- diy & dy! = Ridyk (7.4.5) 


The element is finally subjected to pure strain through the left stretch tensor V, 
transforming the element from dF to dr: 


dr = V - dt  dy' = Vidy! 
dr = VR - diy = VR- dro = dy' = ViRigk ay" 


(7.4.6) 


The displacement gradient tensor F is defined by the relation (4.2.7) and 
expresses the relation between the line elements dro and dr: 


or 
F = Gradr = —— ,dr =F - dro (7.4.7) 
Oro 


The results (7.4.3) and (7.4.6) show that the displacement gradient tensor F may be 
decomposed in either of two ways: 
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F = RU = VR © Fy = gy Rh Ug = ViRighy (7.4.8) 


The decomposition (7.4.8) represents the polar decomposition theorem presented in 
Sect. 3.8 with an analytical proof, and in Sect. 4.5 with a proof equivalent to the 
proof presented above. 

When the present configuration K is used as reference configuration it is con- 
venient to introduce the inverse deformation gradient tensor F~!: 


dry =F"! - dr (7.4.9) 


F"! — Fo, Folk oy* 
=o ey 


The inverse deformation tensor, also called Cauchy's deformation tensor, is defined 


by: 


BT =F'F' @ 8B, =F, "*F;} (7.4.10) 
It follows that: 
(dso) = dro - dry = dr -B™' - dr = dy’ B;' dy! (7.4.11) 


Euler’s strain tensor E, also called Almansi’s strain tensor after Emilio Almansi 
[1869-1948], is a symmetric tensor defined by the expression: 


(ds)’—(dso)’= 2dr -E- dr (7.4.12) 


From the relation (ds)°= dr - dr = dr -1- dr and the formulas (7.4.11-7.4.12) we 
obtain: 


¢ -1) g,—1 (5, _ po 
E=5(1-B"), Bj =5 (3) —8;') (7.4.13) 


The following formulas are to be derived in Problem 7.1: 


1 1 . 
Ej = 5 (g; “uy +g; ° U4; UL; U,j) = (uil +u;|;— u|u,) (7.4.14) 


E=F'EF & Ex, = Ey Fi Fi (7.4.15) 


7.5 Convected Coordinates 


The coordinate system Y presented in Fig. 7.1 to represent the reference configu- 
ration Ko of a body of continuous material is now assumed to be imbedded in the 
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continuum, which implies that the coordinate system moves and deforms with the 
material. The system is called a convected coordinate system. Convected coordinate 
systems are used in Rheology to describe constitutive models for non-Newtonian 
fluids, see the author’s book Rheology and Non-Newtonian Fluids [1]. 

The base vectors and the fundamental parameters for the Y-system are place and 
time functions. The base vectors of the convected Y coordinate system are denoted 
by ex and defined by: 


Or(Y,t) 
ay*® 


ex(Y,t) = => ex(Y,to) = g,(Y) (7.5.1) 


The reciprocal base vectors eX (Y,t) are defined by: 


eX . ¢, = oF (7.5.2) 


The fundamental parameters for the Y-system are: 
Cx, = Cxi(Y, t) =Ck: Cz, CK = Ch, t) = cK ‘ cf (7.5.3) 


The length dsp and ds of a material line element in the two configurations Kg and 
K are respectively given by: 


(ds)’= gxidY* d¥", (ds)’= Cx, d¥* d¥" (7.5.4) 


The components Cxz(Y,t) now represent two tensors in the Y-system: In the for- 
mulas (7.3.7) and (7.3.8) Cx,(Y,t) are components in Ko of the deformation tensor 
C. In Eq. (7.5.4)2 the components Cx,(Y,t) are fundamental parameters in the 
convected Y-system and components of the unit tensor 1 in K. In particular: 


Cxx(Y, to) = gxx(Y) (7.5.5) 


The components C*“(Y,r) also represent two tensors in the Y-system: con- 
travariant components in Ko of the deformation tensor C and fundamental 
parameters in the convected Y-system in K, and components of the unit tensor 1 in 
the Y-system in K. In particular: 


CY 4) =e") (7.5.6) 


It follows from the expressions (7.3.11) that in convected coordinates the 
components Ex;, of the strain tensor represent half of the change in the fundamental 
parameters from gx, in Ko to Cx, ink. 

If the y-system in K is chosen such that the coordinate system coincides with the 
convective Y-system at time ¢ then: 
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_ oy | 
~ OyK — 


Fi Ok (757) 
The Eqs. (7.5.7) and (7.4.15) show that the matrix of Green’s strain tensor and the 
matrix of Euler’s strain tensor become identical for this choice of the y-system. 


If the motion from Ko to K is given by the displacement vector u(Y, f) in 
Eq. (7.2.3), then: 


Or Oro ou Ou 


0k sed 75. 

Cea apt aye BK Tope (7.5.8) 
ou Ou du Ou 

Cin = Cx x = Bx B+ 8x “Hyr + ByR B+ Gye RYE — (7.59) 


Cxx = 8xrtux|, ture +e" | unl 


Note that the displacement components ux and w“ are related to the Y-system in Ko: 


uk =u-gx, uX =u-g* (7.5.10) 
and that covariant differentiation is to be performed in K, with Christoffel symbols 
based on the fundamental parameters gx. 

Alternatively we may use the displacement components ux and wv“ related to the 
Y-system in K: 

ug =u-ex, uk =u-c* (7.5.11) 
For simplicity we use the same symbols for the displacement components here. 
Using the result (7.5.8), we obtain: 


&kL = 8k 8, = (ex = ux) . (ez = u,) 
=Cxk eC, —Cx -U_—-—UK-Cp+UK- Uy, > (7.5.12) 


Cxt = 8x +Ux\|, + uz\|x — WY || unr 


Covariant differentiation is now marked by a double vertical line to indicate that it 
is to be performed in K and with Christoffel symbols computed from the funda- 
mental parameters Cx,. The strain components Ex, in the formulas (7.3.17) will 
have two different forms: 


1 
Ex, = 5 (uel, Feel +o uve) (7.5.13) 


Exe = = (well, + Halle — 4" llaeenlle) (7.5.14) 


1 
2 
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Note the two sets of the strain components Ex; in the formulas (7.5.13) and 
(7.5.14) are identical, while the displacement components ux and the covariant 
differentiations are not the same. Comparing the formulas (7.5.14) for the com- 
ponents of Green’s strain tensor with formulas (7.4.14) for the components of 
Euler’s strain tensor, we see that the two components set are identical if we choose 
a y-system that coincides with the Y-system at the present time f. 


Example 7.5 Simple Shear 

Figure 7.2 illustrates the deformation of a material block from the reference con- 
figuration Ko at the time fp to the present configuration K at the present time t. Ox is 
a Cartesian coordinate system. The coordinate system Y is attached to the body and 
moves and deforms with the body as a convected coordinate system. The defor- 
mation is called simple shear and is described by: 


m(¥',¥?,2) =¥'+ 80) %, m(¥?) = hh, 4 (¥’?) =¥° (7.5.15) 


f(t) is a scalar function of time and f(t) = 0. Compare the deformation simple 
shear with simple shear flow in Example 4.1. 
The inverse mapping of the mapping (7.5.15) is: 


Y'(x1,%1,t) = 2x1 — B(t)x2, ¥? (x2) = x2, Y7°(x3) = 33 (7.5.16) 


The matrices for Green’s deformation tensor C and Green’s strain tensor E will be 
computed. First we compute: 


The base vectors cx and the fundamental parameters Cx, for the Y-system are 
found from the formulas (6.2.11) and (6.2.27): 


Fig. 7.2 Deformation of a 
material block from 
configuration Ko at the time to 
to configuration K at the time 
t. Cartesian coordinate system 
Ox. Convected coordinate 
system Y 
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Or Or Ox; Ox; 


ex(Y,t) = Dyk = Ou ave = Dyk e;, ¢x(Y,t0) =ex 
1 Bp 0 
Cxi(Y,t) = exe, & (Cxz) e1+k OL, 
0 oOo 1 


Cxx(Y, to) = gxr(Y) = Oxr 


The components of Green’s strain tensor become are obtained from the formula 
(7.3.11): 


Because the ¥-system in Ko is Cartesian the non-zero coordinate strains ¢22 and yj, 
are obtained from the Eqs. (4.2.13) and (4.2.16): 


&) = /14+2e-E-e —1=/14+2Ep-1=1/1+f'-1 


. _ 2e, -E-e 
tia Jip oe, En  e/1 pe Be 
_ 2E\2 __ &B 
V1+2Ey VIi+2E 4/1+ fp? 


These results are easily obtained directly from Fig. 7.2. For small deformations: 
pK«l= Bp < f, the strain matrix and the non-zero coordinate strains are: 


B 


1 0) ) 
(Ext) = 5 B 0 0],%2=8 
0 0 0 


7.6 Convected Derivatives of Tensors 


A tensor quantity that is independent of the choice of reference, is called a reference 
invariant tensor or objective tensor. Tensor quantities dependent of the choice of 
reference, are called reference related tensors. 

In this section we apply convected coordinates Y with base vectors ex(Y,t). The 
material derivatives of these base vectors are: 
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.  OOr OO Or WwW _ 
“x = Soyk aye ar aye — Vk 


(7.6.1) 


v is the particle velocity vector. The components of the material derivatives of the 
base vectors are covariant derivatives of the velocity components: 


exe = Vln Cr (7.6.2) 
It is straight forward to show that, see Problem 7.2: 
ef = —y* ||, ef (7.6.3) 


Let a(Y, #) be a convected vector field, i.e. a vector field associated with the 
particles in the material we are considering: 


a=a* cx =ar ce (7.6.4) 
The material derivative of a is: 


aut 


. =K 
a=d Cx = 
- i 


we 4 O 
+a, | ck, a=arck = - ave ce“ (7.6.5) 


a is a reference related vector field, while the two vector fields defined by the 
components: 


= Oak Oa K 


, Oak = Ar 


(7.6.6) 


are objective. The expressions (7.6.6) are called convected differentiated vector 
components. It follows from the expressions (7.6.5) that the vectors defined by the 
components (7.6.6) are two different vector fields. In order to determine the com- 
ponents of these vectors in a reference fixed coordinate system y, we rearrange 
Eq. (7.6.5) to: 


0.a* — Gk — a*|l,, O.ax = ax ta |x (7.6.7) 


Because these equations are tensor equations, they may directly be transformed 
to the fixed y-system: 


bo hay OF yk ki 
O.a' =a —a'y'|, = +a|v“-av|, (7.6.8) 


Ot 
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O.a; = a; + ay" |; = alr + ag (7.6.9) 
Note that the convective derivatives of the contravariant and the covariant vector 
components do not result in one and the same vector. The vector field defined by 
Eq. (7.6.8) is called the upper-convected derivative of the vector field a, and the 
vector field defined by Eq. (7.6.9) is called the lower-convected derivative of the 
vector field a. The two derivatives are also presented as: 


av =a—La © a! = a — v'|,a‘ upper—convected derivate of a (7.6.10) 


a =a+L'a ad = 4;+V'|,a, lower—convected derivate of a (7.6.11) 


Convected differentiated tensor components are defined by their representation 
in a convected Y-system in which they are given directly by the material derivatives 
of the tensor components. As an example we consider a second order tensor B. The 
convected derivatives of the components Bf in the Y-system are defined by: 

a-Bk = 2 pk 7.6.12 

Bi = Br (7.6.12) 

If B is an objective tensor then so is the tensor defined by the components (7.6.12). 
One set of components of this tensor in the y-system is denoted 0, Bi and is found as 


follows. Let a and b be two objective vectors. The scalar « = B[a,b] may alter- 
natively be computed from: 


a = Brag b’, « = Bia;b! (7.6.13) 

Then we may write: 
& = O.Braxb’ + Bh O-axb" + Bh ax O-b” (7.6.14) 
4 = B; a,b! +B; a;b! +B; a;b! (7.6.15) 


Equation (7.6.14) is transformed to the y-system: 
& = O.Biajb! + ByOea;b! + Bia; Ocb! (7.6.16) 


The formulas (7.6.8-7.6.9) are used for 0,a; and O.b/ in Eq. (7.6.16), and then 
Eq. (7.6.15) is subtracted from Eq. (7.6.16). The result is: 
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[a8 - B; +B |, — Bw; ajb! =0 


Because the vectors a and b may be chosen arbitrarily, the expression in the 
brackets must be zero. Thus we have the result: 


6.B, = Bi — Bi v'|, + Byv'|; (7.6.17) 


When the material derivative and the covariant derivatives in Eq. (7.6.17) are 
written out in detail, we shall see that the terms with Christoffel symbols are 
eliminated, and that the result is, see Problem 7.3: 


 @. ., 
OB; = 5B) + Bix vt — Bri, + By (7.6.18) 


Oldroyd [2] derived the formula (7.6.18) by evaluating the material derivative 
One from the transformation equation: 
_ OY dy 


a (7.6.19) 


K 
Bu = ay aye 


The result is then substituted into the transformation equation, see Problem 7.4: 


; Oy oy 
a, B, = BYE Oyi Oe Bt (7.6.20) 


Now we define two tensors by their components in the fixed y-system and the 
corresponding components in the convected Y-system: 


0 
0, B,; inthe y—system > 3p PKL in the Y—system (7.6.21) 
iis Oty 
O, B’ in the y—system = at B*” in the Y—system (7.6.22) 


Starting with the representations « = Bya'b/ = Ba; b; for the scalar « = B[a, b| 
and following the procedure that gave the result (7.6.17) we can derive the for- 
mulas, see Problem 7.5: 


O-B ij = B; + Byv* , + Biv‘ 


hs 0.B! = Bi — BYy'| —B*y!| (7.6.23) 


The results (7.6.8), (7.6.9), (7.6.17), and (7.6.23) show a pattern for constructing 
the convected derivatives of objective tensors of any order. Note that the convective 
derivatives of the tensor components of different types do not result in one and the 
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same tensor. For a second order tensor B it is customary to let the components 
(7.6.23), define the lower-convected derivative of the tensor B, while the compo- 
nents (7.6.23) define the upper-convected derivative of the tensor B. Special 
symbols are introduced for these two tensors: 


BA =B+L'B+BL <> _— 
BA a A By + Buv' , lower—convected derivative of B (7.6.24) 
BY = B — BL" = upper—convected derivative of B (7.6.25) 
BYi = BY — y'|,BY — Bei, 

These tensors play an important role in constitutive modeling of non-Newtonian 
fluids, see the author’s book Rheology and Non-Newtonian Fluids [4]. 


7.7 Cauchy’s Stress Tensor. Equations of Motion 


The stress vector t on a material surface through a particle P and with unit normal 
n is determined by the Cauchy stress theorem (2.2.27) and is in a general coordinate 
system y represented by the three sets of components 7, T,, and Ts: 


t=T-n< t! TE ng ie nk, i= T ny = Tix nk (7.7.1) 


T is the Cauchy stress tensor. The normal stress o and the shear stress t on the 
surface are given by (Fig. 7.3): 


g=n-t=n-T-n=n7;T,n* 


(7.7.2) 
t=vt-t—-P=VkK-—&? 


We shall develop expressions for the stress vector t;, the normal stress o;, and the 
shear stress t; on a coordinate surface y' = constant. The unit normal vector to the 
surface is: 


Fig. 7.3. Stress vector t from 
a particle P on a material 
surface with normal 

n. Normal stress o and shear 


stress t 
eZ 
material surface 
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ni = 8_ (7.7.3) 


In order to simplify the development we start by showing the stresses on the 
material coordinate surface y? = constant in Fig. 7.4. From the formulas (7.7.1- 
7.7.3) we obtain: 


, TB 
t=T-w > 4 =T*n} (7.7.4) 
233 
1 1 aT ar 
3 3 33 k 2 
o73=n-T-n= T = 33 3 = thts — (03) 
g33 es 
= (7.7.5) 
On a coordinate surface y' = constant, we write: 
; [ki Ti 

(=TaSf= (7.7.6) 


Ve ee 


The shear stress t; has two components on the material coordinate surface 
y’ = constant: 


ro g, g' Tj 


— Se_.,_ 8 7. 8__ : (7.7.7) 
i Bik V 8k Va v/s 


(ti) 


material coordinate surface y’ = constant 


n? =g°/./g¢* 


Fig. 7.4 Stress vector t3 from a particle P on a material coordinate surface y> = constant. Unit 
normal vector n° = g*/,/g?3. Normal stress o3 and shear stress t3. General coordinate system y. 
Coordinate lines y!, y*, and y? 
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7.7.1 Physical Stress Components 


The physical components of the stress vector t; are denoted by t;;, and are by Green 
and Zerna [3] called the physical stress components. Figure 7.5 shows the physical 
components 113, T23, and 733 of the stress vector t;. Note that while 1,3 and t23 are 
shear stresses, the component 133 represents in general both a shear stress and a 
normal stress. 

According to the general definition (6.3.4) of physical components of a vector a: 
a(k) = a*./eix, we get: 


Skk ee 
T= VBR = eh Skk => 


=r" 5 
& 


(7.7.8) 
Thi = re els physical stress components according to Green and Zerna [3] 
g" 


Truesdell [4] defined physical stress components differently from Green and 
Zerna [3]. First the stress vector t and the unit normal surface vector n are expressed 
in physical components: 


tk) =t Jeu, n(i) =n! fei (7.7.9) 


From the Cauchy stress theorem (7.7.1) we now obtain: 


t* = Ten! = t(k) 


_ n(i) _ Skk : 
re: = Ti Te => t(k) = & 8) n( > 


t(k) = T(ki)n(i) Cauchy’ stress theorem in terms of physical components 
(7.7.10) 


ee 


material coordinate surface y’ = constant 


Fig. 7.5 Physical stress components 113, 723, and 133 of a stress vector t3; from a particle P on a 
material coordinate surface y; = constant. Unit normal vector n° = g? /,/g33 General coordinate 
system y. Coordinate lines y', y*, and y* 
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Tie) =7, [S— Truesdell’s physical stress components (7.7.11) 
ii 


Since the physical components n(i) are dimensionless and the physical com- 
ponents t(k) have dimension force per unit area, the dimension of the components T 
(ki) is also force per unit area. T(ki) are called physical stress components because 
they are the proper coefficients in the linear relations (7.7.10) between the physical 
components of the unit normal vector n and the physical components of the stress 
vector t. Note that the components 7(Ai) are not in general symmetric. It may be 
shown, see Problem 7.6, that the two sets of physical components defined by 
Eqs. (7.7.8) and (7.7.11) are related through: 


tu = Y>T(Ki) gi, [a (7.7.12) 
J 
In orthogonal coordinate systems: 


: . 1 
gi = sl =0 fori Fj, Bi = hi 


Now formulas (7.7.11) and (7.7.10) yield: 


(7.7.11) => T(k) = TH, /# = (12T*) ii = hyh,T* 
(7.7.12) > te = 32 T(K) 3/4 = T(ki) +, | Ge =k) | > (7-713) 
9 i i 
tai = T (ki) = &TE = ty h;T* 


T (ki) for k = i is the normal stress a; on the coordinate surface y' = constant, while 
T(ki) for k # i are orthogonal components of the shear stress t; on the same surface. 
In the following the physical stress components are only used in orthogonal 
coordinates, and for practical reasons we shall use the notation T(ki). Note that, 
with the unit tangent vectors to the coordinate lines e}: 

T(ki) =e, -T-e@ (7.7.14) 


t 


Example 7.6 Physical Stress Components in Cylindrical Coordinates, Fig. 7.6 
The physical components T(ki) of the stress tensor T in cylindrical coordinates are 
expressed in Fig. 7.6 and with alternative symbols in the formulas (7.7.15). The 
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formulas also present the mixed tensor components and the contravariant tensor 
components. 


Or TRO TR Tre Tro Tr: 
(T(ij)) = | tor oo To | =| Tor Too To: (Fig. 7.6) 
TR Tz9  Oz Tr Ty Tz 
7.7.15 
T, ik TG ~~ Fe 7 ( ) 
=| RT TY RY) =| RT RT” RT 
Tf? T/R 7 ARIS ae 


7.7.2 Cauchy’s Equations of Motion 


The Cauchy equations of motion (2.2.35) have the following representation in a 
general curvilinear coordinates: 


T*| + pb =pa oT*, +T"Ty, + TT, + pb! = pai (7.7.16) 
By using the result (6.5.6), we obtain the alternative form: 
1 oO 
vB dy 


In orthogonal coordinates we use the formulas (6.5.51), (7.7.12), and (6.5.51) and 
can rewrite Eq. (7.7.17) to: 


io 7h... 1 Oh. 1 Oh ks did 
= Lape (PC) + page TH) — TET UH] + pL) = pal) 


(/gT*) +T*Ti, + pb' = pa (7.7.17) 


(7.7.18) 


Fig. 7.6 Physical stress 
components in cylindrical 
coordinates 
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Example 7.7 Cauchy’s Equations in Cylindrical Coordinates. 
See Problem 7.7 


Oor Or—Go 10OtRO OTR 


b = 
OR R cor’ on 
1 0 2 1 0ag Oto. 
Og speudl eo 7.7.19 
Rar (®t) + Raq t+ Bz + Abo = pao ee 
10 10t9, | Oo; 


Ror Rt) 7 R 00 Oz + pb, = pa, 


Polar coordinates and rotational symmetry: 


dor Or—O¢g d 
— br = <= — (Ror) — Rbp = pR 7.7.20 
aR R + por = par aR! Or) — 59 + PRbr = pRag ( ) 


Example 7.8 Cauchy’s Equations in Spherical Coordinates. See Problem 7.8 


Oo,  26,—09-— 04 1 OTrd 


O 
(sin 00) 4 a + pb, = pa, 


Or ¥ r sin@ 


10,, 1 O.., Oteg|  coté 
aa; + Sean laa 6) _ SO” = pay (7.7.21 
Bar to) + na [pp Sin) + a 5 eon EY 


1 0 1 Oo 
ee (oe ee 2 TY ao EEG: = 
r3 Or (r tr) ” r sin? 000 (sin _ 40) . r sin0 0¢ + pbg = pag 


Point symmetry: 


09 = O¢, Trd TOD Tor 0) 


do, _2(0,-94) |. _ Vd 7s 
dr r a r2 dr (r or) 


7.8 Basic Equations in Linear Elasticity 


The classical theory of elasticity has been presented in Sect. 7.5.2. The most 
important equations of the theory will now be transformed to general coordinates. 

In the Cauchy equations of motion represented above by Eqs. (7.7.16—7.7.18) 
the particle acceleration will be expressed through the displacement vector u(y, £): 


a=ie a’ =v (7.8.1) 
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The constitutive equations for isotropic, linearly elastic material are represented by 
the generalized Hooke’s law, which in tensorial form, i.e. invariant form, and in the 
Cartesian form, is represented by Eq. (5.2.7), and repeated here: 


4 


T= 
1l+v 


Vv —_ 1 | 
[E+ 5 (wE)a] @ Te = 2 [B+ 5 Feu] (7.8.2) 


In general coordinates the generalized Hooke’s law is expressed by the formula: 


n 
l+v 


: : y roe 
= |B, Eo, 7.8.3 
k Ko [nay ik ( ) 
The element E‘. of the strain tensor E for small deformation may be expressed by 
the displacement gradients: 
, 1 
Ey =5(u' |, + uxl') (7.8.4) 
Navier’s equations, i.e. the equations of motion expressed through the dis- 
placement u(y, tf), are in invariant form and Cartesian form given by Eq. (5.2.27). 
The invariant form and the form in general coordinates are: 


We 


V(V-u) + (dB) = 06 wl + whet ii’) =0 


1 
1—2y 1—2v 


(78.5) 


The any orthogonal coordinate system Navier’s equations may be expanded in 
details by application of formula (6.5.104) for V°u and formula (6.5.102) for 
V(V - u). The result is: 


oy {2 ay ee (1 | Lae ome (2 (hju(k)) — 2s (hin(i))) \ 
+3 {rtd [tae (#2) |} + FW — WH) = 0 


(7.8.6) 


Example 7.9 Navier’s Equations in Cylindrical Coordinates 
Applying the formula (6.5.114) for V7u and formula (6.5.112) for V(V - u) we 
obtain: 


3 ur 2 Oug 1 O Pre ey 
Vine Re ag t Tovar’ Wt, ete) = 9 
2 Ou Uu 1 10 
2 R 0 p ss 
‘i agit? Gy BA cs 7.8.7 
Viera og wet iooree Ut geo BY) 
1 oO p 


Viet Toa) wt Goh) =0 
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where: 


v =F x) + ea o 10 10ug Ou, 


— -u=——(R een 
Ror ar) + Rog + a2’ "= Ran") + Ro + Ge 
(7.8.8) 
Example 7.10 Navier’s Equations in Spherical Coordinates 


Applying the formula (6.5.117) for V7u and formula (6.5.115) for V(V - u) we 
obtain: 


2 2 Oug 2 coté 2 Ou 1 oO 
2 ) . 
Veo a gag ge Oe an ob Ne opor 
+1 (b — tir) =0 
Vv? 1 a 2 Ou, cos 0 ug 1 10 ya) (7.8.9) 
u u : 
6 P sink 9” 2 0 rsinX 006 =1-—2vrd0 
p os 
+ —(bo — te) = 0 
nee 0) 
1 2 Ou, 2 Oug 
Vv? 0 
Me 2 aoe amos e me Od (7.8.10) 
1 1 0 0 ; - 
+ Tay sindag (YU) + 5 (Oe — te) = 
where: 
yuh 29,1 1g 1 o 
8 rér PAR Pr 00 Pr? sin? 00? (7.8.11) 
ae Weer err )+ a) 7 
8 Rar HI § in 000 nF sin 8 Ob 


7.9 Basic Equations for Linearly Viscous Fluids 


This section will only present the most important equations pertaining to the 
mechanics of linearly viscous fluids. The equations have been presented in invariant 
forms and in terms of Cartesian components in Sect. 5.3 and will now be given the 
general versions in general curvilinear coordinates. 

The equation of continuity introduced in Eq. (5.3.9) is represented by: 


Op 4 _ as OP ‘yy 
Ot +div(pv) =0< a + (pv')|; =0 (7.9.1) 
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By application of formula (6.5.51) we may rewrite the component form to: 


Op 1 Nn 
ar t+ vg vEev a= 0 (7.9.2) 


The linearly viscous fluid also called the Newtonian fluid is defined by the 
constitutive equation (5.3.11), which are now generalized to: 


T = —p(p,0)1+2uD+ («- *) (tD)1<s 


i i i 2uU i 
T; = —p(p, 0) 6+ 2u Di + (« - 24), ae (7.9.3) 


i i i i 2 i 
T; = —p(p, 9) 6; +u(v + yl ) + (« - ) ae 


When these constitutive equations are substituted into the Cauchy equation of 
motion (2.2.37) we obtain the Navier-Stokes’ equations, which are presented in 
invariant form and Cartesian form by Eqs. (5.3.16) and (5.3.17). These equations 
are repeated here for reference: 


OV I _ Bo, 1TH 
vane ne oe ra Viv4 A +K)V(V-v) +b 


p 
Ov; 1 1 ; ' : 
oy + VEVik = Pit se Viskk + (f + K) Viski + 5; in Cartesian coordinates 
Ot p p p\3 


(7.9.4) 


In general curvilinear coordinates y we obtain the contravarient components of 
(v - V)v using formula (6.5.31),, of Vp using formula (6.5.23), of V?v using 
formula (6.5.106), and of V(V - v) using formula (6.5.105). The Navier-Stokes 
equations in general coordinates y now become: 


avi ki 1 i, Hae, Lee Kyi 
Bp PY le spl +o Mn+ (GS +H)h @ 
Ov. eng ii 1 x 

a ge i ri.) =——¢ 

at Vv (v ok +y ik) fa Pyk 


(7.9.5) 


nia [yea | ~ aay [vee (Sa) 
At Oyi Ve Oyk (Vav") V2 ove Veg &§ dy’ Oy" 
pA ae ofl k F 

3 (5 +8)8" 5 | glve| +P 
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7.9.1 Basic Equations in Orthogonal Coordinates 


The velocity vector v will now be represented by the physical components 
v(i) = v' hj. 

The equation of continuity expressed in orthogonal coordinates is obtained from 
Eq. (7.9.2) and with ,/g = h: 


Op 1 O fh on 
at ji 2 By (Fon) =0 (7.9.6) 


We may use the expressions (6.5.69—6.5.70) for the covariant derivatives of vector 
components in orthogonal coordinates to obtain the formulas for the physical 
components of the particle acceleration in the Navier-Stokes’ equations, see 
Problem 7.9: 


(k) (7.9.7) 


— VG) v(k)[Oh; ,. Oh 
a= Dr * a hihy aye dye 


where we have introduced the operator: 


Do v(k) O 
Dt ae” », hy Oyk 8) 


In cylindrical coordinates the physical acceleration components become: 


_ OVR Ovr Ed Vo OvR Ove v5 
Ro "ROR ROO | a R 
Ove Ove — vo Ovo Ove — VrRVO 
= ze i 7.9.9 
a oR Roe oe OR a) 
Ov, Ov, vg Ov, Ov, 
a, = t Vv. 


2=o T’oRt ROOT” Oz 


In spherical coordinates the physical acceleration components become: 


Ov, rn Ov, i Vo OV, vg Ov, vot V4 
ay = Vy F 
Ot Or r0O0- rsindd0¢ r 
Ove Ove — vo Ovo vg Ove  vrvg cot 5 
_ 7.9.10 
ee” oe ea a ae 
Ove Ove _ va Ove - Vp OG | WVG 4 YOM oot 9 


r 00’ rsin0d¢ °° Fr 
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The constitutive equations of the Newton fluid in terms of physical components 
are: 


T (ij) = —p(p, 0) 6 +2uD(if) + (« = EY p(an)sy (7.9.11) 


The physical components 7(ij) and D(ij) are given by the formulas (7.7.11) and 
(7.3.38) respectively. 

In order to obtain the physical components of the Navier-Stokes equations we 
need the expressions for V(V - v) and V7v presented respectively by the formulas 
(6.5.109) and (6.5.111) in the general case and the formulas (6.5.112) for V(V - v) 
and the formulas (6.5.114) for V?v in cylindrical coordinates and the formulas 
(6.5.115) for V(V - v) and the formulas (6.5.117) for V’v in spherical coordinates. 
The results are: 


General orthogonal coordinates: 


. 10/10 ~)| y 
ae oe , Ps 7.9.12 
grad div v ( v) d, hy Oy; F Oyk ( hy i ( ) 


Vv=V(V-v)-Vx(Vxvy=)> ti in F - (1 ~)| \e 


ik 


h; fa) h fa) 6) F y 
» h dyk on (3 (hyv(k)) — ett) \e 


Lk 


Example 7.11 Expressions for V(V - v) and V7v in Cylindrical Coordinates 
(R, 9, z) 


b = grad div v= V(V -v) = brern+boeg +b, => 
vp ; 1 Over VR 1 Ovo 1 Ovo ‘ Ov; 


bR= oR. + ROR R2 + ROROO R200’ OROz 
», 2 Gye, Love | 1 Pv 1 Oy, (7.9.14) 
°RAOAR | R200 | R2 ave | ROGAz 
_ O’vp _ LOve | 1 &v9 Ov, 
“ @zOR ' R Oz | RAO’ AZ 
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ee vr 2 Ove] | [uo 1 | 20vr|, 
= /V VR R R | T lv Vo Re T R2 a0 eg V Veg (7.9.15) 
Oo. 29 to 3 a) 1 & 
2 _ | | | | 
v= ont rar t Rag tO aE TB sin’ 0 0@° 
Example 7.12 Expressions for V(V - v) and V7v in Spherical Coordinates 
(r, 0, ¢) 
b = graddivv = V(V : v) = b,e, + bgeg + bgey > (7.9.16) 
b= Ov, is 20v, 2 = 1 Ov i cotdd0vg 1O0ve cotd 
"oP rar FP" rara0 r Or r00 pee 
at 1 vg 1 Ove 
rsind0r0o r* sind 0d 
i 10°v_ cot ddvg 1 z 1 Ov, 2 Ov, cos Ove 
—— Vv 
Pae' P 00 sito’ rd00r P00 7? sin? 0 Od 
1 Avg 
+ 3 
r? sin 0 000¢ 
1 Ove 2 Ov, 1 Ov, 1 Ov, 
r? sin 0 Od resin? 00d rr? sin0000¢ — r? sin* 00¢0r 
cos give 
r2 sin? 0 Od 
Vv =V(V-v)—-V x (V xv) 
2 2 Ove 2cotd 2 Ove 
= y r Tr r 
| op B09 PY sin male 
1 2 Ov, 0d 0 7.9.17 
+ Iv a7, Vat 3 : — “| eg ( ) 
r? sin’ 0 r 00 Pr sin’ 0 Ob 
1 2 &, 2 Avg 
he I? + + sO e 
| " r2 sin’ a? r2 sin?00¢ — Fr? sin? a ~ » 
oe 20 1 & 1 0 1 Oo 
y= to— 4 7.9.18 
Or rdr) PA Pr eo ae” 72 gine 0a@" ( ) 


The Navier-Stokes equations for orthogonal coordinates are obtained by 
applying the formulas (7.9.7), (7.9.12), and (7.9.13) in the general expression 
(7.9.4), The result is: 
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Ov a. HO2 Iu 

ae = per ay v4 7G te)Vy v)+b s 
Dv(i) v(k)[Oh; .. Oh 1 Op ; 
a > ih aye) By v(k) | = oh ay tO 


+> tiay laa (a) |} 318) 


k 


pS tr ay! Ls € VOR pee 
lsu lofloa v(k) 
- aC +n) Dini ae (: ty 
Example 7.13 Navier-Stokes Equations in Cylindrical Coordinates 


In cylindrical coordinates: hj = 1, hg = R, hj = 1, and h=R. Applying the for- 
mulas (7.9.9), (7.9.14), and (7.9.15), we obtain: 


OV ol Boo Lyfe 
at V)v= pe ree 
Ovr Ove _ Yo Ove Over 4 ol Op 


ig _H 24 dr 2 Oag 
"ROO * dz R pOR’ p RR? R280 
a | :) (a Lor a | 1 Ovo 1 Ove | a) hs 


K)V(V-v) +b = 


p \3 OR2 ROR’ RR? ROROO R200 ~~ OROz 
Ovo |. Ovo _ voOvo | Ovo | vrvo st Op | v 1 _ 2 Ove 
o | "OR ROO | dz OR pROO p\* 8 R29" Re OG 
nee ) (aaa 1 Ov | 1Pve | sae) ; 
 p\3 ° ROOOR | R2 00 * R2 Ae? — RAOAz) ' 
Ov; bay Ov, _ voOvz | Ov, «dL Op Hoop 
O° "AOR ROO Oz p&p 
| at rx) (Se : 1 Ove | 1 Ovo | oa) Li 
p\3 OzOR ROz ROO AZ 7 
vara *) 4 ae OA Te ee 
RAR\ OR) * R2 ae? 82 AR? * ROR Ra” AZ 


Example 7.14 Pipe Flow 
A linearly viscous fluid with viscosity y flows through a vertical straight pipe with 
internal diameter d. The body force is the gravitational force per unit mass g. We 
aim to determine the pressure p and the velocity distribution in the pipe. 

We assume that the fluid sticks to the pipe wall and that the flow is steady. We 
may then assume the following velocity profile expressed in cylindrical coordinates 
(R, 0,z), with the z-axis along the axis of the pipe and positive upwards: 
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v,(R) =v(R), v(d/2)=0, vr =ve =0 (7.9.20) 


The body force is given by b, = g, by = bg = 0. The flow is isochoric, i.e. 
V-v=0, and the Navier-Stokes equations from Example 7.9 are in this case 
reduced to: 


Ov 
= +(v V)v=——-Vp+ "Vv+b > 
ot p p 
i= 10p ,._ 1 Op 
~ pOR’ pROO 
lop wU_> 10p wld dv 
ge 5 ere a aan dn) 


It follows from these equations that the pressure p is only a function of the 
coordinate z, i.e. p = p(z), and that the pressure gradient dp/dz is a constant c. We 
thus have the result with four constants of integration: C,C2,C3, and C4: 


p(z) =cz+C, 


par (R&R) =4(c— ps) > (RR) =4(c— pg)R>RR=1(c— ps) E+Q 
=> v=i(c— ps) + Con R+C; 


With the boundary conditions: v(d/2) =0, v(0) 4 oo, andp(0) = po, we 
obtain the solution to problem: 


2R\* c— pg)@ 
r= 8) =] (4) | y= eee Pp =p(z) =cz+po 


The velocity profile ve = v(R) is shown in Fig. 7.7. In order to obtain this 
velocity profile the fluid must have a rather high viscosity for the flow to be laminar. 
Otherwise the flow becomes turbulent and the Navier-Stokes equations do not 
apply for solution of the present flow problem. 


Example 7.15 Navier-Stokes Equations in Spherical Coordinates 
In spherical coordinates: hy = 1, hy = r, h3 =r sin0, andh = r’ sin 0. We apply 
the formulas (7.9.10), (7.9.16), and (7.9.17), and obtain: 


OV _ fl i) 1 /u 
cra Uae ee rte FHV ae > 
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Fig. 7.7 Pipe flow. Velocity 
profile 
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Example 7.14 Pipe Flow 
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Ove Ove vo Ove Vg OVE — VrVg 


vov 
ap ve ee 


dr + 00 rsn00b° or 6 
1 Op 
pr sinddg 1% 


cot 0 


ae (v4 ! Vo+ Gat Ne . cos 0) 
p Psin29 ° | 72 sin? Od r2 sin? @ Ob 
H(t (tage pte oa 
r’ sin’ 0 Od r sin? Q0p 7 sind000d 
1 Ov, 1 Ove 
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Problems 7.1-7.9 with solutions see Appendix 
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Chapter 8 Mm) 
Surface Geometry. Tensors oe 
in Riemannian Space R, 


8.1 Surface Coordinates. Base Vectors. Fundamental 
Parameters 


Points or places in three-dimensional Euclidean space E3 are given by a place 
vector r as a function of Cartesian coordinates x; as shown in Fig. 8.1, or by general 
coordinates y'. A surface imbedded in E; is defined by the points given by the place 
vector r, the Cartesian coordinates x;, and the general coordinates y' as functions of 
two independent parameters u! and uv? called surface coordinates: 


r=r(u'j,uw’)=r(u), x; =x(u',w’)=x(u), y =y(u',w’) =y(u) (8.1.1) 
In Fig. 8.1 the surface is described by coordinate lines, u'-lines and u?-lines. The 
surface defined by the formulas (8.1.1) is said to represent a two-dimensional 
Riemannian space Rz imbedded in the three-dimensional Euclidean space E3 

Figure 8.2 shows the tangent plane in point P to the surface in Fig. 8.1. The base 
vectors a, for the u-system as shown in Fig. 8.2, are tangent vectors to the coor- 
dinate lines and defined by: 


Or Or Oy’ Oy’ 
a, = =Vre= 3555 = 8.1.2 
Ou” Oy! Ou” 6 Ou* ( ) 
It follows that: 
Oy’ : 
=g'-a, 8.1.3 
Rye Be (8.1.3) 
The unit normal vector a3 to the surface is determined by: 
a; xa 
ee a St (8.1.4) 
Jay X a| 
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Fig. 8.1 Two-dimensional 
surface imbedded in 
three-dimensional space E3. 
Coordinate lines: u!-lines and 
u’-lines 


2 s 
u’ —line 


u' —line 


surface 


Fig. 8.2 Tangent plane to a 
surface in point P. Base 
vectors a, and a. Reciprocal 
base vectors a! and a” 


tangent plane at point P in the surface 


The unit normal vector a3 points out from what will be defined as the positive side 
of the surface. The three vectors a; represent a right-handed system of three vectors. 
Reciprocal base vectors a* for the u-system are defined by the relations: 


a” - a; = 07 (8.1.5) 


These vectors, shown in Fig. 8.2, lie in the tangent plane to the surface and are 
normal vectors to the coordinate lines. Because the surface base vectors a, and a* 
are all vectors in the same plane, we may write: 


ay = Ang a’ and a% =a’ ap (8.1.6) 


The components a, are called the fundamental parameters of the first order for the 
u-system. The components a” are called the reciprocal fundamental parameters of 
the first order for the u-system. Scalar products of the vectors in the formulas 
(8.1.6) by the base vectors ag and a’, followed by applications of the formulas 
(8.1.2), (8.1.5), and (8.1.6) provide the results: 


Oy! Ay/ 
A, - Ag = Aig = py = Bij Fut Dab? a’. al = a"? = ah, a,-a’ =al-a, = ob 


(8.1.7) 


a, a? = (ay a’) - (a ay) = ayaa’ - a, = aya" 5) = aga*” => aya” = 58 


It is convenient to define a parameter « for the u-system: 
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a = det(aup) = a11 a2. — (ai2)” (8.1.8) 
Solution of Eq. (8.1.7)4: dg, a?! — of , with respect to the components a’ yields: 


a22 a1 a12 
CS. ee. wee] (8.1.9) 


’ ’ 
a 


The angle (u!, u?) between two coordinate lines, e.g. a u'-line and a u’-line, may be 
computed from the equation: 


a, a2 a\2 


- |ai||az| - Vfa11422 


With the permutation symbol e,, defined by the formula (1.1.16) we introduce 


cos(u!,u”) (8.1.10) 


the following two sets of permutation symbols: &,3 and er 


€ap = Cup 0, et? = eup/ Vt, Cap = & (8.1.11) 


The following relationships may be derived, see Problem 8.1: 
yp 8? = 5) 65 — 55 62 => bap el? = 6F (8.1.12) 


la; X ay] = Va, a X an = Vaxaz 
a, X ag = Ega3, axa’ = eas, (8.1.13) 
a3 X Ay = Exp a’, a3 x a% = eh ap 
The components of the unit normal vector a3 in a general curvilinear coordinate 
system y in three-dimensional space F3 are denoted by a, i.e. a; = ag’, and may be 
found to be, see Problem 8.2: 


i Jyk 
1 Oy OF ag 


“2 Bue ub ® 


(8.1.14) 


Christoffel symbols of the second kind T 8 and fundamental parameters of 
second order B,g for the u-system on the surface are defined through the 
relationships: 


a,.p= TY pay + Bapas (8.1.15) 


It follows that: 
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Vp = re = Ao,p -a’, Byup = Bey = Ay,p a3 (8.1.16) 
In a plane surface the vectors a,, lie in the surface and the formulas (8.1.16). show 
that the elements B,g = 0. It will be shown in Sect. 8.7 that the elements B,g are 
components in the u-system of the curvature tensor for the surface, which repre- 
sents the surface curvatures. Christoffel symbols of the first kind for the u-system on 
the surface are defined by: 


T2p, = Ay,p° ay = Ts Apy = Vp = Tf a”? (8.1.17) 


The following formulas may be derived, see Problem 8.3: 


a3,,= —B,ga’, a%,g= —T%,a" + Byga ay (8.1.18) 
1 
dapry= Vane +E pyar Vapy = 5 (ays + Apex Aap) (8.1.19) 
, od 1 
Ly =—(va),p (8.1.20) 


Example 8.1 Circular Cylindrical Surface 

Figure 8.3 shows a circular cylindrical surface of radius R. With respect to cylin- 
drical coordinates (R,0,z) the surface is described by the surface coordinates: 
u! = @ and u* = z, with the z-axis equal to the x3-axis in a Cartesian coordinate 
system Ox. A point on the surface is given by the place vector: 


r(u!,u”) = Reg(u') +u’e, = Rep(0) +ze, (8.1.21) 


Fig. 8.3 Circular cylindrical 
surface of radius R: 

r = er(0) + ze,. Surface 
coordinates: u! = 0, 

uw? = z= x3. Base vectors 

a, = Rep and a = e,. 
Surface normal a3 = er. 


r=r(u',u’) 
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In Cartesian coordinates the surface is described by: 
x, =Rcos@, x». =RsinO, »%»%=z (8.1.22) 


The unit normal vector to the surface is a3 = er. Using the result der/du; = 
der/d0 = eg, obtained from the formulas (6.2.36), we find the base vectors as: 


Or Or Or 
ae a, Dull Rep, a2 = aaa & (8.1.23) 


By the formulas (8.1.5) and (8.1.24) we find the reciprocal base vectors: 
al'—e/R, a’=e (8.1.24) 


The fundamental parameters of first order become: 


2 
ws)steeat= (2) 
(a**) = (a*-a?) = . ) (8.1.25) 
a= det(a,p) = R 
In order to obtain the Christoffel symbols and the fundamental parameters of 


second order we need the expressions: deg/d0 = —er and der/d0 = eg, obtained 
from the formulas (6.2.36). Then we find from the general formulas (8.1.16): 


; -R 0 
I, =Tupy =0, B= (Bug) & ) (8.1.26) 


Fig. 8.4 Spherical surface of 
radius r: r = r(u!,u?) = 
re,(0, @). Surface 
coordinates: u! = 0, uw? = ¢. 
Base vectors: a; = reg, a2 = 
r sin dey. Surface normal 


a= e-(0, ¢). 
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Example 8.2 Spherical Surface 

Figure 8.4 illustrates a spherical surface of radius r with the centre of the sphere at 
the origin of the Cartesian coordinate system Ox. A point on the surface is given by 
the place vector: 


r=re,(0,¢) (8.1.27) 


The two spherical coordinates @ and ¢ in the spherical coordinate system (r, 0, ¢) 
are selected as surface coordinates such that: u! = 0, u? = @. A point on the 
surface is given by the place vector: 


r=r(u',u’) =re,(u',w) = re,(0, ¢) (8.1.28) 


The unit normal vector to the surface is a3 = e,. In order to find the base vectors 
and the reciprocal base vectors, we need the formulas (6.2.41): 


Se e aa sin Oe OD e Oee cos Je 
a0.” Oh * 00" ab 6 a0 
de d ete) 
—¢ — © _ _ sin Je, — cos 0e 
do ) dd 1 0 
Then: 
a, = OU Oe a La cre 
‘Ou 00” BH - (8.1.30) 
; wl. 
(ees Dee 
. = 9 . rane 
The fundamental parameters of the first order become: 
( ) (a a ) (" ? ) o det( ) 4 sin’ 0 
Gap) = \aa- = , a Ap) =r 
0 r’sin? 0 A (8.1.31) 


1/r 0 
a ( : 1/r? a 


The non-zero Christoffel symbols and the fundamental parameters of second order 
are found from the formulas (8.1.16): 


Ti, =cot0, I}, =—sin0cos0, 
7 5 (8.1.32) 
Ty =r’ sinOcos@, I) =—r sin cos 0 


B= (Bug) = e - ry (8.1.33) 
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8.2. Surface Vectors 


Let r(u!,u?) =r(u) and y'(u!,u?) = y'(u) define a surface imbedded in the space 
E;. On the surface a curve may be defined by the coordinate functions u*(s) with 
the parameter s being the arc length along the curve. The tangent vector t to the 
curve is the unit vector defined by formula (1.4.8): 


dr Ordy' dy’ Or du* — du” é 
ds Oyids ds Bi Oue ds ds * 


t (8.2.1) 


The tangent vectors to all surface curves on the surface y'(w) and through a place 
r(u) lie in the tangent plane to the surface at that place. For this reason the tangent 
vector to a surface curve is called a surface vector. Vectors in the tangent plane to 
the place r(w) on the surface y'(u) may be represented by surface vector fields. 
A steady surface vector field e(u) has contravariant components c* and covariant 
components C,, in the u-system: 


(a=Ca=qa* S Cai a, Ge Saye® (8.2.2) 


Note that throughout this chapter we shall only consider steady fields, in contrast to 
what was assumed in Chap. 6. In order to distinguish between the components with 
indices 1 and 2 in the space coordinate system y and the components c* and c, in 
the surface coordinate system u, we introduce the symbols c* and € for the com- 


ponents of the surface vector in the space coordinate system y. We apply the 
formula (8.1.3) and obtain: 


c=c*g,=c’a,>¢-g 


i 


c*g, : g = Cay F gi 
Oy! oi on OY (8.2.3) 
Ou* Ou 


ksi a 
cd, =e 


A space vector field b(y) may be connected to places r(w) on the surface y'(u) 
and decomposed into a vector in the direction of the surface normal a3, and a 
surface vector field ¢(w) equal to the projection of b onto the tangent plane to the 
surface y'(u): 


b= (b-a3)a3t+e, b(y) =bigi, (wu) = cga’ 
Because a3 - a, = O and ab. a, = of we obtain, using the formula (8.1.3): 


Oy’ 
b-a,=c-a, > bigi- a, = cpa’ - a, > b; —— = cg 58 = cy > 
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Cy = bi (8.2.4) 


We may check the results (8.2.3) and (8.2.4) by considering c* as components 
of a space vector. Then by the formulas (8.2.4), (8.2.3), and (8.1.7); we get: 


cy =e = (gut) & = ff OF el OF OV NG le 
* ; Out BK) Bye BN Buk) Bue Sik Oy Bub a i 
ok 


When we apply the results (8.2.3) and (8.2.4) to the tangent unit tangent vector 
t presented by the formulas (8.2.1) we find: 


po 7 =f'a fo. tv an ie beg 
~ ds ae ~ ds’ ~ ds’ Ou Out 
(8.2.5) 


Example 8.3 Surface Vector c as a Projection of a Space Vector b onto a 
Surface 

A space vector field b with components b; in a Cartesian coordinate system Ox, 
i.e.b = bje;, is projected as surface vector ¢ onto the circular cylindrical surface 
presented in Example 8.1. Figure 8.5 indicates the surface and shows the compo- 
nents b; and bz of the space vector. The base vectors and the reciprocal base vectors 
for the surface coordinate system: u! = 0 and u? = z = x3, are obtained from the 
formulas (8.1.23) and (8.1.24): ay = Reo, a! = e9/R, a! = e9/R, ay =a’ =e. 
The surface vector field c as a projection of the space vector b is now given by: 


c= cya! +c a7 = clay + cay = cp@g + c,e, > cg = €)/R= Re',c, =C2 = C 


Fig. 8.5 Projection ¢ = c,a* 

of a space vector b = b;e; 

onto a circular cylindrical 

surface of radius R. Space 

vector components ¢ of ¢ in 
be | 


a Cartesian coordinate system 
Ox 


circular cylindrical surface of radius R 
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The physical components cg and c, will be computed below, Fig. 8.5 shows the 


component cy. From the coordinate transformation formula (8.1.22) we obtain the 
transformation matrix: 


ax, —Rsind 0 
( :) = Rceos0 0 


Ou* 0 1 
The formulas (8.2.4) yield: 
Ox; Ox} Ox2 Ox3 ‘ 
Cy = bj Out => c=b Bul + by aul * b aul = b,Rsin 0 + b»Rcos 0 
=> co=bcosd—b sind 
Ox, Ox2 Ox3 
=c,=b tb b =b 
21 ye? Oye ms a2 °° 


The result for cg is illustrated in Fig. 8.5. 

Next we shall compute the space vector components ¢, of a surface vector ¢ in 
the Cartesian coordinate system Ox: ¢ = ¢,e;. First we find for the components c* in 
the surface coordinate system u: 


c= ca, = cla, +c’ay = c!Rey +c’e, = cpey +2; 


>cl=c9/R,C? =c, 
The formulas (8.2.3) yield: 


5 Ox; 0. 0. 4 
c=cj=c An cp=c! xt c 5a = = Rsin 0) = —cosin 0, 
ul u ul 


fa) 0 
7 a a - _ = (Rcos 0) = cgcos0, c3 
u u 


Ox Ox 
— 1 9%3 | 9 OXR 
oe Bs 


c2 


The results for the Cartesian components ¢, and ¢, are illustrated in Fig. 8.5. 


8.2.1 Scalar Product and Vector Product of Surface Vectors 


The scalar product of two surface vectors b and c is expressed by: 
b-c=b%c, = b,c" (8.2.6) 


The vector product of two surface vectors b and ¢ results in a vector normal to the 
surface. Using the formulas (8.1.13), we obtain the result: 
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bx e= egb* cha; =e by cgay (8.2.7) 


We introduce the concept of the rotation (b, c) of two surface vectors b and ¢: 

The rotation (b, c) of two surface vectors b and ¢c is positive/negative if the 
vector product b x ¢ is directed in the direction of/the opposite direction of the 
surface normal vector a3. In other words: 


The rotation (b,c) is positive if: (b x ¢) - a3 = &,gb*c’ > 0. (8.2.8) 
The rotation (b,c) is negative if: (b x ¢) - a3 = ¢,gb"c’ <0. _ 


8.3. Coordinate Transformations 


A new u-system of surfaces coordinates on the surface is now introduced, such that 
there is a one-to-one correspondence in the functional relationship between the sets 
of coordinates u and i: 


a =i" (ul,w) ow = Wa?) (8.3.1) 


The Jacobian J; to the mapping (8.3.1) must be non-zero: 


‘fo Ou" 


Confer the condition (6.2.3) in the case of transformation of general coordinates in 
E3. 
The base vectors a, and the reciprocal base vectors a* in u-system are defined by 


ay, = a oy a’ -a; = oF, a3 = a3 (8.3.3) 
Ou" 


~ 81 Dra 


The fundamental parameters and the reciprocal fundamental parameters of the first 
order in the #-system are: 


dap = Opa = Ax Ay = Bij GG a’ — gi — at. a? (8.3.4) 


From the definitions (8.3.3) and (8.1.2) of the base vectors a, and ag we obtain the 
relations: 
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Or Or Ou! Ou? 


40 Sa oul Ont One 
_ Ou? Ou _ 
a, = Dae ag > ag = 5, (8.3.5) 


The transformation (8.3.5) of base vectors is called a covariant transformation and 
the base vectors are alternatively called covariant base vectors. 

A surface vector ¢ has contravariant components C* in the i#-system and c# in the 
u-system: ¢ = Ca, = cPag. We find that: 


Ou" Ou" 
att = B B x 
c= Ca, = cap =i (Fa%) 


Ou" B B Ou? 


=o 
=—c?, cP=—a 
Oub ’ Oue * 


(8.3.6) 


The transformation (8.3.6) of contravariant vector components is called a con- 
travariant transformation, compare with the formulas (6.3.3) for the 
three-dimensional case. 

For any surface vector c we may state the identity: c = (c . aya’. We use this 
identity, the result (8.3.5), and the definition (8.3.3)2 of the reciprocal base vectors 
a” to write: 


Ou Ou’ Ou 
Oi. (ze. pB_ e = B _ sa B_ B 
a = (a*-ag)a’ = (a a, a) jae =5,72 > 
~, OW ou? 
a‘ = Aart! eal = ae (8.3.7) 


Due to the transformation rule (8.3.7) the reciprocal base vectors are also called 
contravariant base vectors 

The fundamental parameter of the first order and the reciprocal fundamental 
parameter of the first order in the two coordinate systems are related through the 
formulas: 


a oe ee OW Ou? oa oe 
gp = Apa = Ay * AB = on one”? =a = : aul Due 
We say that the fundamental parameters of the first order follow a covariant 
transformation rule while the reciprocal fundamental parameters of the first order 
follow a contravariant transformation rule. 

Christoffel symbols of the first kind and the second kind and fundamental 
parameters of the second order in u-system are: 
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Tp, = ay,p “ay, Tip = Von = ay, a’, Bug = Boo _ ay, p "a3 (8.3.9) 


In order to develop the relations between Christoffel symbols T 8 = Ay, beta a” 


for the u-system and Christoffel symbols ls p = Ap -a’ for the u-system, we first 
obtain from the formulas (8.3.5),: 


aa, 0 e )- Pu’ 


Bat = oat = oat aut) = aaa 
Ou’ Oa; Ou? Ou’ Oué Au? 
| "One i 8.3.10 
Ou* Ou, Oub ~— OUP Ou BLT Aaa Bah ate ( ) 


roe Ou’ Ou’ Ou? 
fab ~ Bab ne!” Bae Bub? 


From the formula (8.3.9). we obtain, using the formulas (8.3.10), (8.3.7);, and 
(8.1.16), the result: 


Ph, = 8,,p a” = ae & ’) Mes poe 


ub one one") Bae onb  ? Bye 
_ Pu di” Ou Ou? BW (8.3.11) 
Oub One Our ° Ou% OUP Bue *” 
ae ur Ou m" Ou? Ou? du? 6 
Bb On OuP Aue ° Out Oub Ouo ’” 


r 


8.3.1 Geodesic Coordinate System on a Surface 


It is not possible in general to find a surface coordinate system for which the 
Christoffel symbols are zero everywhere. However, as we now shall demonstrate, it 
is always possible to construct a surface coordinate system such that the Christoffel 
symbols are all zero in one, arbitrarily selected surface point. Such a coordinate 
system is called a geodesic coordinate system for the point, and the special selected 
point is called the pole for the geodesic coordinate system. 

Let the u-system be defined such that u* = 0 in an arbitrarily selected point P in 
the surface. In order for the u-system to be geodesic for the point P, the following 
condition must be fulfilled: 


Pig = OinP (8.3.12) 


The following coordinate system u satisfies this condition: 
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1 
nu = ut + ; (T2..) | pu? ué (8.3.13) 
It follows that: 


dt’ _ 5, Ow’ _ i’ I 


7 Our. Ou’ 
Ou” Ont Ou® 2 (Ca dlelae Ts | = 


Ou! 1, Pu? ,, Ou’ Our Ou" Ou" 
= (Ir ) et | 
Ou? On 2 Pp Ou! On Ou Ou 


, Ou 
on au sata | 


Because u* = 0 in the pole P and I, = I"), we obtain from these equations the 
results: 


y OW 24? Se. 
sa ae y ’ sa = ~(Pip)|, in P 


(8.3.14) 


When the results (8.3.14) are substituted into the formula (8.3.11), we obtain the 
result (8.3.12) for the coordinate system (8.3.13). The coordinate system defined by 
the formulas (8.3.13) is not unique to obtain the condition (8.3.12). Note that the 
results (8.3.14), imply that the base vectors for the u-system and the u-system, 
related by the formulas (8.3.5) and (8.3.7), coincide in the point P. 

Because the Christoffel symbols are zero for Cartesian coordinate systems in £3, 
we say that a Cartesian coordinate system is geodesic in every point in the 
three-dimensional Euclidean space E3. 

Let the u-system be geodesic on a surface for a point P, and the u-system 
uniquely defined by a coordinate transformation: 


iu’ (u) = u* (i) (8.3.15) 


It then follows from the formulas (8.3.11) that the Christoffel symbols in the point 
P for the u-system may be derived from the formula: 


. On Ou, 


This formula is analogous to the formula (6.5.2). in three-dimensional space E3. 


8.4 Surface Tensors 


A surface tensor of order n is defined as a coordinate invariant quantity that 
represents a multilinear scalar-valued function of n surface vectors. Let for example 
D be a surface tensor of second order and a, and a* the base vectors for a coor- 
dinate system u on a surface in R2. Then for any two surface vectors b and c: 
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b=b’a,=b,a", c=c’a,=c,a” 
the tensor D represents a scalar given by the bilinear function: 
a = Dib, c] = D[b%a,, c’ ag] = D[a,, ag] b%c’ = D[b,a%, cga’] = D[a*,a"]b,.cz 
a = Dib, c] = D[b%a,, cpa”] = D[a,,a"]b%cz = D[b, a”, chag] = D[a’, ag] b,c? 
(8.4.1) 


Thus the tensor is represented by any of the following four sets of components in 
the coordinate system u on the surface: 


Dip = D{a,, ay covariant components 
pD¥ = D{a’, a! contravariant components (8.4.2) 
pb = D{a,, a’), D; a D{a’, as] mixed components 
The relations (8.4.1) may now be expressed as: 
a = Dib, ¢] = Dygb"c’ = D**b, cy = Dh b*cp = Di b,c! (8.4.3) 
Using the relations (8.1.6) for the base vectors, we get the relationships: 
Dé = Dia, a*| = D[a,, a’ a,] = a*"D[a,, a,] =a""Dy etc. —(8.4.4) 


The algebra for surface tensors is analogous to the algebra for space tensors. The 
transformation rules for the components of the tensor D when transforming from a 
surface coordinate system u to another surface coordinate system u, are found as 
follows: We apply the formulas (8.3.5) and (8.3.7) and obtain: 


. Ou’ — Onn | _ Ou ou? 


B_ pq. a’) = p 
Di = D{a,,a’] = aE a5 oA DP etc. (8.4.5) 


Ou uP? 
It may be shown, Problem 8.4, that the permutation symbols ¢, and e%8 defined 


by the formulas (8.1.11) represent components of a surface tensor: the permutation 
tensor for surfaces. 


8.4.1 Symmetric Surface Tensors of Second Order 


A symmetric second order surface tensor S satisfies the requirement: 


S[b,c] =S{c,b] = Sfa,,ag]=Slaz,a,] = Sp=Sp, etc. (8.4.6) 
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Fig. 8.6 u!-line and 1?-line 
on a surface in £3. Tangent 
plane on the surface. Vector s 
for the direction b, normal 
component o for the direction 
b, and shear component t for 
the directions b and ce 


tangent plane to the surface 


Let b and ¢ be two orthogonal unit surface vectors at a point P ona surface y'(u). 
For a second order symmetric tensor S we define a vector s for the direction b, a 
normal component o for the direction b, and a shear component t for the directions 
b and c (Fig. 8.6): 


s=Sb=S-be s%*=Sjbh 
o=b-s=b-S-b=b,S*b (8.4.7) 
tT=¢-s=c-S-b=c,S*bp 


The principal values o = o, and og, and the principal directions b = b, and bp, 
are defined by the by the equations: 


ob = S-b > aby = Sib, 


(09; 7 sj) b, =0 (8.4.8) 
The solution of this set of equations requires that: 
det( od} - s3) =0 => 

o° — S%a+ det S=0 0° — (trS)o+ det S =0 (8.4.9) 


The trace trS and the determinant detS of the surface tensor S are the two 
principal invariants of the surface tensor S: 


trace of S:trS=trS= t(j) aS =5, 45 (8.4.10) 
determinant of $: det $= det S = det(s4) = S}S}—S}sj (8.4.11) 


Equation (8.4.9) is the characteristic equation of the surface tensor S and deter- 
mines the principal values 0, and 62 of the surface tensor S: 
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o, 1 A ses I 1 2 
7 =5tS+\/7 (tr) — det S = (Sj + 83) + (51-9) + Shst 


(8.4.12) 


Due to symmetry s? = $}, which implies that the principal values are real. The 
directions b; and b2 corresponding to the principal values a; and o> are called the 
principal directions of the surface tensor S and are determined from the linear 
equation (8.4.8). The development from the formula (8.4.8) to the formula (8.4.12) 
is analogous to the development from the formula (2.3.6); to the formula (2.3.9) in 
Sect. 2.3.1. Based on the discussion in Sect. 2.3.1 we may conclude that if o, 4 02, 
the principal directions are orthogonal, and if ¢; = o2, any direction on the surface 
is a principal direction for the surface tensor S. 

The angle ¢ between a principal direction b, corresponding to the principal 
value o, and the base vector a; is given by the formula, see Problem 8.5: 


o— S| a1 a\2 
—— 8.4.13 
St va Vu ( ) 


tan db = 


8.4.2 Space-Surface Tensors 


Let E be a space tensor of second order. The covariant components of the tensor 
E in a general space coordinate system y are: 


E, = E(g,,g,| (8.4.14) 


The components D,, = E (a, az) represent a surface tensor D of second order. The 
relationship between the space components E£;; and the surface components Dy, are 
found by application of the formulas (8.1.2): 


(8.4.15) 


Oy — Ay/ Oy! Oy! 
Dup = E[a,, ag] B| 4 pat 


4 = oe 
Si ae’ ®i Bub | ~ Ou Oub 2 
The fundamental parameters a, and a“? represent components in the u-system 
of the unit tensor of second order 1. The following relations apply: 
dy’ dy! a of ay BA a8 
Aas, ap] = aig.) = ap, Aa’,a] =a%a"I[a,,a,] =a 
1[a*, ag] = 1[ag,a"] = a1 [a,, ag] = a” ag = 0f 


(8.4.16) 


Note that the formula (8.4.16), is in agreement with the formula (8.1.7); 
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A space-surface tensor of order n,m is an invariant quantity representing a 
multilinear scalar-valued function of n space vectors and m surface vectors. As an 
example let F be space-surface tensor of order 1,1. The tensor has then the fol- 
lowing component sets with respect to the coordinate systems y in £3 and u in R2 : 


Fiz = F{[g;, a.) = gi 7 F S ay, Fe = F[g,,a”] = a’ Fig 


‘ oe ; (8.4.17) 
Fi =F[g',a.] =g"Fje, F" =Flp',a®] = gla Fig 
Let c be a surface vector and d a space vector. Then: 
h = F -c with components h; = F;,,c” is a space vector 
(8.4.18) 


k =b-F with components 4, = b'F;, is a surface vector 
The components Oy'/Ou* represent a space-surface tensor of order 1,1 with the 


property of projecting a space vector b onto the tangent plane to a surface, as shown 
by the relationships (8.2.4). 


8.5 Differentiation of Surface Tensors 


Let e(u) be a surface vector field on the surface y‘(u): 
c(u) = c*(u)a,(u) = c,(u)a’(u) (8.5.1) 
We compute the vectors ¢,z and use the formulas (8.1.15) and (8.1.18)s: 


CyB = CB ay + C*AgB = Cusp a” + CoA” ,p 


= c" pay +c* (Miya, + Bapas) = Cy,pa” + Cy (-T% a’ + Byga™ as) > 
Cp = (cp + oT) a, + c"B,pa3 = (cup ~c,1%p) a+ CB pas (8.5.2) 
Here we define the covariant derivatives of the vector components: 
Cpa ip tel, Calg = Cap Tip (8.5.3) 
From the results (8.5.2) and the definitions (8.5.3) we obtain: 
Cp = C"| gy +" Bypa3 = Cy ga” + CoBpas (8.5.4) 
The tangent vector t to the curve u%(s) on the surface y/(u) is a surface vector 


determined according to formula the formulas (8.2.5) by the components ¢* in the u- 
system and by the components t* in the y-system. We now compute: 
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de du? ; 

ae = C,B ae = CR 1P = c*| gta, + CB, ot ax = Calptha” + C,Bithag (8.5.5) 
We define the gradient of the surface vector e(u), denoted by gradc, as the second 
order tensor: 


grade = c"|a, @ a? = cy|a* @ ag cos (8.5.6) 
gradc|a,,a’] = c*|s, grade[a,, ag] = cal v 


We also define the vector: the absolute derivative 6¢e/6s of the surface vector field 
c(u) along the curve u*(s) as the vector: 


de 0c* OCy 4 OC 


Oc 
Oo B % Bp 
a= 8 eG Ist» re Cal gt (8.5.7) 


The results (8.5.5) and (8.5.7) are now combined to give: 


de oc oc 

oe -B-t —= dc) - ay 

a +(e Jas, is (gradc) -t (8.5.8) 
For plane surfaces the fundamental parameters of second order B,, are all zero, 
which implies that: 


de oe 


ae for plane surfaces (8.5.9) 


From the formulas (8.5.7) and (8.5.3) we get the results: 


oc* — dc* oc dc ; 
Sy ee Fa OT 8.5.10 
os ds ee os ds Ci" ap ( ) 


Let b(y) be a steady space vector field and u%(s) a curve on the surface y'(w), 
where s is the arc length parameter along the curve. Along the curve we compute 
the vector db/ds from the gradient of the vector field b(y), as presented in 
Sect. 6.5.2 by the formulas (6.5.33), (6.5.30), and (6.5.31): 


i 


db ob j j i i i i 
Z = (gradb) tee —=b'jj0/ b= grad b[g',g] = b'y +0'T, 
(8.5.11) 


We introduce the tensor-derivatives b'|, of the components of the space vector b on 
the surface y'(u): 
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; i ; Oy! i dy! 
b'| , = grad [g',a,| = grad 858i = grad [e'. 8] = = ee 
ie a a (8.5.12) 
iy _ pit OW” i) _ (pi. a pep pi pki bys 
bla = Blas Bila = (by +0'Ty) 2 Ba + OT ye 


We let the quantity grad b be the space tensor field with components b’|; i.e. the 
covariant derivatives of the vector components b’, but also a space-surface tensor 
called the tensor-derivative of b on the surface y;(u) with components b' |, : 


b'|, = gradb[g',g) = 5 +5'T, (8.5.13) 
i Oy i k Oy! j 
b'|, = grad b[g’,a,] = b 5 5 =D +b Ty, ; (8.5.14) 


Thus the symbol gradb represents both a space tensor field and a space-surface 
tensor field. 

From the formulas (8.5.11), (8.5.12), and (8.2.5) we obtain the following 
alternative expressions for the component form of the vector db/ds: 


ob! i j iy yo 
so st = Lt (8.5.15) 


Let A be a space-surface tensor of order 1,1 that connects a space vector b and a 
surface vector c: 


b=A-cSbi=Aic’ (8.5.16) 
The following results will now be derived: 


Oy; 


1 I io i y 
B\p= Ay Ipc’ +A,c*|, where A alp=A ‘op ALT, + Ay Ti Fug (8.5.17) 


We use the formulas (8.5.12) and (8.5.3), and obtain: 


;, Oy! 
i AT 
(8.5.12) =: b'|, = dip + UT a 3 
bi = Alc* > bi p= Alpe +Aic’.p 
(8.5.3); >: 0% p= c%|p—cT, 


; ; <4 dy/ 
=> bil, = [Aig —AiT ig + Ail, 


i let +A lh => 


i i 4 ina i i ity ipi dy! 
b lp = Aj |pc +A,c lp where A, |p = A,p A yp 1 AV yap => (8.5.17) 


290 8 Surface Geometry. Tensors in Riemannian Space R2 


The components A!| represent a space-surface tensor of order 1,2 called the 
tensor-derivative of A on the surface y;(u) and may be presented as the gradient of 
the a space-surface tensor A in the following sense: 


grad A[g'; ay, ag] = A), (8.5.18) 


The absolute-derivative of A along the curve u,(s) is a tensor of order 1,1 defined 
by: 


oA oA 
Ge = (grad A) +t, A lat (8.5.19) 


By combining the formulas (8.5.15), (8.5.19), and (8.5.7) we may present the 
formula (8.5.17), as: 


db oA ik de, db! _ OA, a4 Ai dc 
ds os. . és ds os , * Os 


(8.5.20) 


From the formulas (8.5.17) and (8.5.19) it follows that when the space coordi- 
nates are Cartesian and the surface coordinates are geodesic in a point P, the tensor- 
derivative components are reduced to a partial derivatives, and the absolute 
derivative components are reduced to an ordinary derivatives in the point P: 

OA, OAL, gp OA dub dA’, 


Ai ls =A'ap = Sacks 1 lame i laa 
x |p ae Oug’ Os alp Ouf ds ds 


in the point P (8.5.21) 


This fact may be used in a general definition of the tensor-derivative grad A and the 
absolute-derivative 6A/6s of a tensor space-surface tensor A of order m,n. At a 
point P on a surface imbedded in a three-dimensional space we introduce a 
Cartesian coordinate system x and surface coordinate system u that is geodesic with 
respect to the point P. The tensor-derivative grad A of the tensor A is a tensor of 
order m,n + 1 which in point P is represented by the partial derivative of the 
components Alig of with respect to u,, ie. Abt By = Aj..jx--p,y. In a general 
space coordinates system y and a general system u of surface coordinates, the 
formula (8.5.17) indicates how the components A! wf ooB F of grad A are presented. 

The absolute-derivative of A of order m,n along a curve u(s) on the surface is a 
space-surface tensor of order m,n and defined by: 


i 


oA OA, iy ; 
a (grad A) to se Apple (8.5.22) 


In a Cartesian coordinate system x and a geodesic surface coordinate system u: 
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oA = dA a 6A’... = dA’... 


os ds os ds 


(8.5.23) 


From the definitions above we can conclude that tensor-differentiation and 
absolute-differentiation follow ordinary rules of differentiation. 

The tensor-derivative of a surface tensor is called the surface gradient of the 
tensor and are represented by the covariant-derivative components on the surface. It 
follows that for a space tensor A: 


dA oA 
= 8.5.24 
ds os ( ) 
The gradient of a surface tensor A on a surface is represented by covariant 
derivative components in space or by tensor-derivative components on the surface, 
as indicated by the formulas (8.5.14). A general rule is: 


Ole = 01% (8.5.25) 


For convenience we present the tensor-derivatives of the base vectors 
g;, g', a, anda’: 


ay! i ;, Oy! 
Bil. = Bili5 ig = 9 #|,=¢2 liz,a = 9 (8.5.26) 
ay | = asp — aT yp, a” |, =a",g—aT Sp (8.5.27) 


It follows that a, | yg and a” | g are vectors that, when a change is made from a surface 


coordinate system u to another u-system transform as surface tensors of second 
order. By the formula (8.1.15) the formulas (8.5.27) may presented as: 


ay |p = Bap as, a” |, = Byas (8.5.28) 


For a geodesic coordinate system u for a point P on the surface y'(u) we can 
show, see Problem 8.6, that: 


ah 


dukes (tai = 0 mr (8.5.29) 
These results are used to argue that for any coordinate system u on the surface y'(u), 
the following holds true, see Problem 8.7: 


Odyp baP Eup be%B 


eB 
os os os os 


ah | 


auf y Exp |y y 0, 0 (8.5.30) 


y 
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The following results can be shown for covariant derivatives of the components 
of a second order surface tensor D, see Problem 8.8: 


Dp |, = Dapsy —DipU i) — DusV G,, Dil) = Dfy + DGV 7, — DIT G, (8.5.31) 


These formulas provide a pattern for constructing the covariant-derivatives of the 
components of surface tensors. 

For the tensor-derivatives of the fundamental parameters and the components of 
the permutation tensor P we will find on the surface y'(w), see Problem 8.9: 


Sile= 8 le=9, tin |, =e" |, =0 (8.5.32) 
For the components of the curvature tensor B we shall find, see Problem 8.10: 


oy! dy’ 


Bap =aialedin Saale 


= Bp a* (8.5.33) 


The covariant-derivative and tensor-derivatives of second order of the compo- 
nents of surface tensors shall now be developed. For a surface vector ¢ we use the 
formulas (8.5.3) and (8.5.31): 


Calpy = (cor —col 5) an Ca ~ eT %p) Vy ~ (Casa = CTs) Ty 
= (cx.py Cony Ti, al %piy) a (cp See a fs ) — (Cura Ty — col, T%, )= 


) A 7 A ) 
Cy |py = Ca spy —Co (Ten Vogl ay be) in) — Cosy Vip — C1sB T,, — Cash T%, 


(8.5.34) 
We introduce the components: 
From the formulas (8.5.34) and (8.5.35) we derive the result: 
Cy ly — Calyp = CoRi pg. (8.5.36) 


It follows from this result that the components R’,, represent the components of a 
fourth order surface tensor R. This tensor is called the Riemann-Christoffel tensor 
for the surface. 

The result (8.5.36) shows that the order of covariant differentiation is not 
immaterial, i.e. c,| by # Cy lp unless the Riemann-Christoffel tensor is a zero ten- 
sor. We shall discuss this situation in Sect. 8.7. 
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For a scalar field d(y) the surface gradient on a surface y'(u) is defined by: 
grad @ = (0¢/Ou”) a*. Because grad ¢ is a vector it is convenient to introduce the 
symbol ¢|, = ¢,., such that: 


0 
grad oe a” = ¢,a° = o|,a" (8.5.37) 
It follows, see Problem 8.11, that: 
lap = Pl bx (8.5.38) 


In Problem 8.12 we are asked to show that for the second covariant derivative of 
the components D,g of a second order surface tensor D we shall find: 


Daflys = Dyp ly = Do pRoy5 + DigRhy5: Days = Dap | ;,only when R = 0 
(8.5.39) 
Similar results may be shown for surface tensors of higher order and for 


space-surface tensors. 
From the formula (8.5.35) we can derive the formula: 


R5upy = AscR ip. = Dyy5,8 —Tapssy + PapolS, _ Puicol Sp > (8 5 40) 


Symmetry properties: R35, = —R5oyg = Ryspy = Rpysx 


The symmetry properties for the components R5,,z, imply that the tensor R only has 
one distinct component y different from zero in any specified coordinate system u, 
and the properties are satisfied by setting: 


Ro5apy = YE5xEp~y => Rizi2 = you (8.5.41) 


By application of the formulas (8.1.12). and (8.5.41) it follows that, see Problem 
8.13: 


_ 
v=] 2 YR sup, (8.5.42) 


The result shows that the component y is an invariant in the surface, i.e. y is 
independent of the coordinate system u on the surface. The component y is called 
the total curvature or the Gauss curvature for the surface. The geometrical inter- 
pretation of y will be demonstrated in Sect. 8.7. 

The divergence of a surface vector field c in a surface is defined as the scalar 
dive = c*|,. We use the formula (8.1.20) to obtain the result: 
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1 
dive = Cl, = Cn +O}, = On + (Vi) w= Fe (PVA) p> 
: of 
1 0 
dive = (IVa) p= a5 g (hve) 


The rotation of a surface vector field c in a surface is a vector field defined by the 
formula: 


rote = Bee | 83 = Pep. a3 (8.5.44) 
Weingarten [1836-1910] has developed the following formula for the 


tensor-derivative of the space components a’ of the surface normal a3 = a'g; toa 


surface u*(y),, see Problem 8.14: 


; Oy! 
a\,= BE Weingarten’ s formula (8.5.45) 
me ‘Ou 


For a space vector b = bg a! + b3a3, we shall find, see Problem 8.15: 


bx = (bp ly — b3Bpx)a® + (b3,. +.bpBo)as (8.5.46) 


8.6 Intrinsic Surface Geometry 


8.6.1 The Metric of a Surface Imbedded in the Euclidean 
Space E3 


Let a curve on a surface y'(w) be described by the place vector r(u) with the surface 
coordinates given by the functions u*(s) and where the curve parameter s is the 
length of the curve between two points P and Q on the curve. The arc length 
formula (1.4.5) is now presented as: 


Q 
=u [dr ar os (8.6.1) 
s= a a .O. 
P 


The curve differential dr and its length ds are given by: 


Or - 
dr = —du’ =a,du", |dr| = ds 
Ou* 


(ds)? = dr - dr = (a,du*) - (agdu") = ayy du*du? 


(8.6.2) 
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The quadratic form a, du*du®, which represents the scalar ds, is called the first 
fundamental form of the surface and the metric of the surface. 

If it is possible to choose the coordinate systems on two different surfaces such 
that the surfaces have the same metric, the surfaces are said to be isometric surfaces. 
Surfaces that are isometric with a plane are called developable surfaces, e.g. 
cylindrical and conical surfaces. For developable surfaces it is possible to introduce 
a coordinate system for which the fundamental parameters of first order and the 
metric take the forms: 


dap = Sup = dapdu"duh = du*du’ (8.6.3) 


On a plane this coordinate system u is Cartesian and the Pythagoras formula, 
Pythagoras [ca. 580 — 495 BCE], may be used to calculate lengths. A surface that is 
isometric with a plane is also called a Euclidian surface, and the surface represents 
a two-dimensional Euclidian space E. 

A general surface imbedded in the three-dimensional Euclidean space E3 is said 
to represent a two-dimensional Riemannian space Ry. A general theorem for n- 
dimensional spaces [1] may be stated that: 


Ry = FE, = R=0 ie. the Riemann — Christoffel tensor is a zero — tensor 


< for a Euclidian surface the Gauss curvature y is zero. 
(8.6.4) 


Note that for Euclidian surfaces the order of covariant-differentiation and 
tensor-differentiation is immaterial, e.g. A)|,, = A‘|p- 

Surface geometry related only to coordinate systems on the surface and the 
corresponding metric is called intrinsic surface geometry. Absolute-differentiation 
and covariant-differentiation of components of surface tensors are intrinsic opera- 
tions. Isometric surfaces have identical intrinsic surface geometry. This implies that 
intrinsic surface properties are common for isometric surfaces, and they have the 
same Riemann-Christoffel tensor R and the same Gaussian curvature y. Isometric 
surfaces may have different forms in E3 and this form is determined by the cur- 
vature tensor B, which will properly be presented in Sect. 8.7. 


8.6.2 Surface Curves 


The unit tangent vector t to a curve u,(s) on the surface y;(u) is the surface vector 
defined by the formulas (8.2.1): 


dr Ordy' dy’ Or du* — du’ 2 
ds Oyids ds Bi Oue ds ds * 


(8.6.5) 
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The derivative of t with respect to the arc length parameter s is according to the 
formulas (1.4.10) and (8.5.8): 


at ot 
— => kn = — t-B-t = 
Fis 55 t ase 


at 


a (8.6.6) 


The vector n is the principal normal to the curve and x is curvature of the curve. 
The contribution d6t/ds is a surface vector and because t is a unit vector this surface 
vector is a normal vector to the curve: t- t = 1 => (dt/ds) - t = 0. We introduce the 
unit normal vector m parallel to the vector dt/6s, defined such that the rotation (t, 
m) according to the definition (8.2.8) is positive. Because t and m are unit vectors, 
the rotation (t, m) is positive when: 


ep tm? = +1 (8.6.7) 


Figure 8.7, which will be presented later, shows the normal vector m, the tangent 
vector t, the unit normal vector a3 to the surface, and the principal normal vector 
n to the curve u*(s). From the relation (8.6.7) and the definition of the permutation 
symbols é¢, it follows that: 


t= mg, m* = ete (8.6.8) 
The geodesic curvature o for the curve is defined by the expressions: 


ot” ot” ¥ 
o = =m, + == om (8.6.9) 


surface y' (uw) 


surface curve u,,(s) 


Fig. 8.7 Surface y/(u) and surface curve u*(s). t = tangent vector to the curve u*(s). a3 = unit 
normal vector to the surface y/(u). m = principal normal vector to the curve u*(s). m = unit normal 
vector to the curve w7(s) in the surface y'(u). « = curvature of the curve u*(s). « = curvature of 
surface for the direction t. ¢ = geodesic curvature of the curve u*(s) in the surface y/(u) 
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From the result de” /6s = 0 in the formulas (8.5.30) and the formulas (8.6.8) and 
(8.6.9) it follows that: 


dm” ot 
— = Bot al = Ba — —of* 
Sr’ op eB ot (8.6.10) 


The following formulas are called the Frenet-Serret formulas for a surface curve: 
ee eer (8.6.11) 


Confer with the corresponding formulas (1.4.13) for space curves. 

We shall now develop equations that may be used to determine the shortest 
surface curve u*(s) between two points P and Q on the given surface y'(u). A 
neighbouring curve to the curve u*(s) is defined by the coordinates: 


v"(s,6) = u"(s) + ew"(s), w*(sp) = w*(sg) = 0 (8.6.12) 
é is a small number and w*(s) are two arbitrary functions of s. The length L = L(e) 


of the curve v*(s,¢) between the points P and Q is given by an integral obtained 
from the arc length formula (8.6.1): 


Because the fundamental parameters a, are functions of the coordinates u*(s) the 
integrand in the integral can be regarded as a function of v*(s,e) and of 


dv"(s,é)/ds : 
dy dy* dyh 
A ca da 6.14 
#(v.) uae ds ds eel!) 


The requirement for the functions w%(s) in the formulas (8.6.12) is that the length 
L(e) shall have a minimum for ¢ = 0, which implies that: 


Q Q 
_ Of Ov’ dy" = 
Lae Ns rhe * ere O(dv* /ds) (4 =) bas =0 
P P 


e=0 e=0 


dL(é) 
dé 


From the formulas (8.6.12) it follows that: 


298 8 Surface Geometry. Tensors in Riemannian Space R2 


Ov" x Ofdv’\ _ dw 
=w", s(= -) PP (8.6.16) 


The first integral on the right-hand side of Eq. (8.6.15) is now reduced to: 


g Q 
Of Ov" 7 of , 

tx dE as = [ {oe has (8.6.17) 

- P 


e=0 


The second integral on the right-hand side of Eq. (8.6.15) is developed by a partial 


integration: 
Q Q 
| bee Od [ads) me ~) fe 7 7 eer Odu]ds) ds rai 
Q 
= {waeTa” a le Nia duds) spas 


laa pee = / {aan (=) jas 


(8.6.18) 


e=0 


When the results (8.6.17) and (8.6.18) are substituted into Eq. (8.6.15), we obtain: 


Q 
= of _d_ Of oe 
e=0 kee aan} ds = 0 (8.6.19) 
P 


For this integral to be zero for any choice of the functions w*(s) the integrand must 
be zero, see Theorem 9.2. Hence we have found that the functions describing the 
shortest curve u*(s) between the points P and Q on the surface y'(w) must satisfy 
the equations: 


dL(é) 
dé 


Of d Of | 
Out ds O(du*/ds) — 


(8.6.20) 


In standard calculus of variation Eq. (8.6.20) are called the Euler equations to 
following problem: Find the functions u%(s) representing a curve between the points 
P and Q on the given surface y‘(w) that makes the integral: 
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Q 
L= / f (« =) ds = a minimum between the points P and Q (8.6.21) 
P 


when compared with value of the integral for any choice of neighbour curves 
v%(s, €) as given by the formula (8.6.12). The solutions u*(s) of the Eq. (8.6.20) are 
called the extremes of the functional L. 

In the special case where the integrand f is given by formula (8.6.14), the 
functional L represents the length of curves between two points P and Q on a 
surface y'(uw), and the Euler equations determine the curve u%(s) on the surface with 
the shortest length between the two points. Such curves are called geodesic curves 
or geodesics. We shall now find the differential equations that determine geodesic 
curves. We compute: 


Of du’ du? Of du* 
5a = F Dy Brads ds 05 aera = af 7 2p A a = 7 Aap ds 
f = 1 along the curve u,(s) > = 
dof d dub du’ dul dub (8.6.22) 
= Axp = AxB yy + dap sz 
ds O(du*/ds) ds ds ds ds ds 


of 1 du’du® d Of du’ du® du? 


Out 27 as ds ’ ds O(du/ds) — “*” ds ds 1 Gal ds? 


The results (8.6.22) are substituted into Eq. (8.6.20) and the result is: 


Pub (1 du! du’ _ 
AaB age grb Sabor) ae as 


Here we use the formula (8.1.19), and the symmetry properties of the Christoffel 
symbols to obtain the result: 


Pik 1 1 dw’ dub 
Auf ae [ior +V hyo 2 Dyup 2 Tin ds ds ~ 
= Cub in dh! duh 
ayg—- 
B ds2 “ds ds 


Finally this result is multiplied by a*’, summation is performed over the index «, 
the index p is changed to the index «, and the formula (8.1.17), is applied. We then 
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obtained the following set of differential equations for the geodesic curve u*(s) on 
the surface y'(u): 


Cu du! du’ 
+1. =0 8.6.23 
ds? BY ds ds ( ) 


The formulas (8.6.5) show that du*/ds are the contravariant components of the unit 
tangent vector t to the curve. When Eq. (8.6.23) are compared with Eq. (8.5.10), 
we see that for a geodesic curve: 


ae (8.6.24) 
os 


From Eq. (8.6.9), it then follows that the geodesic curvature o is zero for a geo- 
desic curve. 

With respect to the x3-plane in a Cartesian coordinate system Ox Eq. (8.6.24) for 
the geodesics on the plane are: 


2 
d°Xy 
ds 
=> Xy = a,S+b,, where a, and b, are constant surface vector in the plane. 


=0 


Thus, as expected: the geodesics on a plane are straight lines. 

On developable surfaces like cylindrical and conical surfaces we shall find that 
the geodesics are helices, see Example 8.5. Geodesic curves on a spherical surface 
are great circles. 

Let a (u) be a surface vector field defined on the surface y'(w) and u*(s) a curve 
on the surface. The vector field a (u) is called a parallel vector field with respect to 
the surface and the curve if: 


8 gn ee =o ce “(s) (8.6.25) 
507 ir ae along the curve u”(s 6. 
The component equations are two first order ordinary simultaneous equations with a 
unique solutions for the vector field a(u) when the vector a is specified in a point on 
the curve u*(s). From Eqs. (8.6.25) and (8.5.8) it follows that for a parallel vector 
field: 


da 
a (a-B- t)as (8.6.26) 


This result shows that the vector da/ds is perpendicular to the surface vector a, 
which implies that the magnitude |a| of the vector a is constant. It may be shown, 


see Problem 8.14, that along a geodesic curve the unit tangent vectors t represents a 
parallel vector field related to the geodesic curve. 
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Let P and Q be two points on the surface y'(u), and a(u) and b(w) two parallel 
vector fields related to two different curves between P and Q on the surface, and 
such that the vectors a and b are parallel in P. It may be shown, see Problem 8.15, 
that the angle (a,b) between two parallel vector fields a(u) and b(u) related to the 
same curve u”(s) on the surface y'(w), is constant. 


8.7 Curvatures on a Surface 


The curvature « and the principal normal vector n of a space curve are defined in 
Sect. 1.4 by the formulas (1.4.9) and (1.4.10): 


dt ar ldt 1dr 
c= = = = 8.7.1 
R= lds ds?|’ kds_ Kk ds? ( ) 
The formula (8.6.6) is now be presented as: 
kn = om-+ (t-B- t)a; (8.7.2) 


The three normal vectors a3, n, and m are all in a plane perpendicular to the tangent 
vector t, as shown in Fig. 8.7. The scalar invariant t - B - t is called the curvature kK 
of the surface for the direction t, and is also seen to be the normal component to the 
tensor B for the direction t: 


k=t-B-t (8.7.3) 
From Fig. 8.7 we derive the results: 
k=Kxcos0=t-B-t, o=xsind (8.7.4) 
The three curvatures o, «x, and x are related through the formula: 
km = om-+ kaj (8.7.5) 
The second order tensor field B is now called the curvature tensor for the surface 
y'(u). 


The curvatures of the surface in the direction of the coordinate lines are found to 
be: 


1K=—, 2kK=— (8.7.6) 
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The principal curvatures K = K, Or K2 and the principal curvature directions e = 
€; or ey are found from the equations: 


(xo? — B)es =0, non-trivial solution => det (cd! — BE) =0 (8.7.7) 
The last equation leads to the characteristic equation for the curvature tensor B: 


x? — B+ detB =O, the characteristic equation for the curvature tensor B 
f= 5B. =5(k& +k) the mean curvature (8.7.8) 


~2 z 
=>kK —-2uk+y=0 be es 
2 ? y = detB = det (BE) = K, Kz the Gauss curvature 


A surface curve, for which the tangent vector in every point is in the principal 
curvature direction, is called a curvature line. 

Through every point on a surface pass two curvature lines, which implies that 
the curvature lines on a surface may be used as coordinate lines. Because the 
principal directions e, and ey are orthogonal, it follows that when the coordinate 
lines are curvature lines: 


ay. = By =0 (8.7.9) 


Let 0 be the angle between direction t on the surface y'(u) and the principal 
curvature direction e, : 


t = cos Je, + sin de. (8.7.10) 
It follows from the formulas (8.7.3), (8.7.9), and (8.7.10) that: 
Kj) =e,-B-e,, K2=@-B-e&, ee; -B-e =0 
The curvature « for the direction t on the surface y'(u) is then found to be: 


k =t-B-t= (cose, + sin 0ez) -B - (cos fe; + sin fez) = kK 


=e, -B-e, cos’ 0+e-B-e sin’ 0 => 


K = K cos” 0+ Kp sin’ 0 (8.7.11) 


Example 8.4 Curvatures of Circular Cylindrical Surface 
A circular cylindrical surface of radius R is shown in Fig. 8.3 and is defined by the 
place vector: 


r(u',u’) = Rer(u')+ue,, ul =0, wv =z, 
The unit normal vector to the surface is a3 = er. The base vectors and the 
fundamental parameters are: 
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2 
a; = Reg, a. = e.,a! = eo /R,a° =e, (ayp) = & :), (a’") 
_ (1/R? 0 
- 0 1 


The covariant components B,g of the curvature tensor B are given in the formula 
(8.1.26), and the mixed components BB are computed from the formulas 


BB = aPiB,.»: 
-R 0 -1 0 
(Bup) = ( 0 ob a) = ( 0. ) 


The coordinate lines are lines of curvature and we find for the principal curvatures, 
the mean curvature jz, and the Gauss curvature y: 


Example 8.5 Helix on a Circular Cylindrical Surface 

We shall consider the helix presented in Example 1.1 as a curve u%(s) on the 
cylindrical surface. In cylindrical coordinates (R, 0, z) and with surface coordinates: 
u! = 0 and u* = z, the cylinder is defined by R = constant, and the helix is defined 
by the place vector: 


r= r(u! 1?) = Reg(u!) +12, > r= r(u',u) = Rep (0) + (b0 + zo)e. 
The tangent vector t for the curve is: 


t= eo ( +be.) a = (Reg(0) + be,) : 


ds d0ds \ do ds JR? +b? 
t= : a, 4 z a - tra, 
VR? +52 VR? 4+ 62 ds 
p= : r= A = 
R2 +b?" VR? +07 
t= a (Ren + be,) 


The principal normal vector n and the curvature « for the curve are found from: 


dr (ee) d)_———R R 


= = = => = — = 
ema ee eae ee 


Because the components ¢* are constants and Ip = 0 according to the formula 
(8.1.27), it follows from the formulas (8.5.7) and (8.5.3) that: 
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ot” , 
— ole = (Ce +f r%,) P= p% =0> 
ot” 
S 


The result shows that the helix is a geodesic curve on the circular cylindrical 
surface, which agrees with the fact that the helix is a straight line when the 
cylindrical surface is opened into a plane. 

From the formulas (8.6.8)>, (8.7.12) and (8.6.9); we determine the unit normal 
vector m and the torsion o : 


Dd Os gsc bd 
a ne ee m = ge ant =x(—1)-l pe = ayer 
m= tg = & apy! => 2 1 at _d 21 R 
m =—e'*ayt!' =51-R =~; = +> 
a R R2 + b2 /R2 + b2 
m = mia, + ma) = =! en 4 . e., g=0 
1 2 R24 be oF ee Z) 


The result that the geodesic curvature o is zero agrees with the fact that the helix is a 
geodesic curve on the circular cylindrical surface. 
Control of the result for the unit normal vector m: 


ae (Gere) | (aR) - : 
a (= 3) (as 3) : (as 3) (arn) _ 


txm= : eg 4 2 e.) x ( =e eg 4 = «.) 
Jie Veae” (Bik |} VPP 


R R b —b 
on xet( )( Je x eo =e xe =e = a 
VR? + b? VR? + b? \VRE+ BE) \VREF BP _—— 


Example 8.6 Curve with Geodesic Curvature on a Circular Cylindrical 
Surface 

On the cylindrical surface: r = r(u', uv?) = Rer(u') +u’e,,, with surface coordi- 
nates: u; = 0 and uz = z, we shall investigate the curve u%(s) defined by the place 
vector: 


r=Pr(uy,U2) = Rer(u,)+ue,, uy = 0, m=z RO" /2 
r=r(u;) =r(0) = r(u,) = Reg(0) + (RO"/2)e- 
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The arc length formula (1.4.5) gives with deg/d0 = eg: 


= VR*+R6 < : 


dO do i 7 ds 146 


The tangent vector t for the curve is: 


pa _ 8 _ REE 4 Roe do 
“ds dOds do *) ds 


1 0 
= (Reg + R6e-) => ay | a2 
RV1+@ RV1+0? J14+0 
dr 1 1 2 


I 0 
t=—-= fa, = == (ep + be.) > t' = = 
ds J14 0 RV1+0 V1+0 


The principal normal vector n and the curvature « for the curve are, with deg/d0 = 
—er found from: 


wut (1 + me.) sae Se eS 
K = —S-_ — as = = 
ds? do" *)dsds R(1+@) © R(1+0) * 
-Vv2. v2 v2 
gS a Sah = re a ay 
2 2 R(1+6) 


From the formulas (8.5.7), (8.5.3), and (8.1.27) we obtain: 


or 7 or” 
7 | 40° = (Hp +f re =f pfs aah a 
a ee Od I ~0 
bt 


an(VI+@) RV1+0 R14.) 


og A 1 —0-20 Dr . . fi 


—=f,= ae = 
bs V1+0 2(VvitP), RV1+@  R(1+6")” 


From the formulas (8.6.9). and (8.6.10); we get the results: 
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1 1 0 —0 
a Ba, _ Pa y Ie. 21 2 _ 
m = tg = & apt’ > m = =e ant ==(-I1)1 = 
Va R V1+@ RV14+0 
1 1 1 1 
nm? =—eayt! = 1-R? 


va Ro RVi4¢®) VI40 

Se op 
0 Zz 

V1+0 V14+0 


m = ma, + ma) = 


or" or" p _ ot 1, oF ‘ 
o = —m, = —a,gm" = —aym + —anm 
os és és. és 
~0 5 <8 1 1 17 
= 2 a 57 2 a 2 23/22” 
R(1+0) RV1+0  R(1+6°) 1+0° R(1+07) 
1 
c= 38 geodesic curvature 
R(1+ 6) 


Control of the result for the unit normal vector m: 


0 


1 
eg X @, + | ~—= = } | Ss Je X Co = €0 X &, = CR = 3 
VI40R V1+0 V1+0 (4) 


Example 8.7 Curvatures of Spherical Surface 

In Example 8.2 we have presented the fundamental parameters of second order B,g 
for a spherical surface of radius r with the centre of the sphere at the origin of the 
Cartesian coordinate system Ox. These quantities are also components of the cur- 
vature tensor B for the spherical surface and will be recorded here together with the 
mixed components BS = a’’B,, of B: 


(1) =(F rsa) =(—0" ty) 


The coordinate lines are lines of curvature and we find for the principal cur- 
vatures, the mean curvature and the Gauss curvature: 


5 “ 1 1 1 
Kk) = k2 = 4 h= 5 Yr 5 
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8.7.1 The Codazzi Equations and the Gauss Equation 
From the formulas (8.5.28) and (8.1.18); we compute: 

ax |p, = Bug|, a3 + Bapas|, = Bug|, a3 — BapB,pa? 


and then by applying the formulas (8.5.36), we obtain the result: 


Axl, — Alp = Ripe > (Bapl, — Bayly )@3 — (BapByp — BayBpp)a? = Rpapy a? 


Because a3 and a’ are independent vectors, we conclude that: 


Bup L, — By 


po 0, BayBgp — BapByp = Roap, 


Due to the symmetry properties of the curvature tensor B and_ the 
Riemann-Christoffel tensor R, these two equations reduce to: 


By |, — Baa |, = 9 the Codazzi equations (D.Codazzi [1824 — 1875]) 
(8.7.13) 


By, Boy — By2By2 = R212 _~—‘ the Gauss equation (8.7.14) 


From the Gauss equation we derive the result, confer the formula (8.5.42): 


det(B 
det(a,p) a 


It may be shown that the form of a surface in space, apart from its position in 
space, is uniquely determined if the following is specified in relation to a surface 
coordinate system u: The fundamental parameters of first order a,p(u) and the 


fundamental parameters of second order B,(u) are given, the metric a,g du*du? is 
positive definite, and B,,(u) satisfy the Godazzi equations and the Gauss equation. 

The fundamental parameters of third order for a coordinate system u are defined 
by the components: 


Cap = 2'|yails (8.7.16) 
The components a’ |, and q;| g are tensor-derivatives of the surface normal a3. The 


components C,, represent a symmetric 2 second order surface tensor C. It follows 
from Weingarten’s formula (8.5.45) that: 
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C=B? & Cig = B’Byp (8.7.17) 
It may be shown that, see Problem 8.16: 


Cp — 2UBxp + dap = 0 (8.7.18) 


Problem 8.1-8.16 with solutions see Appendix. 
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Chapter 9 Mm) 
Integral Theorems cost 


9.1 Integration Along a Space Curve 


In this section we shall use a Cartesian coordinate system Ox in the 
three-dimensional Euclidean space. A function in space is given by the field 
f(v) =f (x1, x2,x3). A curve C in space is given by the place vector r(s), where s is 
the arc length parameter. The integral of the field f(r) along the curve C from a 
place rj = r(s)) to a place rp = r(s2) is defined by: 


[iea= / F(r(s)) ds (9.1.1) 
Cc Sy 


For the integration of a field f(r) along a closed curve C in the x;x2-plane we 
introduce as positive direction of integration the clockwise direction when looking 
in the positive x3-direction, i.e. counter-clockwise for the curve C shown in 
Fig. 9.1. We use the following symbol for integration along a closed space curve C: 


¢ f(r) ds = integration of field f(r) along aclosed space curve C (9.1.2) 
Cc 


Theorem 9.1. Integration Independent of the Integration Path Let a(r) be a 
vector field and ry, and rz two places in space. Then: 


(1) Jf the vector field may be expressed as the gradient of a scalar field «(r) : 
a= grada © aj = 0, (9.1.3) 
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* /Xoi%ox) 0) 


O 


pl fea 


Fig. 9.1 Surface A in the x;x2-plane bordered by the curve C = C, (from P to Q) + C (from Q to 
P). Unit normal n = [7,n2] to the curve. Line element dr = [dx),dx2],|dr| = ds 


then the integral 


tr 1 
a-dr= / a; dx; is independent of the integration path between r; and rz 


r r 


(9.1.4) 


(2) If the proposition (9.1.4) is true, then the vector field a(r) may be expressed as 
the gradient of a scalar field «(r), such that the result (9.1.3) is true. 


Proof of (1) The assumption (9.1.3) = the result (9.1.4. Formula 
(9.1.3) a-dr=a,; dx; = da. The integral from rj, tor, of the vector field a 
(r) becomes: 


rr r2 r2 


i a-dr = / a; dx; = / a; dx; = | da(r) =[a(r)|f= a(r3) — a(r1) 


r, r Yr Yr 
which is independent of the integration path between the places r; andr. Thus the 
assumption (9.1.3) implies the result (9.1.4). 


Proof of (2) The assumption (9.1.4) = the result (9.1.3). Let r; be a fixed place and 
ry =r = xe;(x; +h, x2,x3). The integral in assumption (9.1.4) may be considered 
to be a scalar field «(r) : 


r 


a(t) = fade 


r, 
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Let r3 =rt+he, = (x +A)e; +x2e2 + x3e3, where h is any scalar variable. 
Then the assumption (9.1.4) implies that: 


T3 r r+he, x, +h 
fa-dr= fajdxjt+ f apdx, = a(x, +h,x0,%3) =a(x1,2,4%3)+ f ada > 
r 


rT Tr x1 


; xy +h Ape . é 
(a(x +h, x2,%3)) |, -9= & ( fa; ix) | => Sebrenes) — war = ay(%1,%2,.%3) 


Oxy 
xy 


The result is generalized to: a; = 0«/Ox; = o,; => a = grada => (9.1.3). Thus the 
assumption (9.1.4) implies the result (9.1.3). This completes the proof of theorem 
Dele 


Theorem 9.2 Let f(x) and g(x) be continuous functions of the variable x and I the 
integral: 


If the integral I vanishes for any function g(x) satisfying the conditions g(x,) = 
g(x2) = 0, then: 


f(x) =0 forx<x<x 
Proof Assume that: f(x) > 0 for some value of X in the interval: x) <%< x. 


Continuity of the function f(x) implies then that there exists a value ¢ > 0 such that: 


f(x) >0 forx—e<x<X+e 
Select the following function: 


g(x) =0 forx <x<xX—eandx¥+e<x<x 
g(x) >0 fork—e<x<xX+e 


Under these conditions the value of the integral J is positive, which contradicts the 
assumption f(x) > 0. Hence, if the integral J vanishes for any function g(x) sat- 
isfying the condition g(x) = g(x2) = 0, then the function f(x) = 0 for all values of 
x in the interval x1 <x <x. This completes the proof of Theorem 9.2. 


9.2 Integral Theorems in a Plane 


Figure 9.1 shows a plane surface A bounded by the curve C in a two-dimensional 
Cartesian coordinate system Ox. The area A of the surface may be calculated from 
the double integral: 
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A= faa ff dade, = f dxvdrs (9.2.1) 
A 


A A 


For simplicity we use the symbol A for the surface as well as for the region that the 
surface occupies in the x;x2-plane, and the area A of the surface. The symbol 
dA = dx, dxz is called the differential element of area in the Cartesian coordinate 
system Ox. 

The double integral in formula (9.2.1) is further expanded to: 


xo2 | X10) 
A= far= fanan= [ / dx\| dx. > 
fs a a (9.2.2) 
XQ2 XQ2 XQ2 
A= / [X1 (x2) _ X1 (x2) dx, = / X1 (x2) dxp _— / X1 (x2) dx2 
Xp2 Xp2 Xp2 


The first integral on the right-hand side of Eq. (9.2.2) represents the area within the 
boundary described by the curve C, from the point P to the point Q, the x-axis, and 
the horizontal lines for x2 = x2p and x2 =x29. The second integral on the 
right-hand side of Eq. (9.2.2) represents the area within the boundary described by 
the curve C2 from the point P to the point Q, the x-axis, and the horizontal lines for 
X2 = Xp and x2 = X29. With the parameter s as the arc length parameter along the 
curves C,C,, and C2, and n as the unit normal vector pointing out from the curve 
C=C,+C), we find from Fig. 9.1 that along the curves C,C,, and C> : 


dx; = —nds,_ dxy = n ds & dxy = —exg ng ds (9.2.3) 


The integrals on the right-hand side of Eq. (9.2.2) may now be presented as: 
XQ2 


ie i wi () dra =f (2a(5)) mal 


Xp2 Ci 
Xoo 


Ar= ff ial) dy =~ f ia(se(s)) mas 


Xp2 OQ 


The area A of the plane surface A bounded by the curve C then becomes: 


A=A—Ay= f xy(00{5))mds+ f ia(ax(s)) mas = f mi ((s)) mas > 


CQ 


A= fo diy = gx (x2) dx, = gn isle\\aade (9.2.4) 


A Cc Cc 
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For a surface integral of a function f(r) = f(x1,x2) over a surface A in the 
xX1X2-plane we use the symbols: 


[re dA = [re dx dx (9.2.5) 


Theorem 9.3. Gauss’ Integral Theorem in a Plane Let A be a surface in the 
X,X)-plane and bordered by the curve C, Fig. 9.1. The unit normal n to C lies in the 
X1xX-plane and is pointing out from the curve C. Then for any field function f(r) = 
f (%1,%2) the following result holds true: 


finde famtsan er #frade | fad (9.2.6) 


Proof The proof will be given for the index value « = 1. First we consider the 
situation in Fig. 9.1, in which a straight line parallel to the x,-axis only intersects 
the curve C in two points X;(x2) and X)(x2). Then: 


XQ2 


x x2 
fidA= fx | dx = (fF (%1 (x2), x2) — f(%1 (x2), x2) | dex => 
aa A alae! 


Xp2 


Xo2 X02 
fudA= | f(X1(%2),x2) dx — | f(%1(x2), x2) dx2 
ee) ! 


(9.2.7) 


Following the procedures that led from the Eq. (9.2.1) to the Eq. (9.2.4), we may 
present the result (9.2.7) as: 


fidA= | fidxdiw =  f(m,x2)m (9.2.8) 
oe aa 


Thus the formula (9.2.6)2 has been proved for the index value ~« = | when a straight 
line parallel to the x,-axis intersects the curve C in only two _ points 
X1 (x2) andXi(x2). For the special case: f = x), Eq. (9.2.6) provides the result 
(9.2.4). 

If a straight line parallel to the x,-axis intersects the curve C in more than two 
points, as indicated in Fig. 9.2, the surface A may be divided into parts as shown, 
each of which satisfies the condition of only two points of intersection between a 
line parallel to the x-axis and the bordering curve. 

The result (9.2.6) is now applied to each part of the area A and the results are 
added. The contributions to the integrals along the lines, C in Fig. 9.2, dividing the 
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Fig. 9.2 Surface A in the 
x1xX2-plane bordered by the 
curve C=C, + C2, 4+ C3... A 
straight line parallel with the 
X,-axis intersects the curve 
C in more than two points 


area A, add up to zero. Thus the Gauss’s theorem (9.2.6) has been proved in general 
for the index value « = 1, and this result is generalized as a general proof of the 
formula (9.2.6). 


Theorem 9.4. The Divergence Theorem in a Plane Let A be a surface in the 
X,x2-plane and bordered by the curve C, Figs. 9.1 and 9.2. The unit normal n to 
C lies in the x,x2-plane and is pointing out from the curve C. Then for any vector 
field a(r) = a(x), x2) in the x,x2-plane the following result holds true: 


[ sivaaa = parndse fayydA= f azneds (9.2.9) 
A C A Cc 


Proof: Theorem 9.2 is applied to each components a,(x1,x2) of the vector a and 
the results are added to give formula (9.2.9). 


Theorem 9.5 Stokes’ Theorem in a Plane Let A be a surface in the x\x2-plane 
and bordered by the curve C, Figs. 9.1 and 9.2. The unit normal vector to the plane 
area A is the base vector e3 of the Cartesian coordinate system Ox. The unit 
tangent vector to the curve is t = dr/ds. The Stokes’ theorem in a plane states that 
for any vector field a(r) = a(x), x2) the following result holds true: 


(V xa)-e3 dA= pa-tds (9.2.10) 
! f 


Proof Applying the formulas (9.2.3), with e; as the base vectors of the system Ox, 
we obtain for the tangent vector t: 


dr Or dx, dXy 
cr ee = e, = €, 2 +e2 nN (9.2.11) 


t= 


The integral on the right-hand side of the Eq. (9.2.10) is rewritten to: 


fa tas f asteds= 9 lam — ayny] ds 


Cc Cc Cc 


9.2 Integral Theorems in a Plane 315 


Application of Theorem 9.3 to the integral on the left-hand side of the Eq. (9.2.10) 
gives: 


fe x a) -e; dA= i: (ijk €:) -e,dA = / [a2,1 =ay,2] dA 


A A A 


— f [anny — any] ds 


Cc 


Hence, the integrals on both sides of the Eq. (9.2.10) are shown to be equal. This 
result proves Stokes’ theorem in a plane. 
Stokes’ theorem is also called Green’s theorem, George Green [1793-1841]. 


9.2.1 Integration Over a Plane Region in Curvilinear 
Coordinates 


In the x;x2-plane of a Cartesian coordinate system Ox we introduce surface coor- 
dinates u*, Fig. 9.3a, such that there exits a one - to - one correspondence between 
the point (x,,x2) and the coordinate pair (u!,u7): 

Xe Saye pu) <a = 2) (9.2.12) 
We say that the formulas (9.2.12) represent a one-to-one mapping between the 
coordinates (x1,x2) and the coordinates (u',u?). The — functions 


x,(u!,u?) and u% = u*(x;,x2) must satisfy the following requirements: 


(a), (b) 


u? 


u 


Fig. 9.3. a Surface A in the x;x2-plane. Surrounding curve C. Curvilinear coordinate u,. Surface 
element dA = Jdu'du?. b “Cartesian” coordinate system O,, u. Surface Ay. Surrounding curve C,,. 
Surface element dA, = du! du? 
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(a) Xy = Xy(ul, u’) are continuous functions of u* with continuous partial deriva- 
tive of first order, and u* = u*(x),x2) are continuous functions of x, with 
continuous partial derivative of first order. 

(b) The Jacobi determinants J = J‘ and J of the mapping must be non-zero: 


0. oy oe Ax, O: Ix, O. 
— Oy) dul Ou?) _ Ox Oxy __ OX, Oxy 
J= Ji — det ($5) = det Ox. = Ox2 ~ Ou! du? Ou? Ou! 7 0 


mee (9.2.13) 
u Ou) — Ox, Oxy | _ dul dw _ dul uw? 
J. _ det (2) = vat = | ~~ Ox, Oxz Ox2 Ox, # 0 
Ox; = Ox 


When one u-coordinate is kept constant, e.g.u? = u?°, the functions x,, = x,(u!, u*°) 


describe a coordinate line, a u'-line, in the X1X2-plane. Coordinate lines are shown 
in Fig. 9.3a. A surface A in the x,x2-plane is bordered by the closed curve 
C. Figure 9.3b shows images A, and C,, in a “Cartesian” coordinate system O, u of 
the area A and the curve C. The formulas (9.2.12) represent a one-to-one mapping 
of points (x;,x2) in the region A in the x;x2-plane to points (u', u*) in the region A, 
in the “Cartesian” coordinate system O,,u. 

It will now be shown that the area A of the surface is given by the formula: 


A= far= fdids =f sau! ae a= fad a? (9.2.14) 
A A 


Ay Au 


du! and du? are differentials of the curvilinear coordinates u*, as illustrated in 
Fig. 9.3a. 
From the formula (9.2.4) we obtain for the area A: 


A= fo dx, = ga dx (9.2.15) 
A Cc 


We introduce the arc length parameter o for the curve C, and apply the results 
(9.2.3), where n, is now the unit normal vector to the curve C,, in the u'u?-plane in 
Fig. 9.3b. Then we may write: 


Oxy du", Ox du! Oxy du? Oxo 


x Ox2 
dx, = = = u d a9 tu d 
me Out do . Ou! do a Ou2 do 7 on oS on” aes 


(9.2.16) 


From the formula (9.2.4) and the result (9.2.16) we get: 
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A= fo dx2 = ga dx2 => ¢ | — Dy tu2 + x1 a a9 ul do (9.2.17) 


A Cc Cy 


By Gauss’ integral theorem in a plane (9.2.6) applied to the area A, and the 
surrounding curve C,, we obtain: 


0. 
A= fdndn= $ Xy mt 
A Cu 


0 Ox. ; 0 Oxo 2 
i Ou? (x a) " Au! (x 3) at i = 


_ Ox, Ox Ox, Ox, Ox ; OPxy 1 2 
- / a aut @2Ou! Owl aw "* aulaw geo 


Ox, Ox. ’ Ox, Ox. 1 2 1 2 
=i Bw oul t dul au du saz [au dx. == [iu du“ = (9.2.14), 


Ay A Au 


The result (9.2.14), is found as follows. First we introduce the base vectors a, 
and the fundamental parameters a,g for the u-system referring to the formulas 
(8.1.2), (8.1.7), (8.1.8) and (8.1.13): 


Or 
Quy’ 


ag = yg =A,- Ag, «&=det(a,g), a X ay = Waa; (9.2.18) 


a3 is a unit normal vector to the surface, and will in this chapter be denoted by n, 
le.n=a;: 
a, X a 
n=——~ =>n-a,=0 (9.2.19) 
la; X ay| 


The three vectors a, andn represent a right-handed system, and the unit normal 
vector n points out from what will be defined as the positive side A* of the surface. 
Because the Cartesian coordinate x3 is independent of the coordinates u*, we obtain 
from the formulas (8.1.7) and (8.1.8) that: 


dap = Fas > 0 = det( aap) = det( F254) = [det(24)]"= J? = 


J= Jo. = det(a,p) 


(9.2.20) 


Now the result (9.2.14). follows from (9.2.14); 
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The differential line elements along the coordinate lines are defined by the 
vectors: 


ds, = a, du’ (9.2.21) 


The element of area is represented by scalar dA, shown in Fig. 9.3a, and by the 
vector dA: 


dA = ds, x ds, =ndA (9.2.22) 
From the formulas (9.2.22, 9.2.21, and 9.2.18) we obtain: 
dA = ds, x dsy = (aydu') x (agdu’) = a; x agdu'du? = V/adu'dwn => 


dA = Vadu'dvn, dA = Vadu'dw 
(9.2.23) 


A= fu = fo dx) = / Vudu! du? (9.2.24) 
A A Au 


Example 9.1 Area of a Quarter Circle 
Figure 9.4 shows a quarter of a circle of radius r. Polar coordinates are chosen as 
curvilinear coordinates: u! = R,u? = 0. The mapping (9.2.12) is given by: 


Xx = x,(u!, uv) =>x,=Rcos0=u'cos wv, x =Rsin 0=u'sinw 


The Jacobian J for the mapping becomes, according to the formulas (9.2.13): 


Ox, = Ox, 5 

al 2 COS U —uU,SINU 

Foe - oe jade LS Se 
aut at SiNU2 U4 COS U2 

The coordinate differentials are: du! = dR and du* = dO. The area of the quarter 

circle is found from: 


Fig. 9.4 Area A of a quarter 
circle. Cartesian coordinate 

system Ox. Polar coordinates 
RO. Curvilinear coordinates a 
u! = R,w = 0. Differential u* —line 
element of area dA = Jdu' du? 


dA = Jdu' du? 
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n/2 r n/2 


r mr 
A= far= [ sau'ae= [ rarao= [ [rae a9 = f a9 =~ 
A Au 0 0 


Au 0 


We now turn to a general definition of double integral of a function f(x), x2) 
over a region A with area A in the x;x2-plane in the Cartesian coordinate system Ox: 


I= [feaan dx2 (9.2.25) 
A 


In the x;x2-plane we introduce curvilinear coordinate system u through a mapping 
(9.2.12) with the Jacobian J from the formulas (9.2.13). Let A, be the region in the 
u'u>-plane corresponding to the region A in the x;x2-plane Fig. 9.3b. It will then be 
shown that: 


T= | fdA= | f(x,x2)dxy dx = | f(x(u),x2(u))J du' dw (9.2.26) 
dae ! 


The region A is divided into n small regions A, of areas A,, and with x,, as an 
arbitrarily chosen point in A,,. Let 6 be the maximum diameter (extension) of all the 
regions A,. The general definition of the double integral of the function f (21, x2) 
over the region A may then be presented as: 


I= / f (x1, x2) dx, dxy = lim Ds Ff (X1ns Xon)An (9.2.27) 
A 


Let fimin be the minimum value and f, max the maximum value of the function 
f(Xin, Xan) in the region A,. such that: fy.min <f (Xin, X2n) <fnymax Then it follows 
that: 


Formula (9.2.14) > A, = i Jdu' du’, and 
An 


en ae fl Jdu' de? < / Fei(u),x3(u)) Sedu! du? < fiona / SEH =F che 
Anu Anu Anu 


Ln = ere < S- J feral au! du? => fends = Un 
n n n 


nit 


Ly = Sy fons < Sof (ins X2n)An < ea = U;, 


n 


(9.2.28) 
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The bounds:L,,(lower bound) and U,,(upper bound) approach each other when we 
let: n + oo and 6 — 0, we conclude from the result (9.2.28) and formula (9.2.27) 
that: 


i= [se = [feanien dx = | Feslod-sanyra du 


i 
b> 


A 
" Dif Xn) An 


This result proves the formula (9.2.26). 


9.3. Integral Theorems in Space 


As presented in Sect. 8.1 a two-dimensional surface imbedded in a 
three-dimensional Euclidean space E3, Fig. 8.1 and Fig. 9.5, is defined by the place 
vector r as a function of two parameters u! and u* called surface coordinates: 


r=r(u) =r(u',w) ox; =x(u) =x (u',w), yi =y(u) =y'(u', Ww) 
(9.3.1) 


The base vectors and the fundamental parameters for the u — system are as given 
by the formulas (9.2.18). The unit normal vector n for the surface is shown in 
Figs. 9.5 and 9.6, and defined by the formulas (9.2.19). 

The differential line elements ds, along the coordinate lines and the differential 
element of area dA are defined by the vectors in the formulas (9.2.21—9.2.23), and 
shown in Fig. 9.6. A Cartesian coordinate system Ox is shown in Fig. 9.5. The 
parameters y' are general curvilinear coordinates in E3. 


Fig. 9.5 Two-dimensional 
surface imbedded in 
three-dimensional space E3. 
Cartesian coordinate system 
Ox. Surface coordinates u! 
and u?. Coordinate lines. Base 
vectors a; and a9. Unit normal 
vector n 


u’ —line 


9.3 Integral Theorems in Space 321 


Fig. 9.6 Line elements ds, 
and ds». Differential element 
of area dA = ndA 


u' —line 


tangent plane in point P to the surface 


9.3.1 Integration Over a Surface Imbedded in the Euclidean 
Space E3 


Based on the development in Sect. 9.2.1 it seems reasonable to define the area of a 
curved surface by the integral: 


A= faa= [ Jadu'ai? (9.3.2) 
Au 


A 


In addition to comply with the concept of the area of a plane surface in the 
X1X2-plane, this definition of area satisfies, as we shall show, the natural requirement 
that the integral expressing the area is coordinate invariant with respect to both 
space coordinates and surface coordinates. 


Example 9.2 Area of the Surface of a Sphere 

Figure 9.7 shows an eighth of a sphere of radius r. Spherical coordinates are chosen 
as curvilinear surface coordinates: u! = 0, u? =. The mapping (9.2.12) is 
expressed by: 


2 


Xe = x,(u!, w) >x,=rsin 0 cos ¢=r sin u' cos w’, 


1 2 


sin uv 


x2 =r sin 0 sin @ =r sin u 


Fig. 9.7 An eighth of a 

sphere. Surface coordinates: 

u! = 0,uv? = ¢. Element of w2 a 
area: dA = r* sin 0d0d u? — line 


ds, =rsin@d@ 
ds, =rd@ 


X2 


dA=r’ sinOd6d@ 


u' —line 
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From the formulas (8.1.30—8.1.31) we have: 


2) 
aj=rep, a.=rsin bey, (dp) = « 2 as ‘i a= det(ayp) = r' sin? 0 


ds, = a,du* => ds; = rd0eg, ds,=rsin 0ddey, dA=/adu'du’ =r sin Odddd 


The area A of the surface of the sphere becomes: 


n/2 f[ n/2 


=8 [ aa=s / Jadu! du? = 8 / P sinodoad =8 | J Psinoao do 
0 0 


A/8 A, /8 A, /8 
n/2 
=8 | Pap=8P 5 A=4nr 


0 


9.3.2 Integration Over a Volume in the Euclidean Space E3 


Let V represent a region in £3. The volume V of the region is defined by the triple 


integral: 
= fav= ff dx dxydx3 = fay dxy dx3 (9.3.3) 
Vv 
Vv Vv 


The volume element dV = dx dxz dx3 is shown in Fig. 9.8. An alternative form 
for the volume element integral dV will be presented below. 

The integral of a field function f(r) over the region V is presented as the triple 
integral: 


t= fr@av= [flass) dx dxz dx3 (9.3.4) 


Theorem 9.6 Gauss’ Integral Theorem in Space Let V represent a volume in 
three-dimensional space bounded by the surface A with an outward unit normal 
vector n. Then for any field f(r): 


aeaV = [tm dA (9.3.5) 


Proof for i = 3 : Consider first the case, Fig. 9.9, where a straight line parallel 
to the x3-axis intersects the surface A in only two points: X3(x1,X2) and X3(x1, 2). 
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Fig. 9.8 Volume element dV X; dV 
in a Cartesian a coordinate dx; 
system Ox. dV = dx,dxydx3 
dx 
dx 
r 
X2 
O 
x, 


Fig. 9.9 Volume V with 
surface A = A+ A. Lines 
parallel with the x3-axis 
intersect the surface A in only 
two points: x3(x1,x2) and 
X3(x1,X2). Elements of area 
dA and dA. Outward unit 
normals n to the surfaces A 
and A 


The sets of points X3(x1,X2) and X3(x1,x2) describe respectively the surfaces A 
below the equator and A above the equator, such that A+ A = A. Then: 


[ose | pe andrdr = i [ha dx, dx 
Ox3 Ox3 
V 


| iain | Peta 


From the formula (2.2.24), we can deduce that dx,dxy= 
nz dA onA and dx, dx, = —n3 dAon A. Hence, we have found that: 


of v= of —— dx dx,dx3 = / | Law dx, dx2 = [maa [im dA = [im dA 
Ox3 J Ox IX3, 0 
Vv A x A A A 
- [Ea fs 3 dA 
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This result is generalized to: 


6] 
ow = fr n,dA for the situation in Fig. 9.9 (9.3.6) 
Xi 
Vv A 


If lines parallel with the x3-axis intersect the surface in more than two points, 
Fig. 9.10, the volume may be divided into parts for which each satisfies the con- 
dition about only two points of intersection with lines parallel with the x3-axis. The 
formula (9.3.6) is applied to the volume parts and the results are summed. The sum 
of the volume integrals add up to the volume integral over the volume V. The sum 
of the surface integrals provides the surface integral over the surface area A plus the 
contributions from the interfaces separating the volume parts. However, these latter 
contributions will cancel each other, since they appear with contributions of 
opposite signs. By these arguments and the result (9.3.6) the formula (9.3.5) is true 
and Theorem 9.6 is proved. 

Let B(r) be a tensor field of order n with components B;..; in a Cartesian 
coordinate system Ox. Then we may apply the result (9.3.5) to write: 


OB;..j 
OX, 


dV = [Beam dA (9.3.7) 
A 


This may be called the Cartesian representation of the gradient theorem: 


fewaBav= [Bon dA (9.3.8) 
Vv ‘A 


The integrands in the integrals on both sides of the formula (9.3.8) are tensor fields. 
In Cartesian coordinates the tensor property of both sides of the integral relation 
(9.3.8) is preserved. However, although the integrands in the relation (9.3.8) have 
components representation in a general coordinate system y, the integral relation 
will in general be meaningless in component presentation. This is due to the fact 


Fig. 9.10 Volume V with 
surface A = A+ A. Lines 
parallel with the x3-axis 
intersect the surface A in more 
than two points. Normals 

n and —n to the interface 
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that when transforming from one general coordinate system y to another system y 
the transformation elements are functions of place. 


Theorem 9.7 The Divergence Theorem in Space Let V represent a volume in 
three-dimensional space bounded by the surface A with an outward unit normal 
vector n. Then for any vector field a(r) : 


faidV = f.a;n;dA in Cartesian coordinates 


j 4 . v . A . 
J sivaay a Ja ere fa'\|,dV = [a'n;dA __ ingeneral coordinates 
V A v A 


(9.3.9) 


Proof In Cartesian coordinates the theorem follows directly from Theorem 9.6 by 
replacing the scalar field f(r) in the formula (9.3.5) by the vector components a; 
and summing the results over the index (i). Because the expressions diva = a;,; and 
a-n = ajn; are scalar fields the Cartesian version of the theorem may be directly 
transformed to general coordinates. 

The result (9.3.9) may be generalized to a general divergence theorem for a 
tensor field B(r) of order n with components B;..; in a Cartesian coordinate system 


Ox: 
[sivpav = [Bem aa 
Vv ‘A 


(9.3.10) 
& f Bins av = | Bin n, dA ina Cartesian coordinates 


Theorem 9.8 Stokes’ Theorem for a Curved Surface Let b(r) be a vector field 
and A a surface in space with an outward unit normal vector n. The surface is 
bordered by the curve C. Then: 


J (rot b) - ae ont -ndA= iW x b)-ndA= fb-dre 
A Cc 
J einde,j Ni dA = $ by dx, in Geass coordinates (9.3.11) 


/ cb. nidA = § b, dy in general coordinates 


The positive direction of integration along the curve C is determined such that the 
vector n X dr points to the side of C connected to the surface A. 


Proof With respect to a Cartesian coordinate system Ox, with base vectors e;, and a 
surface coordinate system u, with base vectors a,, we obtain for the vectors rotb 
and ndA : 
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rotb = C ijk Dk sj e; 
ndA = a, x ap du! du” = (e, 2%) x (e, 25)du! du? = ene, 2% B dul du? 


T Ou? 


Applying the identity (1.1.19) we get: 


(rotb) -ndA = (cinbaye i) + (ere, amt 8 du! du?) = ejxeinsbe,j 2 zi + BS du! du? 
= de tite Pi Sx, O85 dy! du? = (Ds4r —by 5) 24 23 dul du? 


uu! Ou Ou! Ou? 


=(2 (b, oy ) Ou2 2 (b, ass) du! du? 


The integral on the left-hand side of Eq. (9.3.11) now becomes: 


a (, Ox a (. Ox, 
[coe b)-ndA / lan (0.55) a2 (>, a 5) fa! du (9.3.12) 
A A 


u 


Gauss’ integration theorem in the u!u?-plane is now applied to transform the sur- 
face integral on the right-hand side of Eq. (9.3.12) to an integral along the curve C,, 
in the u!v?-plane which is in turn transformed to an integral along the bordering 
curve C of the original surface A: 


(net b)- “ndA = | [a (bs it) ae v2 (Br ae )Jaut dw? 


= § [ (bs Bs) ut —_ (b, oe) ny do = f I is ) & (b, 4) (—4 z “| do 
Cy Cy 


= $ [b, Sd? +b, %du'] = $b,dx, = $b-dr => f (rotb)-ndA= $b-dr 
Cu Cc Cc A Cc 


This is a proof of Theorem 9.8 Stokes’ theorem, formula (9.3.8), for a curved 
surface. The theorem includes Theorem 9.5 Stokes’ theorem in a plane, formula 
(9.2.10). 


Theorem 9.9 The Mean Value Theorem Let f(r) and g(r) be two continuous 
field functions and Va volume in space. Then at least one point ¥ in V exists such that: 


[res r)dV =f (F | s (r)dV (9.3.13) 


4 


For the special case g(r) = 1 in V the value f(f) is called the mean value of the 
function f(r) in the volume V and is given by: 


_ 1 
=4 : F(rav (9.3.14) 


The theorem has analogous formulations and proofs for line and surface integrals. 
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Proof Let fmin be the maximum value and fmax the maximum value of the function 
f(r) in the volume V. Then because f(r) is a continuous function in V, at least one 
point r exists in V such that: finin <f(f) <finax, and: 


fmin | g(r)dV< | f(r)g(r)dV =f(r) | g(t) dV <finax | g(r) dV 
oes las 
This result proves theorem 9.9. 


Theorem 9.10 Let f(r) be a continuous field function in a volume V, in the space 
E3. Then the following holds true: 


If: [re dV = Ofor any choice of volume Vin Vj, then: f(r) = OinV,. 
Vv 


(9.3.15) 


Proof If it is assumed that f(r) > 0 in a point r in Vj, then according to the 
condition of continuity for the function f(r), the function must be positive, 
i.ef(r) > 0, in a small volume AV surrounding the point r, which implies that: 


[feav >0 
AV 


However, this result contradicts the proposition that the integral is zero for any 
choice of volume V in V,. Hence the assumption f(r) > 0 is impossible. Hence, 
f(r) = 0 throughout the volume V,. This proves the Theorem 9.10. 

By similar arguments we obtain the extension of the theorem: 


If: [re dA = O for any choice of surfaceAinV,then: f(r) = OinV 
A 


(9.3.16) 


Theorem 9.11 Change of Variables in a Volume Integral Let y represent a 
curvilinear coordinate system in space. The relationship between the curvilinear 
coordinates y' and the coordinates x; in a Cartesian coordinate system Ox of a place 
r in space is given by a one - to - one mapping: 


y¥ =y@) 6% =x) (9.3.17) 
It is assumed that the coordinates y' are ordered such that the Jacobian of the 
mapping is positive: 
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J= der( ) >0 (9.3.18) 


Let f(r) be a field function, V a volume in space, and V, the mapping of V onto an 
orthogonal “Cartesian” coordinate system y. Then: 


f(r)dV = | f(t) dxydndx3 = | f(r) J dV, = | f(r) Jdy'dy’dy*? (9.3.19) 
ae [pen 


Proof In order to simplify the expressions in the proof we introduce a special 
notation: 


_ Oxi(y', yy’) 


Bi (9.3.20) 


Xik 


The condition J > 0 implies that at least one of the elements x3, is different from 
zero. Assume that x33 = Ox3/Oy> # 0 in the region V. If in a part of the region V, 
we may exclude this part of V and then performed the proof for this part by 
selecting another x3, = Ox3/Oyv ¥$ 0., 

We solve for the coordinate y* from the equation x3 = x3(y) = x3(y!, y’, y*) and 
set y = #(y!, y’,.x3). Now we write, without specifying proper boundaries for the 
last integral: 


[re av = | fe) dx dx2dx3 = | [ re)anat| dx3 (9.3.21) 


In the double integral we introduce the function: 
f(r) = f (x1, 2,3) =f(a(y',y’, ),x2(y',y’, ), x3) (9.3.22) 
For the double integral we now use the integral formula (9.2.26) and write: 


[fanaa = [ 10.2n)dndr 


= [fr0' Pd). nbh yd) dy! dy’ (9.3.23) 


J; is the Jacobian to the mapping x,(y!, y?,x3) = xx(y', y, O(y!, y?,.x3)) : 


OXx OXy Oxy Of 
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Because x3 is constant in the double integral we find: 


Ox3(y', y’, ¢) 


0 


Oy Oyb X33 


From the formula (9.3.24—9.3.25) we obtain for the Jacobian J): 


Oxy Oxy, Of OX, X3p 
4 = al $5) = cent FS 9) = det(me — F5h) 


= [112233 — XypX23N32_— +X 2XI3X31 — X12X21.X33 + X13N21X32 


—X13X22X31 — 11342343132 /X33 + X13.X23X32N31 / x33] /x33 > 


The integrand in the integral with respect to the variable x3 in the formula 
(9.3.21) is only dependent on the variable x; (or y>). We introduce y> as a new 
variable and obtain dx3 = x33dy°. From the Eqs. (9.3.21, 9.3.23 and 9.3.26) we get: 


/ f(r)dV = / f(r) dxydx,dx3 = / f (r)Jdy'dy’dy*® = (9.3.19) 
Vv V Vy 


We may consider the volume element to be alternatively an orthogonal paral- 
lelepiped dV = dx dx2 dx3 in Cartesian coordinates x, or in general curvilinear 
coordinates y, and shown in Fig. 9.11, to be a parallelepiped with sides given by the 
line elements along the coordinate lines: 


Or - : Oxx 4 
d= a = dy a, 9,3.27 
i= Fi! = Bidy 35 y! ex (9.3.27) 


y 


Fig. 9.11 a Volume element in curvilinar coordinates: dV = [ds,dsyds3]dy'dy’dy* = Jdy'dy’dy° 
b Volume element in “Cartesian” coordinates: dV, = dy'dy*dy* 
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The volume element dV in the general coordinate system y becomes: 


dV = [ds, dsp ds3] = J dy' dy’ dy’ = JdV, (9.3.28) 


Example 9.3 Volume of a Cone with Circular Base 
A straight cone has the height h, a circular base with radius r, a symmetry axis 
along the x3-axis of a Cartesian coordinate system Ox, and its apex at the origin 
O. We shall find the volume of the cone using cylindrical coordinates (R, 0,z) = 
(y!, y’, y°). The mapping is: 

x, =Rcos0=ylcosy*, 1=RsinO=y'sin’, 2» =z=y 


The Jacobian J when transforming from the Cartesian coordinates x; to the 
cylindrical coordinates becomes: 


ax; cos@0 —Rsin@d 0 
ie aer( 5") =det! snO Rcos0 O]=R 
yi 0 0 1 


The volume of the cylinder is: 


v= | say'aray = f Rarava: 
V V 


h 2n [ rz/h h Qn h 
= RdR \d0 | dz = me Ve) dees | ae eee 
_ or Ie Top 
oO 0 0 oO a) 


0 


Theorem 9.12 From Volume Integration to Surface Integration A body of a 
continuum has at the time t the volume V and the surface A with the outward unit 
normal vector n. Let f (r,t) be an intensive quantity defined per unit volume at the 
place x in V and at the time t, and let g(r,t,n) be an intensive quantity at the place 
r and at the time t on A defined per unit area of the surface A. 

If the following integral equation is true for any volume V with the surface A: 


[reo av = | s(e.1.n) dA (9.3.29) 


then the fields f(r, t) and g(r, ¢,m) are related through a vector field a(r, ¢) such that: 


g(r,t,n)=a-n and f(r,t)=diva 


: ‘ ; : 9.3.30 
a; = g(r, t,e;) ina Cartesian coodinate system with base vectors e; ( ) 
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The integral Eq. (9.3.29) may then be rewritten to: 
[ava dV = fan dA (9.3.31) 
Vv A 


The result confirms the divergence theorem in space, formula (9.3.9). 


Proof Let the volume V be subdivided into the volumes V, and V2 by the interface 
surface A’, Fig. 9.12. Equation (9.3.29) is now applied to the three volumes 
V, Vi, and V2 and the integral contributions from the volumes Vj and V2 are sub- 
tracted from the contribution from the volume V. The result is that: 


i [e(r,t,n) + ¢(r,t, -n)] dA = 0 (9.3.32) 


Because the volume V and thus the surface A’ may be chosen arbitrarily, the 
integrand in the result (9.3.32) must be zero, which implies that: 


g(r,t,n) = —g(r,t, —n) (9.3.33) 


Next we choose for the volume the tetrahedron shown in Fig. 9.13. This is similar 
to the Cauchy tetrahedron shown in Fig. 2.11. From Sect. 2.2we cite the relations 
(2.2.24): 


V =Ah/3, A; = An; (9.3.34) 
The integral Eq. (9.3.29) applied to the tetrahedron yields: 
, f(r,t) dvV= / g(r,t,n)dA+ S~ / g(r, t, —e;) dA 
v 4 i 


Let the functions f(r, t), g(r,t,m), and g(r, t, — e;) represent mean values over the 
volume V and the surfaces A and A; respectively. Then the integral equation above 
may be presented as: 


A 


Fig. 9.12 Volume V subdivided into V; and V>. Interface surface A’ 
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Fig. 9.13 Cauchy 
tetrahedron. Body of volume 
V. Surface consisting of four 
triangles: three orthogonal 
triangles in coordinate planes 
through the particle P and 
with areas A;. The fourth 
triangle with area A and unit 
normal n 


fir, oV= g(r,t,mA+ g(r, t, —e)Aj 
Now we use the relations (9.3.34), to obtain: 
f (r,t) Ah/3 = g(r,t,m)A+ g(r, t, —e;)An; 
We divide this equation by A and let h — 0. The result is: 
g(r,t,n) + g(r, t, —e;)n; = 0 
Now we use the formula (9.3.33) and write: 
g(r,t,n) = gi(r,t)n;, | where g;(r,t) = g(r, t,e;) (9.3.35) 


We now return to the integral Eq. (9.3.29) for the volume V with the surface A. 
We apply the result (9.3.35) and the Gauss’ theorem, formula (9.3.5), and obtain: 


[re dV = f eteem) dA = fico mada | ewa¥ 


> f(r, t) — gi,i] dV =0 
| 


The last integral equation is true for any choice of volume V. Hence by 
Theorem 9.10: f(r, t) — gi,;= 0 or: 


f(@,4) = gi > fC, 0) =divg (9.3.36) 


The results (9.3.35—9.3.36) prove theorem 9.12. 

The results of theorem 9.12 may be generalized by replacing the function f(r, t) 
with a vector or a tensor. The function g(r,¢,n) will then represent a tensor of one 
order higher than f(r, +t). For example: 
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fdivF(r,.) dV = fF(r,t,n)-ndAs 
A 


V 
J F(t, 0g dV = J F(r,t,m);-0e dA in Cartesian coordinate systems 
V A 
(9.3.37) 


Theorem 9.13 Necessary and Sufficient Condition for a Vector Field to be 
Irrotational A vector field v(r,t) is irrotational if rot v(r,t) = V x v(r,t) =0.A 
necessary and sufficient condition for v(r,t) to be irrotational is that the vector 
field may be expressed as the gradient of a scalar field: 


rot v(r,t) = V x v(r,t) =0 8 vwir,t) = grad (r,t) =VO(r,t) — (9.3.38) 


Proof of the implication: v(r,t) = grad (r,t) > rot v(r,t) = 0. For the sake of 
simplicity we use Cartesian coordinates. Because x=, and 
€ijk = —€ij for the permutation symbols : 


rot v(I, t) = eevee ji = exxbuy ei = 0 


Proof of the implication: rot v(r,t) = 0 => v(r,t) = grad ¢(r,t). Let A be any 
surface bordered by the curve C. Then according to Theorem 9.8 Stokes theorem 


for a curved surface: 
Jr -de = [ (rot) -ndA=0 


Cc A 


By Theorem 9.1 Integration independent of the integration path, this result implies 
that scalar field (r,t) exists such that v(r, 7) = grad #(r, t). 


Theorem 9.14 Material Derivative of an Extensive Quantity Let f(r,t) be a 
place function representing an intensive physical quantity defined per unit mass 
and with F(t) as the corresponding extensive quantity for a material body of 
volume V(t), such that: 


F(t) = fl Ppa (9.3.39) 
V(t) 


p = p(r,t) is the mass density, i.e. mass per unit volume, of the material body. The 
material derivative of the extensive quantity F(t) may then be given by: 


F®) = - = / foav (9.3.40) 
V(t) 
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Proof of formula (9.3.40): Sect. 2.1.3 presents a physical argument as a proof for 
the theorem. Here we shall use Theorem 9.11 Change of variables in the volume 
integral, to present a somewhat more stringent mathematical proof of 
Theorem 9.14. 

The motion of the body may be interpreted as a one-to-one mapping between the 
place coordinates X; of the particles in the reference configuration Ko at the ref- 
erence time fo, and the place coordinates x; of the particles in the present config- 
uration K at the time f: 


xi(X, t) © Xi = Xi(x, t) (9.3.41) 


The volume of the body in the reference configuration Ko is Vo = V(to). The 
element of volume is dV = dx, dx2 dx3 in K and dVj = dX, dX, dX3 in Ko. The 
integral in the formula (9.3.39) is now by Theorem 9.11 transformed to: 


= J toav= | tosav (9.3.42) 


J is the Jacobian to the mapping (9.3.41) and matrix of the deformation gradient 
tensor F: 


OX; 
= det F = det(F;;) = det 
J e et(Fj) a(S) 


If we as a special case choose the place function f(r, t) = 1 in the volume V(t), 
then F(t) by the formula (9.3.39) represents the constant mass m of the body: 


m= ii pav= | psavy (9.3.43) 


V(t) Vo 


The density p is mass per unit volume in K and the combination pJ is mass per unit 
volume in Kp. Due to mass conservation the combination is independent of time, 
which implies that: d(pJ) /dt = 0. Because the volume Vo is independent of time, 
the material derivative of the integral on the right-hand side in the formula (9.3.42) 
may be obtained by differentiation of the integrand. Hence: 


F(t) = | livre) avy - | te ee (9.3.40) 


Vo 
This completes the proof of Theorem 9.14. 


Theorem 9.15 Reynolds’ Transport Theorem Let, at the present time t, B(t) be 
an extensive quantity for a body of a continuous medium with the volume V(t) and 
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surface A(t), and let B(t) be the intensive quantity related to B(t) and expressing 
quantity per unit volume. f(t) is called the density of the quantity: 


Extensive quantity B(t) expressed by the intensive quantity/(r, t) : 


B(t) = / B(r, t)dV (9.3.44) 
V(t) 


A control volume V is a region in space coinciding with the volume of the body at the 
present time ¢, i.e. V = V(t). The surface A of the control volume Vis called a control 
surface and coincides with the surface of the body at the present time ¢, i.e. A = A(?). 
The control volume and control surface are fixed relative to the reference Rf chosen to 
describe the motion of the continuum. The particle velocity is denoted by v = v(r, t) 
and the unit outward unit normal vector to the control surface is given as n = n(r). 

Then Reynolds’ transport theorem, Osborne Reynolds [1842-1912], states that: 


. re) 
a2 / 7 dV + ‘i Blw -n)dA (9.3.45) 
Vv A 
Proof The formula (9.3.19) in Theorem 9.11 is first used to transform the integral 
in Eq. (9.3.44): 


B(t) = i pav = / BI dV, (9.3.46) 


V(t) Vo 


V, is the volume of the body in the reference configuration K,, and J is the Jacobian 
to the deformation gradient: 


j= dere all & (9.3.47) 
= de = de ji = e Ox; Feo JA 


Because the volume V, is independent of the time f, the material derivative of the 
second integral in Eq. (9.3.38) may be obtained by performing the differentiation 
under the integral sign: 


B= | (b1+Bi)av, (9.3.48) 


Vo 


Now we apply the formula (2.1.17) for the material derivative of an intensive 
quantity: 


, Of 


the formula (4.5.33): J = J div v, and finally the formula: 
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ViB,i + Bri = (Bri) i (V- V)B + Bdivv = div (fv) 
Then we obtain from the integral Eq. (9.3.40) the result: 
. ; : . : op : 
B | (is pi)dv, / (3 Bdivv) J dV, = / (F+w-ve + pdivv) FdV9 > 
V, Vi Vi 


. 0 . 
B= / (F + div(fv) )aav, 


Vo 


By applying the formula (9.3.19) in Theorem 9.11 we transform this result to: 


B= f Favs / sweyav 


V(t) V(t) 


By Theorem 9.6 Gauss’ Integral Theorem in Space the last volume integral above is 
transformed into a surface integral and we obtain the following formulafor the 
material derivative of the extensive quantity B(t): 


= [Pave [ow - n)dA = (9.3.45) 
Vv A 


This completes the proof of Theorem9.15 Reynolds’ Transport Theorem. 

An illustration of Reynolds’ transport theorem will be presented by Fig. 9.14 
which shows a material body that at the time ¢ has the volume V(r) and the surface 
A(t). At a time t+ Ar, where At is a small time increment, the volume of the body is 
V(t+ Ar) and the surface is A(t+ Ar). For the extensive quantity B(t) expressed by 
the intensive quantity f(r,t) we write with respect to the times t and t+ At: 


B(t+ At) = “f B(x, t+ At)d = ee / B(r,t+ At)d(AV) 
V(t+ At) V(t) AV(t,At) 


(9.3.49) 


As illustrated in Fig. 9.14 the volume AV(t, At) and the differential volume 
element d(AV) may be presented as: 


AV(t, At) = V(t+At)— V(t), d(AV) =dA- [(v-n)Ad 
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Fig. 9.14 Body of volume V(f) and surface A(#) at time ft, and volume V(t+ Ar) and surface 
A(t-+ Ar) at time t+ Ar. Particle velocity v. Unit surface normal n. Control volume V = V(t). 
Control surface A = A(t). Differential volume element: d(AV) = dA[(v - n)Aq] 


We may now write: 
B(r,t + At) d(AV) = / B(r,t+At)[(v-n)AldA (9.3.50) 
AV(t,At) A(t) 
From the Eqs. (9.3.49) and (9.3.50) we obtain: 
Bes A) 80 = / Mer A) BOs) ay 4 / B(r,t-+ At) [(v-m)]dA 


V(t) A(t) 


The material derivative of the extensive quantity B(t) for the body is now found 
from: 


.  B+A) Bi) fap 
a= pa At Sd Ot 
Vv 


dV 4 J boe-maa > (9.3.45) 


Example 9.4 Resultant Axial Force on the Bolts of a Nozzle 

Fluid of density p flows through a circular pipe with internal diameter d. A nozzle 
with maximum internal diameter d and minimum internal diameter d/2 is attached 
to the pipe with bolts, Fig. 9.15a. The volume flow through the system is Q. It is 
assumed that the velocity and pressure over the cross-sections of the system are 
uniform. The atmospheric pressure is pg. The pressure p in the pipe is found to be: 


120pQ” 


P=Pat dé 
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lo ee | Da 
Fy Vin I 
4.,---f-]— 
p Vout 
P ee 
er J 
<— 


Fig. 9.15 a Pipe flow through a nozzle. Fluid density p.Volume flow Q. Atmospheric pressure py. 
b Control volume V with control surface A 


We shall find an expression for the axial force F transmitted through the bolts due 
to the flow of fluid. 

Figure 9.15b shows a control volume V with a control surface A. The uniform 
fluid velocity into the nozzle is v;, and the uniform fluid velocity out of the nozzle 
V,,. Lhe force F is transmitted through the bolts from the pipe. The continuity 
equation applied to the control volume yields for the velocities vj, and v,,,: 
nd? n(d/2)° 40 160 


Q Oin Qout Q Vin “47 = Vout 4 Vin = nd2’ Vout = ade 


The law of balance of linear momentum for the control volume results in: 


2 1 2 2 2 
Jvplv . n) dA=F=> Vin p(—Vin) ae + Vout P Vout @?) = F+p : ze Pa* fd 
A 


nd? 2 nd 2 x(d/2)" 
4 + PYin 4 PY out 4 


P= (p Pa) 


With the given pressure p and the velocities v;, and v,,,; we obtain for the force F: 


4 2 2. 2 2 2 
pp — 12000? nd? (4) nd (=) ma/2) _ PD ing 4 4-16) SF 


wd+ 4 nmd2} 4 md? 4 2d? 
18pQ° 
ae 


a 


Appendix 
Problems with Solutions 


Chapter 1 
Problem 1.1 


(a) Validate the identity (1.1.19) through some test examples. 

(b) Compute: 6,;, 6) Oy, ex ex {use formula 1.1.19)}, exe eix 

(c) Use formula (1.1.22). to show _ that 
detA = CjkerstAirAjsAu /6 


Solution 


for a 3x3 matrix 


(a) Validation of the identity (1.1.19): ejxersk = dir djs — dis dir 


Test (1) i=] =1s> C11kersk = 61,015 a 01501, =0 
C12kErsk = €123€rs3 = Crs3 
Test(2)i=1,j=2=> 
( ) d = 61,025 = 61502, = } 
=+1 forr=1,s=2 
=< =-1 forr=2,s=1 
= O otherwise 


with similar results for other choices of the indices. 


(b) d% = bi) +.dx2 +533 = 14141 = 3. by by = 5 = 3. Cijnrsk = Sir djs — Sis Ojr => 
Cake rjk = OirOjj = Oi Ojr — Oir3 = Oir = 20ir -CijKCiik = 206i; =2-3=6. 
(c) Formula (1.1.22)o. > ejAirAjsAu = (det A)ers: > 
eit AirAjs Are rst = (det A) épsr€rsr = (det A)6 => detA = Cine rstAirAjsAu/6. 
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Problem 1.2 Determine the inverse matrix U’ of the matrix: U= 


11 0 
13 0 ;+4 

2: 
00 v2}” 


Solution Formula (1.1.29) implies: 


1 
det U 


det U = [(1-3-V2-1-0-0) +(1-0-0-1-1- V2) +(0-1-0-0-3-0) 


(1/v2)'=1 


CoUt 


U-'dettU =CoU? =U"! 


The cofactor Co U is obtained from the formula (1.1.26): 


3 
det U = S > UjCo Uj for j= 1,2, or3 => 
i=l 


3/2 -V2 0 ‘nae 
CoU=|]-V2 v2 0 (+) = cout 
0 0 2 
Hence: 
3/2 -V2 0 i 3 -1 0 
U'=71,Cou’=7(-V2 v2 of](=)={-1 1 0 ]S 
e v2 vi 
0 0 2 0 0 V2 


Control: = UU~! = 10K. 


Problem 1.3 Referred to the Cartesian coordinate system Ox, the Cartesian 
coordinate system Ox has the base vectors: @, = [1,1,1](1/V3), 
@ = (1,0, -1](1/Vv2). 

Determine the base vector @; for the system Ox and the transformation matrix 
O= [é-ej]. 


Qe; Op & 


Solution The base vector @;=@€,x@,=det{ 1 1 1 (45) => 
0 -l : 
V2 V2 v2 
The transformation matrix: Q = (@;-e;)) = | V3 0 —Vv3 Fé: Control: 
-1 2 -l 


detQ = +1 OK 
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Problem 1.4 Three Cartesian coordinate systems are denoted Ox, Ox, and Ox. The 
transformation matrices relating the base vectors of the three systems are: 


Oj =8-e;, Qjy=F-ej, Oy=e-& 

0 0 
v3 1 
=i J3 


Nie 


2 
(a) Show that Q=QQ. (b) Compute Q when: O= | 0 
0 


: 0 v3 1 
Q=|2 0 O 43 
0 1 -¥v3 


Check that Q,Q, and Q are orthogonal matrices. 
Solution 
(a) Proof” that Q= OO: b; = One, > Oy = ej = (Oink) -€; = On Oy > 
Q=Q0 QED. 
_ _— QO: 278. 2 
(b) Computation of 0: OQ = OO = (Qj) = (QxOy) = | 2V3 1 —-Vv3 44 
—2 V3 -3 


Control of orthogonality: QO" = 1,007 = 1,QQ7 = 1, det Q = det Q = det 
C= 41-0, 


Problem 1.5 The rotation rot a of a vector field a may be defined as the vector 
represented by the Cartesian components defined in formula (1.6.15). Show that rot 
a is a proper vector, i.e. the components obey the transformation rule (1.3.9). 


Solution Let Ox and Ox be two Cartesian coordinate systems with base vectors 
e; andé,. The transformation matrix for the transformation from Ox to OX is Q,;. 
With a and b = rota as two vector fields the definition (1.6.15) gives: 


Oag . 
b =rota= C ijk AK jf Ci = Cijk F— Ci = be; in Ox. 
Ox; 
= OG;_§ =7_ . = 
b = rota = €)5,4),5 €@- = Crp ——@, = D,€, in OX 
OX; 


For b = rota to be a proper vector the components 5; and b, must define the same 
vector which implies that the vector defined by e,s/d;,;€, Shall be identical to the 
vector defined by ej,a, ;e;. The formulas (1.3.2), (1.3.7) and (1.3.9) and (1.1.22) yield: 


_ Ox; 2 
€, = Oyi€i, a. = O54; = Onde, — ersrOriQgjOn = eijx det Q = eijx 
‘Ss 
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Now we obtain: 


Aon 0a; 5 O(Qineay 1 oy Oak Oa 
b,e, se erst pat ey = erst ge t) = (Oni e;) = = Cj Qri Os] Qik Ste = = Cijk ae e=> 
OX; Ox; Ox; ON 
Oa, 
erst mer = = Cijk Ox, &i 


The result proves that the vector b = rota defined by the formula (1.6.15) is a 
proper vector. 


Problem 1.6 Use identity (1.1.19) to prove the identities 


(a) ax (bx c) = (a-c)b— (a-b)-e 
(b) Va=V(V-a)-—Vx(V xa) 
c) (a-V)a=(V xa) xa+V(a-a/2) 
(d) V x (aa) = (Va) xa+a(V xa) 


Solution 


(a) ax (bx c) = (a-c)b—(a-b)-e. Proof: The formula (1.2.33) and the 
identity (1.1.19) imply: 


DX C= Cys¢b,Coe, a X (DX C) = C54; (CpsebpCy Oi = Ciel rskAjDrCs€; 
= (5irdjs ane 5is5jr) GjDrCs@i = (dsCs) (bje;) = (a-b,) (cie;) => 


x (b x c) = (a: c)b—(a-b)e QED 


(b) V2a= V(V-a)—Vx(V xa). Proof: The formulas (1.6.14), (1.6.10), 
(1.6.15), (1.2.33), and (1.1.19) imply: 


Va = Aryssr, V(V +a) = Gsysr€r, VX a= ye j@r; 
V x (V Xa) = es (Cije@e,j) 5 s€r = Crsi€jkiAk ser = (OnjOsk — O/kO5j) Ak yjs€r 
= Asss7€r — Apsss€r = V(V- a) — V’a > V’a 
=V(V-a)—Vx(V xa) QED 


(c) (a: V)a=(V xa) x a+V(a-a/2). Proof: The formulas (1.6.10), (1.6.15), 
(1.2.33), and (1.1.19) imply: 


(a-V)a= (a £) (aje;) = agaj,xei, V(a-a/2) = (c &) (axax/2) = = ALAK i€; a 
(V x a) x a= e7ju (Cjrsssr) eI = CrijersjAssrAkOi = (Ser Dis — Oks Sir) As srQk€i = (iskAk — Ak iAk)Ci 


(V xa) x a= (a-V)a— V(a-a/2) > (a: V)a=(V xa) xa+V(a-a/2) QED 


(d) V x (va) = (Va) x a+a(V xa). Proof: The formula (1.6.15) implies: 
V xX (wa) = ejjx (cay) je; = eije (,ja%)€; + esx (Hx, )e; = (Va) x at+aV xa QED 
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Chapter 2 
Problem 2.1 A velocity field for a continuous material in motion is given as: 
aX, aX2 
y= > w= , v3=0, «aand fp are constants 
t— t— 


(a) Show that the flow is isochoric = volume preserving, i.e. div v = 0. 

(b) Determine the local acceleration, the convective acceleration, and the particle 
acceleration v. 

(c) Show that the flow is irrotational, i.e. rot v = 0, and determine the velocity 
potential @ from the formula v = V@. 


Solution 


(a) The divergence of the velocity field v: 


; Ov, Ow OV; a —o : 
divv =v; = = +0 => divv=0 
, Ox, Oxo Ox3 t— to t— 


= isochoric flow 


(b) The local acceleration 0,v: 0) = 4(-1), On. =- a (-1), 
—!l0 


OWV3 =0=> OV = [—a x1, &X2, 0] er 


The convective acceleration (v- V)v = (v,Og) (Vie;) = VEVing CF! 


j : oxy 0X9 
s  VEVE ESS ae 
(t— 9)” "(t= 10)?’ 


VeVi jk = VIVI,L + V2V1,2 +93V1,3 = ViVi = VEV3,4 = O 


1 


=> (v- V)v = [a7x1, 0x2, 0] a 
— to 


The particle acceleration v = 0v+(v- V)v = [(0? — a) x1, (0 +0) x9, 0] 
l 
(t-t0)” 
(c) rot V = eyeve,j i = [V3,2 —V2,3 ,V1,3 —V3,1 5 V251 —V1,2] = 0 > irrotational flow 


Velocity potential: ¢ > v= Vo = v; ge by partial integration: 
ax x 
= )a- 2 i 
wy) e=%) + fi (%2,%3, ) Ext) + fa(x3,%1, ) A(x, 2, ) 
9) 50 
2(t — to) 


Problem 2.2 The state of stress in a particle is represented by the following stress 
matrix with respect to the Cartesian coordinate system Ox: 
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90 -30 0 
T= |, —-30 120 —30 | MPa 
0 -30 90 


(a) Determine the stress vector, the normal stress and the shear stress on a surface 
with unit normal: n = [1, 1,0]/V2. 

(b) Determine the stress matrix T with respect to a Cartesian coordinate system Ox 
when the transformation matrix is: 


1 0 0 
Q=[@-e]={0 V3/2 1/2 
0 -1/2 V3/2 


Solution 


(a) By definition: Stress vector: a) t= T-n= te; > t; = Ting 


normal stress: ¢ =n-t =7;Tuny, shear stress: t= Vt-t— 62 = tit; — 0? 


Computations: 


ty = Toyn; = (—30) -—= 


1 1 
1 Ship 00 (0s, 
1 klk ( ys) 5) 


J2 
1 
+120- B= T- 30) -—> 
a 3 3kNk = (- ) 5) 
t = [60,90, -30] MPa, o=n ee eae ee 
7 7 ie ae Oe ae oe 
60\"7  /90\? /—30\? 
Lie poe = ( y+( y+{ ) 152 — 26 MPa 
v2 v2 v2 


(b) The stress matrix T in the Ox—system :T = QTO! => Tj = Qie Tu Qi > 


Ty =1-Ty-1=90, Ty =1-Tp- (v3/2) Se 
Ty = (v3/2) “Poa (v3/2) a (v3/2) - To3 + (1/2) + (1/2)T « (v3/2) 
+ (1/2) - T33 - (1/2) 


= 87, etc. 
90 —26 15 
=> T=]|-26 87 —28] MPa. A control: Ty = Tix = 300 MPa. 
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Problem 2.3 A thin-walled circular tube has middle radius r = 150 mm and wall 
thickness h = 7 mm. The tube is closed in both ends, and is subjected to an internal 
pressure p = 8 MPa, a torque m; = 60 kNm, and an axial force N = 180KN. The 
state of stress in the wall of the tube may be found by superposition of the states of 
stress given in the Examples 2.1, 2.2, and 2.5. 


(a) Determine the coordinate stresses with respect to the local Cartesian coordinate 
system presented in the Figs. 2.9 and 2.18. 

(b) Determine the principal stresses and the principal stress directions in the tube 
wall. 

(c) Determine the maximum shear stress in the tube wall. 

Solution 


(a) Non-zero coordinate stresses and the stress matrix T: 


m 


r r 
Ty; =~—— + = p = 113.0MPa, To. =-p=171.4MPa, Ti. = = 60.6 MP: 
Geek OA ieee 6 Fah : 
Ty, Tp Ty 113.0 606 0O 
T= Tr, Tx T23 = 60.6 171.4 0 MPa 
T3, T32 133 0 0 O 


b) Principal stresses and principal stress directions in the tube wall. The formula 
(2.3.32) for the state of plane stress gives: 


2 
7 Ti, — Tx 2, 6, _ 210 MPa = 
(T11 + T22) (2 ) +(T12)°> o> 75 MPa’? %3 > 0 


onl 


1 
02 2 


Formula (2.3.33) gives: @, = arctan ot = 58°, angle between the x; — 


direction and the principal direction of o; 
c) Maximum shear stress. Formula (2.3.31) gives: 


1 
Tmax = (Omax = Omin) _ (a1 = 03) = 57! = 105 MPa 


Nile 
Nile 


Problem 2.4 The state of stress in a particle is represented by the stress matrix: 


200 —100 —100 
T= yj, —100_ 100 0 MPa 
—100 0 100 


(a) Determine the matrices for the stress isotrop and the stress deviator. 
(b) Determine the principal stresses and the principal stress directions. 
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(c) Compute the maximum shear stress, and determine the unit normal to one of 
the planes of maximum shear stress. 
(d) Compute the normal stress and the shear stress on the plane with unit normal: 


n= [1,1,0]/v2 
Solution 


(a) Matrices for the stress isotrop T° and for the stress deviator T’: 


1 
P= 3(tT)L, trT = Ty = Ty, + Tx + T33 = 400 MPa, T=-T-Ps 
ro © * 400 Oe EN aa 
T= 0 1 0 3 MPa; T= 3 1 0 = MPa 
0 0 1 4 ( =1 


(b) Principal stresses o; and principal stress directions nj. 
The stress tensor T and the stress deviator T’ are coaxial tensors and have the 
same principal directions n;. We first search a principal stress o’ for the stress 
deviator T’ and the corresponding principal direction n. The principal invariants 
for the stress deviator T’are: 


i 7 
f=7,=0, W=-~7,7,, = — 2 vipa, 
iL 2: L L 3 
20 
I = det T' = aa 10° MPa 


The characteristic equation (2.3.21) for T’ becomes: (o’)? + I’o! — III' = 0. 
The solution of this equation, following a standard procedure, is found by 
introducing the angle @ from the formula: 


I’ 
cos @ =, 0< 6 < 180° > 9 = 57.32° 


2,/—('/3)° 


Then the principal stresses o/ for the stress deviator T’ are determined from the 
formulas: 


The principal stresses o; for the stress tensor T are determined from the 
formulas: 
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g; = 0,4+trT/3 > o, = 300MPa, o,=100MPa, o3;=0 
The principal stress directions n; are found from the Eq. (2.3.2) as follows. 


1007; + 100n;2 + 100n;3 = 0 
(010% — Tix)nig = 0 => | 100n1, + 200n12 + 000n)3 = 0 n, = [2,-1, 1]1/V6 
100n,; +0007; + 200n;3 = 0 
10012, + 100122 + 100n23 = O 
(620% — Tix)n2x = 0 > 100; + 000712 + 000n;3 = 0 ny = (0,1, 1]1/v2 
10071; + 000112 + 000n;3 = 0 
200n2; + 100122 + 100n23 = O 
(030% — Tix)n3 =0 > 1002, — 100n, + 000n;3 = 0 ns = [1,1, 1]1/Vv3 
100n;; + 000712 — 1003 = O 


(c) The maximum shear stress and unit normal n to one of the planes of maximum 
shear stress. 
Formula (2.3.31) = Tmax = (Omax — Omin)/2 = (0, — 03)/2 = 150MPa 
n= (m +n3)/V2 = [2+ V2, v2 - 1, v2 - 1]/(2Vv3) 
(d) Normal stress o and shear stress t on the plane with unit normal: 
n = [1,1,0]/v2: 


o = njTixng = 50 MPa. Stress vectort : t; = Ting => t = [100,0, 100]/V2, 


T= Viti — o2 = 87MPa 


Chapter 3 

Problem 3.1 Show that a completely antisymmetric tensor of third order A only 
has one distinct component different from zero, and that the tensor is represented by 
the product of a scalar « and the permutation tensor P, i.e. A = oP. 


Solution Antisymmetry implies: 


Aik Angi = Ani Ainj => A123 A312 = A231 A321 A123 A213 A132 
With no summation with respect tok: Ag = —Ajxr =0, Ait = —Aink = 0, 
Any = —Anj = 0 


The tensor matrix Aj = ae, satisfies all these equations. Hence: A = @P. 


Problem 3.2 Show that an isotropic tensor of second order In always is a product 
of a scalar and the unit tensor as given by formula (3.2.8): In = «1. 
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Solution Let B be an isotropic tensor of second order which implies that the tensor 
matrix is the same in any Cartesian coordinate system. Three Cartesian coordinate 
systems are now introduced: Ox with base vectors e;, Ox with base vectors e;, and 
Ox with base vectors e;. The system OX is obtained by a 90°-rotation of the system 
Ox about the x3-axis, and the system Ox is obtained by a 90°-rotation of the system 
Ox about the x,-axis. The transformation matrices relating the three described 
coordinate systems Ox, Ox, and OX are: 


1 0 1 O 
Q=(-e)=|{-1 0 OJ, Q=(-e)=|0 0 
0 1 0 -l 


oro 


The tensor matrices in the three coordinate systems are B = B = B and must 
satisfy the transformation formulas: 


By. = —Br, ~— Bo3 By By By 
B=QBO'=B>]-By By —B3 | =| Bir Bo By | > 
B32 =—B3, B33 Bz, Bz. B33 


By = By, = B, ascalar, Bo; = By = —By3=0, Bs, = B3; = —B3,;=0 (1) 


By By3 = =——By By By By 
B=QBO'=B=>| Bs B33 —Bx | =] By Bo By | > 
—By, —B 3 Br Bz, Bz. B33 


By = B33 = 8, By3 = By =—By=0, B3; = Boy) = —By1 =0 (2) 


From the results (1) and (2) we conclude that: 


By By By B 0 0 
By By B3|=|0 6B 0} =f1>B=f1 QED 
Bz, B32 B33 0 0 £ 


Problem 3.3 Show by induction that the result (3.3.32) follows from the formula 
(3.3.30). 


Sij = » OKAKiAK <=> S= S- Oca & Ag (3.3.30) 
k k 


Ss” = S° (ox)"ay ® ay, n= 1,2,3, 54. (3.3.32) 
k 


Solution In a Cartesian coordinate system Ox with base vectors e, = ay = 0,;e; the 
tensor S is in accordance with the formula (3.3.30) represented by the components: 
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Sij = ay Onaga = S- OL OKOK = G0; (1) 
k k 


If we assume that the formula is correct for a natural number n, the tensors 
S” and S”*! = §"S has in the system Ox the components: 


Si= S- (x)"axidy = (01)"5y (2), 
k 


i = SiS rj = (x: (a;)" s) (c,5,;) = (o;)"*! by (3) 


r 


Because the formula (2) is correct for n = 1, according to formula (1), the 
formula (3) shows that the formula (2) is correct for nm = 1+ 1 = 2. By induction 
the formula (2) is correct for any natural number n = 1,2,3,.... 


Problem 3.4 Show that the definition (3.3.33) of a positive definite and symmetric 
second order tensor S implies that all the principal values and the principal 
invariants of the tensor are positive. 


Solution Let S be a positive and symmetric second order tensor. Then by definition: 
c-S-c>0 forall vectorse #0 (3.3.33) 


Let the principal values and the principal directions of S be o, and ay. Then by 
definition of o, and ay: S- ay, = o,ay. For a vector c = a, the definition (3.3.33) 
implies: 


fork = 1,2,or3: ay S- ay = ax: (S+ ax) = ag: (Opay) = opAK AK = OK > O 


Hence the principal values o, of the tensor S are all positive. The formulas 
(3.3.25) now imply that all principal invariants of the tensor S are positive. 


Problem 3.5 The general form of the linear, symmetric isotropic tensor-valued 
function B[A] of a symmetric second order tensor A is given by the formula: 


BIA] = (y+ AtrA)1+2yuA = (3.9.16) 
Derive the relations: 
BA] = 2uA’, B°{A] = 3xA°+y1 (3.9.19) 
Solution The tensors A and B are decomposed into deviators and isotrops: 


B=B’'+B’, B’ =B-B’, B? = 


A’ = s(trA)l 


(B)1, A=A’+A?, A’=A-—AY’, 


Wile 
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Formula (3.9.16) implies that: ttB = (y+ AtrA)tr1 + 2utrA = 3y + (344 2y)trA. 
We then get: 


1 2 
B’= 387+ (32+ 2u)trA]1 = (3y+ 2u)A° +71 = 3xKA° +71, K=A+ 3H 


B’ =~ B-B? = lors AtrA°)1 +2u( ( (Gua) 1) +a')| 
- [i+ 2u) ((; na’) 1) + il = 2uA! 


2 
=> B'=2yA’, B°=3KA?+y1, «=A+ 3H => (3.9.19) 


Chapter 4 

Problem 4.1 Show that in homogeneous deformation of a body of continuous 
material, formula (4.2.26), planes and straight lines in the reference configuration 
Ko deform into planes and straight lines in the present configuration K. 


Solution Homogeneous deformation is defined by: 
r(Fo, t) = Uo(t) +F(t) ‘To (4.2.26) 


A material plane in Ko through any two particles ro and rj9 and with unit normal 
vector ag is defined by: 


(rio — ro) ‘ago = 0 (1) 


In the present configuration K the particle rp has moved to a new place r and the 
particle rjq has moved to the place r;. The formula (4.2.26) and Eq. (1) imply that: 


r, —r=F-: (rio —1r0) =9 S rio —ro =F! - (mr; -r) =0=> 
(T10 — Fo) - ao = [F-'-(r —r)] ‘a9 =0> 
(r) —r)-F°"-ap =0 (2) 


Introducing the vector a = F~ - ag in Eq. (2) implies that: 
(r; —r)-a=0 (3) 


By comparing the Eqs. (1) and (3) we may conclude that the material plane (1) in 
Ko is deformed into the material plane (3) in K. Material straight lines represent 
intersections of material planes. Hence we have proved that: In homogeneous 
deformation of a body of continuous material planes and straight lines in the 
reference configuration Kg deform into planes and straight lines in the present 
configuration K. 
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Problem 4.2 Develop the relations 


4.5.28 
4.5.29 


F=LFOL=FF- (4.5.28) 
D= LR(Uu 7 +U-'U)RT (4.5.29) 
W=RR’ + iR(ou = u-'U)R" (4.5.30) 
E=1F"(L+L’)F = F'DF (4.5.31) 


Solution By definition: 


r= Or(¥o, t) — OX; — . OF(Fo,t) OX 
~~ Or, a OX, SCO Or’ 
pS ae 
> Or ? Ox, 
We obtain: 
. 0 Ox; = 6) OX; - Ov; _ Ov; OX; Pp. * 
Fa a (=) “OX 8 OG oon Bae eee) 


By polar decomposition: F = RU = F = RU+RU, F-'=U"'R'!=U'!R’™ (1) 
From the Eqs. (4.5.28) and (1) we get: 
L =FF ' = (RU+RU)(U'R’) = RR’ +R(UU')R” (2) 
. T 
RR’ = 1=> RR’ + RR? =05 (RR) =—RR’ (3) 


From the Eqs. (4.4.4), (2), (3), and (4.4.5) we get: 


1 


2 
1 


2 
i 1 a i 
W = RR’ + 5R(vu = U'U)R" => (4.5.30) 


4 
“2 

_l Py 
W=5(L-L') = 


D 


(L+L’) =; (FF '+FF’) +D-= 5R(bu" +U'U)RT > (4.5.29) 


(iF FF’) = 


1 
The Eqs. (4.2.11), (4.2.10), (4.5.28), and (4.4.4) imply that: E = 5(C—1) = 
1 T 
5 (FF -1) > 
B=; (FF+F'F) =; (PLR + FOLE) = 5F7(L7 +L)F = F'DF > 


E = ~F'(L+L’)F =F'DF & (4.5.31) 
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Problem 4.3 Derive the formula: 


J=Jdivv (4.5.33). 
Solution The formulas (1.1.24) and (1.1.27) imply: 


O(det F) 
OF ix 


= CoF x, (CoF ix) Fix = (det F) 6, (1) 


By the definition (4.5.32): J = det F. From the formulas (1), (4.5.28), and (4.4.3) 
we obtain: 


J = oD Fig = (CoF ix) (LiFix) = det Fo,Lj = (det F)Lix = (det F)vx.x => 
J =Jdivv = (4.5.33) 


Chapter 5 
Problem 5.1 Develop the (5.2.7) of Hooke’s law from the form (5.2.5). 


1l+v y 
— T—-(trT)1 (5.2.5 
; a }l G25) 


E 


ee i 
T= 75 [E+ poy (tH 6.2.7) 


Solution The formula (5.2.5) implies: 


1l+y 1-2 
ep (eT) = “eT > eT=—! tre (1) 
n 7 7 1-—2y 


trE = 


The formulas (5.2.5) and (1) imply: 


UI 


T= 
l+v 


[E+ - (trE) 1] © (5.2.7) 


1-2 


Problem 5.2 Develop the decomposition (5.2.14)-(5.2.16) from Hooke’s law 
(5.2.7). 
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T=T+T, E={EP°+E (5.2.14) 
1 1 

T= 3 (eT =o0°1, E?=-(trE)l= ze (5.2.15) 

T?=3kE?, T’=2uE’ (5.2.16) 


Wile 


Solution The formula (5.2.7) implies: 


on v |= yn |1—2v 3v 
tT = trE trE)tr1) = trE 
Sag ia oe SS : 
rT=—' rE (1) 
1-—2v 
The formulas (1) and (5.2.11). imply that: 
v=) (rT) 1 =—" (tr E)1 = 3K” & (5.2.16) 
= —(tr => rt = dK ae 
3 3(1 — 2v) : 
V=T- 1 =—| e948) + — L(y] -—_e 
l+y * f= oy (1 — 2v) 
— nN yw, po 3y I+yv ro Mp ' 
ca aaa E a een T= (5 F = ue (5.2.16), 


Chapter 6 
Problem 6.1 Derive the formula (6.4.21) for the determinant of a second order 
tensor from the definition (3.3.10). 


Solution Formula (6.4.21): detB = det(B,) /g = det(B;’) = det (4') = det(B')g 


Definition (3.3.10) of the determinant of a second order tensor B: 
det B = det B = det(B,)in Cartesian coordinates 


Let Ox be a Cartesian coordinate system with base vectors e;, and y a general 
coordinate system with base vectors g, and g!. By the formulas (6.2.11) and (6.2.19): 


Oy* a3 OX; 


k 
—_ Ox; Sk —_ Oyk g 


The components of a second order tensor B in the two coordinate systems are by 
definition: 
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Ble;, ej] in the Ox-system and 
By=Blg,.g], By, = Blg,.g'], By =Blg‘.g|, BY =Blg‘,g'| in the y-system 


It follows that: 


ef (OP oy! Oy. O57) _ [Ou OY B| ox OM | 

Ble; €)| | Be By, a - | Bu By! ® B dyk g ” Ox; 8 Blane Bye 
_ dyk oy! 2 OX; rn OX; ay! Ox; ox» kt 
~ By By; BRO = 3, Gyr Ble 8] = ara, Ble el = Gray Slee] 


dy* oy By = Oy* Ax 1 _ OX; Oy" __ OX4 OX; BK 
Ox; OX; Ox; dy!  Ayk Ax; '  Ayk Ay! 


Ble;, e\| = 


Now we apply the multiplication theorem for determinants (1.1.23) and the 
formulas: 


k 1 ; 
det (2 ) = J} =— det( $) = = J} = /g from the formulas (6.2.30) 
b4 


and obtain: 


Oyk dy! _ oyk 1 Ox; 

7) det(bu) det & i det(B;,) det Dy! 

_ Ox; k dy'\ Ox; Wd Ox; 

= det (53) det (B;) aet(2) = der( $4 ) det (B ) det By > 
detB = J¥ det(By)J? = J} det(By) JY = JY det (Bi) JX = Jf det(BY) = 

detB = det(B,) /g = det(B/) = det(B}) = det(B") g > (6.4.21) 


det B = det(B[e;,e;]) = det( 


Problem 6.2 Show that the symbols ¢;, and c/* defined by the formulas (6.2.22) 
and (6.2.24) are components in a general coordinate system y of the permutation 
tensor P defined by the formula: 


o. = [abe] = [(a x b)- ce] = Pla,b,c] (3.1.25) 
Solution The formulas (3.1.25) and (6.2.25) imply that: 
Pix = P[gi,8;,8%] = ix, P™ =P[g'.g’,2°] =e QED 
Problem 6.3 Prove the identity: e! ¢,., = 5/5! — 5/5! (6.4.23), using the identity: 
Cijkersk = OjrOjs — Ois0jr (1.1.19) 
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Solution By the formulas (6.2.24) and (6.2.22): 
elk = Feiix, Ersk = Jy ersk 


The formulas (6.2.4) imply that: J?J} = 1. Applying the identity (1.1.19) we 
obtain: 


elk Ersk = Ih eit dD, Crsk = Cijkersk = 0 irOjs _ Ois Ojr > ellt Ersk = 55! _ J. 5! QED 
Problem 6.4 Prove the formulas (6.5.3), (6.5.4), and (6.5.5). 


Te=e'Ty, Vie = sul (6.5.3) 
rl 
Sin = Tag + Tis Tin = 5 (Bey + ii ~ Bin) (6.5.4) 
ge j= Tig’ (6.5.5) 


Solution Proof of the formulas (6.5.3). By the definition of the Christoffel symbols: 
g,,= Ting = Vik From the formulas (6.5.1) it follows that: 


8178 = Tg’ = Tig, 8 > Vig = 10, = > (6.5.3), 


81 = Ting’ - g) = ig, 8) > Tiedt = Pigw = Tia > (6.5.3), 


Proof of the formulas (6.5.4). gi,4 = (g; : g;) k= Birk B+ 8° Bp. = 
(Tis!) 9) +9;- (Te!) = Pag + Tie > (6.5.4), 
The formula (6.5.4), and the symmetry: Tjix = Vix > 


1 i 
5 (sity + Siksi —Siik) = 5 (Pix + Ty] + [Pe + Teg] — [Pay + Tu]) 
it 
a 


(Vix + Din + [Vwi Tyna [Vea Vij] ) = Tix = (6.5.4), 


Proof of the formula (6.5.5). 


gg; = 5; > gi -g, +9" +g), = 0 and with the formula (6.5.1) > 


gj g= —g* 25j= —g* . (Ti2:) — -Ti => g= —Tig' => (6.5.5) 
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Problem 6.5 Use the formulas (6.5.4),, (1.1.24), and (6.2.31) 


0 . Cog 
Six = Tag tTpi(6.5.4),, Cogn = a (1.1.24), g# =—"8* (6.2.31) 
J 


To prove the formulas: 


1 1 
Ve ==-8i=—(V8)i (6.5.6) 
Solution We use the formulas (1.1.24) and (6.2.31) and obtain 


Og 


=Co g, = ge 1 
Be, ge = ee" (1) 


From the formulas (1), (6.5.4);, and (6.5.3) we get: 


4 : 
ae Ba ge" Kei = gel [ Dye + Vea] = a(t +r = Der = 
J! 
re 
~ Gig? oe 1 


Furthermore with the formuls (6.5.6);: 


da 1 1 : 1 
(Ja) a= de Bi = 7 pam 7g Palin) > Tie = Te (v8) 


Problem 6.6 Derive the transformation rule (6.5.10) for the Christoffel symbols of 
the second kind. 


=> (6.5.6), 


— Oy" Ay’ Ay 
k 2 
= 


Ory" Oy* 
a at ——— 5.1 
dy! Oyi yt" " AyiOyi Oy" Catt) 


Solution By the definitions (6.5.1): 


Of, 


ai = B= 18, By Bre 58 (1) 


The relations between the base vectors in two general coordinate systems y and y 
are: 


_ Oy Ok _ 
gi = Oye Da Br = dy" 
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We compute: 


_ __ Oy’ dg, dy | Oy" 
8inj = =i As Asi 7 Q—i &, 
Oy! Oy Oy! OylOy 
On, OF . Oy OF. Uf OF OF. , Ox Oy . 
= are es Sor aed al 7 Sk = yi TS Oy 7 Bk + A ye r Bk 
Oy Oy! — OyidY! Oy Oy Oys Oy OviOy! Oy 
7 Oy" oy® Oy* f. Oy" Oy* _ (2) 
gi j = Oy Oyi Oy! rs | dysdyi Oy" Sk 


=> 


Equations (1) and (2) imply: 


pe — OY" Oy" OV, , Ay” Oy" 


1 as Osi av” * Dyiovay > (6-10) 


Problem 6.7 Use the formula: a,|; = a,j —a) ri from the formula (6.5.31), to 
prove the last two equalities in Eq. (6.5.50). 


. 7 1 2 82 83 
rota=cula=Vxaz=chka, |g: = elk ay ig; = a BI Be a (6.5.50) 


a a2 43 


Solution Symmetry and antisymmetry imply: 


1 yl ijk ikj iik pl iki pl tik PL nik 
Dy=Te, € —é eMTy = —e9 Ty = —e* Ty = —2 Ty = 0 


We now can write: ea, |.g; = e* [ae -al',] g,= cag; (1) 
The formulas (6.2.24) and (6.2.30) imply that: é/* = Peja = eye/f@ (2) 
From the results (1) and (2) we obtain: 


a 1 1 81 82 83 
el ax | 8; = = 7a = det! = : QED 

ji ijk k yj ayt By ays 

v8 v8 a a 43 


Problem 6.8 Derive the formulas (6.5.51) for the divergence of a vector field by 
using the formulas (6.5.49), (6.2.31);, and (6.5.6). 


diva = V-a=— (ved) (6.5.51) 


diva=V-a=a'|, (6.5.49), 
a\|=@,;+0T, (65.31), 


1 
= Waa (6.5.6), 
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Solution We use the formulas (6.5.49), (6.2.31), and (6.5.6) to write: 


diva=a'|,=a',, +aTi,=a', +a" 


«= 3 lvee (va) va] =e (Vea) i= 


7 ( Vea"), 4 (6.5.51) 


diva=a'|,;= 


Problem 6.9 Derive the formula (6.5.99) using the formula (6.5.51): 


¢= 7 (/gg!,;),; (6.5.99), diva=V-a= a (/ga'),; (6.5.51) 


Solution We define the vector: a = gradx = Va = g"a,;g;. The formula (6.5.51) 
gives the result: 


1 . 1 ; 
Va=V-Va=V-a= a (/gg!a,;),i> Va = ae (/ggia,;),i = (6.5.99) 


Problem 6.10 Derive the formula: V x (V x a) = aoe yh [ vase" (4- i) | 
(6.5.107) 


Solution We define the vector b = V x a. The formula (6.5.50) gives: 
b=Vxa= ela, |g; = sna |/g! => bi = eqa*|! = bing’ ear, 


pi pi pi 0 r js 
Vx(V xa)=V x b= ed; 8 = e”' bing, = ef ay [eve 8 ga,|,Jg, (1) 


We now use the formulas (6.2.22), (6.2.30).(6.2.24), and (1.1.19) to obtain. 


_ yx = tpi __ yy va — __* 
bie = J Cie = / Bei, OP = SE epi = Cwpiliik = Crpiejki = Oy Opk — Ok Opj 


1 
— epi, 
ve” 
The formula (1) is then rewritten to: 


Vx(Vxa)= sat 2 ( /e8'"e"a,|, (548 ok — 5n5pj)] 8, = so [/88?"8" (ay|, — as|,) |, > 
V x (V x a) = Joos [eas (arly asl-)]8 (2) 


We apply the formula (6.5.31). and the symmetry of the Christoffel symbols to 
obtain the result: 
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Oa, Oa 

2 0) 
Oy’ Oy" 


a;|,—4s|, = Can —a,T",) — (dogs —aT",) = Ay, —As,7 = 
When the result (3) is inserted into the formula (2) we obtain the formula 


(6.5.107). 


Chapter 7 
Problem 7.1 Derive the formulas (7.4.14) and (7.4.15). 


- 1 1 
= (g; “uy +g;° U4; —U,j u,j) = (u |; + ul; — MK | u* i) (7.4.14) 
(7.4.15) 


Ey = 
E =F'EF © Ex, = E,FiFi} 


Solution Derivation of the formula (7.4.14). 
between the material line elements 


First we develop the relations 


dro of length dsp and dr of length ds: 
ds =|dr|, dso = |dro|,_ (ds)’= dr-dr > 


r=rot+u= dr=dro+du, 
(dso) = dro - dry = (dr — du) - (dr — du) = (ds)’—2dr -du+du-du > 


(ds)? —(dsp)’= 2dr -du—du-du (1) 
From the formulas (6.5.35) we get: 


du =u, dy! = u|,g%dy! = u'|:g.dy' > 
2dr - du = 2(g;dy') - (uj dy’) = (g,-uy +g) -u,;)dy'dy! = (u: ; +u|:) dy'dy! (2) 


du- du = (u,dy') - (ujdy’) = u'|,ux|jdy'dy’ (3) 
The results (2) and (3) are substituted into the formula (1) and we obtain, with 
reference to formula (7.4.12): 
(ds)’—(dso)"= dy'(g;- uj +) -u,;)dy = dy' (wi uli — | ae li) ay! 
=2dr-E-dr (4)> 


~ 1 1 
By = 5 (@i- wy + ej-us—uy wy) = 5 (wil) tu], — a |anl)) & (7.4.14) 


Derivation of the formula (7.4.15). 
The formulas (7.3.1) and (7.3.3) give: 


dr =F -dry & dy' =F,dY*® (5) 


From the formulas (4) and (5) we obtain: 
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(ds)’—(dso)’= 2dr - E- dr = 2dy'Eydy! = 2(Fi dY*) By(F]dY") = 2dY* (FLE,F]) d¥* > 
(ds)’—(dso)’= 2dro - (F"EF) - dro (6) 


Because the tensors F, E, and E are independent of dro, i.e. dY*, we conclude 


from the result (6) and the result formula (7.3.10): (ds)?—(dso)’= 2dro - E+ dro 
from the formula (7.3.10), that: 


E =F'EF © Ex, = EFF] © (7.4.15) 
Problem 7.2 Derive the formula (7.6.3). 
ef = || c& (7.6.3) 


Solution By definition of the base vectors eX ande;, and by Eq. (7.6.2): 


ec, = df and & =v [ey > ep +e8 -¢, = 05 & -e, + e%- (| I,ey) =0 > 


& ¢, = VK ||, > & = 1K || e8 © (7.6.3) 


Problem 7.3 Show that Eq. (7.6.18) follows from Eq. (7.6.17). 


OeBi = B = Biv! |, + Bivé |; | (7.6.17) 
6.B, = Bi + Big’ — Bhi + Bi (7.6.18) 


Solution The following equations are used: 


(21) =n = 5 Bi t Bile (6.5.31), > v|,=ve +vT, 
(6.5.81) => Bi], = Bi, +B, — By 
From Eq. (7.6.17) we obtain: 


i pi _ pki ik 
0B; = B; — Biv’ |, + Bev" |; 


0 i tpi il) k kK (i lpi i(k Ik 
= Pu ( sk + BT BIT) B; (Vin +vTR) 4 Bi (v a +vrt) > 


O-Bi = — Bi + Bix vv‘ — Biv, + Bev j & (7.6.18) 


Problem 7.4 Derive the expression (7.6.18) for the convective derivatives of the 
components of an objective tensor of second order B by applying the Oldroyd 
method described in connection with Eqs. (7.6.19) and (7.6.20). 
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er oe ae ki ik 
OB; = Bp Bi + Bink V — BV +BY (7.6.18) 
Solution The following equations are used: 
0 OY* dyi 
7.6.12): 0-BE =~B; (1), (7.6.19): BE = ——~—_ Bi 
(7.6.12): O-Br RBe (lL), (7.6.19): By ay aye hi (2): 
dy’ ay a): ae 
7.6.20 0,8. = 0.87 3), (7.2.13): Be = + Biv 
( ) L oyK dys ( ( ) 7 at + iok V 
Material differentiation of Eq. (2) gives: 
a ayk ayi.  aYK @yi . ayk ayi 
BE => Br = : Bi (4 
OBL = 5B. = ar aye 8i+ By Gave ®i + Gyr aye 4) 
G@)- ¢) > 
r gyl y* dyi _. ay’ oy 
a.Bt = a.pk 2Y_ 2 _ OY" dy ; Oy 0 
OYK Oy’ Oy! OY" J AYK ays 
OY® @&yi |. dy" oy" _ OYE dy! .; Oy" OY" 
dy’ OtOYE J AYK Ay’ © Ayi BYE JAYK ays 
_ ayk oy" ovk OB 
BY = — Bi B, Br B 
0, Ss dy ayKk ay . Gear ee + ut) (5) 
We need an expression for % are be and write: 
OO po ay® ig OO oy OF ay® av" ark 
OYK dyi 7!” AYK Ay © atayY* dyi — OYK dy ss OYK Oyi 


= Vi (6) 
When the result (6) is substituted into Eq. (5) we obtain: 


6) 
O.BY = 5B: + Biv — Bey yp + Bis & (7.6.18) 


Problem 7.5 Derive the formula: 


0-By = By + Byv‘ |, + Buv' |; (7.6.23), 
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Solution Let a and b be any two vector fields such that according to Eq. (7.6.8): 
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ai = a — ay'|,,  0,.b/ = bi — bkvi|, (1) 
Let a scalar field be defined by: « = Bla, b] = Bya‘b’. In a fixed y-system: 
& = 0-Bya'b! + By(O-a' b/ +a’ 0-b’) = Bya'b! + By(a' b/+a'b/) (2) 
The Eqs. (1) and (2) provide the result: 
[0-By — Byla'b/ + By[(a' — av'|, — a’) bi +i (b/ — b*v'|, — b/)] =0 > 


| abi =0 (3) 


[a.B, — Bi = Byv* |; = Buv* F 


Because a and b may be any two vector fields, the term in the parenthesis [] must 
be zero. Hence: 


O-Biy = By + Byv' |, + Biv’ |) @ (7.6.23), 


Problem 7.6 Show that the two sets of physical components of stress defined 
respectively by Eqs. (7.7.8) and (7.7.11) are related through Eq. (7.7.12). 


Bik 


ti 


(7.7.8), T(ki) = iY 7A, =r) (kj)g 2 (7.7.12) 


u 


Solution The formulas (7.7.8) and (7.7.11) give: 


k [Skk k \ | Si 
>| (Te 5 gi? dj = T(K) Cig 
Ekk k Skk Si Skk 
= 18 5 = 5 (a) [=> ([rwn /Se") 


= Pe! faa 


Then: 


Problem 7.7 Use the general Cauchy equations for orthogonal coordinates (7.7.18) 
to develop the Cauchy equations (7.7.19) in cylindrical coordinates. 


10 fh. i OP os 1 Oh _ . 
me i oyk (7 i) © hyjhy Oy* Ge) hj hy Oy! T(kk)| + p b(t) = pa(i) 


(7.7.18) 
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Solution In cylindrical coordinates (R,0,z): hy = 1,4. =R,hg =1,h=R. 


Or TRO TR: 
Physical coordinate stresses: (T(ik)) = | tor 99 Taz 
TR TQ Gz 


Equation (7.7.18) => 


i= 1: 555 (Fon) + 5 (Fem) > (Fx) | a eee 

RIOR \I*) | OB Ro)” Oe Geet ee 

i=2?: : E (Fem) a e (57°) 7 ‘i (Fe) de App bye 
RIOR \1 OO\R Oz\1 ~* 1-R 


3,12 (R a(R BRN one 
eT RIOR OF Oe Re ek ee 


These equations are reorganized to: 


Oor OR — 09 1 OTRO OTR: _ 

OR R ROO” Bz 1 OeR= Pee 

1 0 2 1 0ag OT6: = 

mop tor) + Sq + A, tPbu= pao < (7.7.19) 
10 10t, Oa, 
DD ae 1 Oto, z 
ror) + Rog + 


+ pb, = pa, 


Problem 7.8 Use the general Cauchy equations for orthogonal coordinates (7.7.18) 
to develop the Cauchy equations (7.7.21) in spherical coordinates. 


Of Brag \ 9b ORiaras A Ole er 
Dy Lia (7 r()) " Ajhe Oyk T(ik) hj hy. Oy! T(kk)| + p b(i) = pali) 


(7.7.18) 


Solution In spherical coordinates (r,0,@) : hy = h, = 1,2 =ho =r,h3 = he 
rsin0,h =r’ sin 0. 


Physical coordinate stresses: (T(ik)) = | tor 66 Tag 
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Equation (7.7.18) => 


ba is 1 6) r sind | 2 0 sin a r sind 
"sind lar 1) BON or) Ob sind 
1 sin 0 


fer" Toran 


p= 9 1 0 r sind 6) sind 6) r sind 
<2sindlar 1 "J ao r 99) " ab\ sing -°* 


1 rcos 0 


oy +pb, = pa, 


b = 
pone > ee 


5 a 1 O (r* sind rae r’ sind roe r’ sin 0 
"sind lar\ 1) aN or 8) ab \rsind °? 


sin 0 rcos@ 
ca 


too + p bg = pag 


rsin@- rsind-r 


These equations are reorganized to: 


0c, ' 20, — G9 — O% 1 O.., 

Or | r | an [pp ind 40) + Fe] + er 

10,3, ee eee _ Oteg| cot _ 

Say (tor) + s (sin 0 a9) 4 eo o¢ + pho = pag & (7.7.21) 
oe 1 a 1 do4 

Ban Tor) + r sin? rain? o00 Sit” 9 t40) + rsin0 Op 5 + bp = at 


Problem 7.9 Use the formulas (6.5.69) for the covariant derivatives of the vector 
components vof a vector field v(r, f) to derive the formula (7.9.7) for the physical 
components of the particle acceleration. 


an =i) _ 10) WR Om; 
(6.5.69) = hae, Ate Lo, vip hb GeO ixk 


a= + Dike (i) Dyk v(k) ot (7.9.7) 


Solution The general expression for the acceleration a in a general coordinate 
system y is found in the formulas (7.9.4) as: 


. Ov 
a=—4(v-V)vSda= at’ kyl, 
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For the index i = 1 we write: 
1 oy! 1 2.1 3, 1 
a =—4+vv|,=—4+vv|,+vv],+vv ),=> 
t Ot 
0 (v(1) v1) | 0 (v1) v(k) 1 Ohy 
1) =ha'=h h 
te Fal hi )+ hy [dy hy », hy hy Oy! 


a v(2) | 1 Ov(1) ~~ -v(2) Oho ay, v(3) | 1 Ov(1) (3) Oh ™ 
: hy Oy? hi Oy! "hs lh oy3 hi Oy! 


_ Ov(1) «|: Ov(1) v)Ohy | vA)Oh , v(2)0h _ (3) me 
hy Oy! hi Oy! "hy dy! hy Oy? hy dy3 
_ ¥(2) [Ov1) — v(2) Ah2|_, v(3) [v(1) _ v(3) Ohg 
"hy | dy? hy a "hy a hy a 
_ Ov) , vL)Ovd) — v(t) vA) Oy, vO) v1) On| v(1) v(2) Oy, (1) v(3) Oty 
Ot hy Oy! hy hy Oy! hy hy oy! hy by Oy? hy hg Oy3 
v(2) Ov(1) (2) v(2) Ahn, -v(3) AV) __-v(3) v(3) Ohg 
hy Oy? hy hy Oy! h3 oy? hy hy oy! 
Ov(1) v(k) Ov(1) v(L) v(k) Ohy v(k) v(k) Oh 
~ Ot 2 hy Oyk S hy hy Oyk Ss hy hy oy! 


Ov(1) v(k) Ov(1) v(k) Oh, { Oh, Oh, 
1)= 1 k 
i a iar” d, iy Oy | ie By | Bye) — BrP) 
The operator (7.9.8) is utilized to define: 


Dv(1) _ Ov(1) in yw Ov(1) 


Dt ——Ot I Ok 


Hence we have the result: 


) Ohy Oh, Oh, 
cast ase) ~ yr} 


The above formula is generalized to: 


wy Dv(i) mare , Oh 


om ihe LO! v(i) yi vi) & (7.9.7) 
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Chapter 8 
Problem 8.1 


(a) Use the formula (6.4.23) and the definitions (1.1.16) and (8.1.11) for the per- 
mutation symbols 


Cijks Eijk, gilt, CuBs Caps and eb (1) 
to prove the relationships: 
yp &° = 5) 65 — 54 62 => egg! = 6% (8.1.12) 
(b) Derive the formulas (8.1.13): 


la) x ml= Vo, apxa=Voa;, a, Xag=6,pa3, a” x a’ = oa, (8.1.13) 534 


a3 Xa,—=«ga’, a3 xa" = eBay (8.1.13)s 6 


Solution 


(a) Proof of the formulas (8.1.12). From the definitions of the permutation symbols 
(1) it follows that: 


bap = CapV a= Copa, 6 = eng/Vu = enps/Ve, Cape = 0 
for k = 1 or 2 


From the formulas (6.4.23) and (1.1.19) it then follows that: 
Enprele® = 5,55 — 540% = &ypé!? => (8.1.12), 
(8.1.12), = eye”? = 5154 — 5,58 = 512 — 5) = 6), = (8.1.12), 
(b) Derivation of the formulas (8.1.13). 


la; x ay|” = |a;|"|a>|"sin? (ay, ap) = a1 4991 = cos”(ay, a) | 


(ai2)” 


2 
= aya |1— = A142 — (a12) = det(a,g) = a > 
11 eal 11 (a2) ( up) 


ay X a = aa; > a, X ag = Voe,pa3 = 6,p83 => (8.1.13), 5, 


a’ x a? = (a'"a,) x (a'Pag) = al“a'¥a, x ag = a'"a'Pe,gay 


= [ala — (a'?)"| Vatas = 
a! x a’ = det(a”’) Vaa; (1) 
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Formula (8.1.7); = dja"? = df = det(ayp) det(a%’) = 1 > det(a*’) = 1/det(azp) 
=1/a (2) 

The equations (1) and (2) 


=a! xa? =a3//a => a* x ab = "a; = (8.1.13), 


The formulas (8.1.11)3 and (8.1.5), ie. a®- a; = 07, yield: 


(a3 x a,) - ag =a3- (a, x ag) = a3- (6,83) = Exp 
é,pa? - apg = Expy = = Exp 
=> (8.1.13), 


\> a3 X a, = é,pa’ 


The formula a3 x a% = ¢”’ay (8.1.13), is proved analogously. 


Problem 8.2 The covariant components of the unit normal vector a3in a general 
curvilinear coordinate system y are denoted by a, such that a; = a ig! . Derive the 
formula (8.1.14): 


a! dy! Oy* ap 


stita cape (8-114) 


Solution The following formulas are applied: 


A3Eup = Ay X ag = Epa; (8.1.13)3, expe”? = 6! (8.1.12) 


a) 
a, = 855 (8.1.2), gx g= ene (6.2.21) 
We now find: 
ee _ _ dy! ayk 
Expas _ Eypa3 = a, X ag — gj Out Ska dub 
_ dy! Oyk Oy) Oyk 
~ Bua Buk HE > 90S, = Fa Bye oH > 
7 Oy! Ay* x 
é Penp a. = 9 Dub ei” = 0,4, => a. 
= 1 dy! dy* 


sik aa Ee (8.1.14) 


Problem 8.3 Derive the formulas (8.1.18)—(8.1.20). 


83,,= —Byga’, a% p= Te a’ + Bypa’ a3 (8.1.18) 
apy = Vang tT yas Vapy = 1 (dyy,p + 4p), —Aapsy) (8.1.19) 
Dip = 24 %p = a Ve) »p (8.1.20) 
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Solution Derivation of the formulas (8.1.18). 
We use the formula (8.1.15): a,,g= Tp) + B,ga3 to obtain: 


a3 ag = 0 = a3,,-ag+a3° ag, =0 = a3,,-a% 


= —ay- |T,@; + Bpoas] = ag. Baga’ > (8.1.18), 


To derive (8.1.18) we again use the formula (8.1.15): az,g= Tp) + B,p a3 to 


obtain: 
a -a, = 0) => aay +a” -ay,p=0 = a’,p-a, = —a*- [Popa + Bypas| =—Tvp a 
a” -a3 = 0 = a%,g-a3 +a" - a3,5 = 0 = a%,g-a3 = —a* - [—Bpa’] = By, a” 


a® = —T%,a% + By,a%’a; = (8.1.18), 


Derivation of the formulas (8.1.19). 


xp ay: apg xB yy ag, ap + Ay * aps, 
AxB yy = (Tea, ) -agta,: (T%, ay) 17, 4 pp + Ty, dap Tang + Vga 
(Lpy + Dypa) + (Upon +P yap) — (Carp + pa) = Vapy + U pay 


(8.1.19), 
2D apy 


yy 5B + ABy sa — GaP sy 


1 
Pup) = 5 (4.8 + Appx — Aap y) (8.1.19), 


Derivation of the formulas (8.1.20). 
The formulas (1.1.25), (1.1.29), and (8.1.17) provide the results: 


0 Cc 
Co agp = fa) : ’ ab = pee aa 
yp a 


Then we obtain: 


i gy sp = 1A") Ag 5 = aa” (Tap, + Tepe) = 2a Vip 


ap = Day, 
=> 
(Ja), = C7, = aan 
*e 1 1 
Dis = 54 8 = ae (Vx) po (8.1.20) 


Problem 8.4 Show that the symbols ¢,, and e%8 defined by the formulas (8.1.11): 


é 0 1 
fap = Capa, 8"? = egg / Var, (ew) = (2, (8.1.11) 


represent the components of a surface tensor: the permutation tensor for surfaces. 
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Solution Let be the components of the tensor in two different surface coordinate 
systems uwandu be given by: the symbols é,, and a7 5 
&yp and ¢’? in the u-system.We need to show that: 


in theu-system, and by 


= Ou’ Ou? _p Our au ve 
8 = age gg (l), PP=a ane” 2) 


The fundamental parameters of first order in two surface coordinate systems 
u and u are related through the formulas: 


Ou’ Ou? ab Ou* OuP 


Aap => Bit, Otay” (3), Ow oui" 


(4) 


Using the multiplication theorem (1.1.23) for determinants, we obtain from the 
formulas (3) and (4): 


& = det(a,p) = ct (2) | cev(a) = ae (35) pate te (5) va (5) 


z= sale) = [ae(SE)] sever = [se TE) > ye-(ae) yx © 


Applying the formulas (8.1.11) we obtain from the results (5) and (6): 


Ou’ Ou? a Ou’ Ou? eee Ou! Au2— Au? Ou! 
Out OUP”? On Bub | On nb OU OUP. 


Ou’ Ou? 
= eer =) ev eple=ej ep oS 


Ou ub”? 
Ou* Ou? yp _ Oi" ou? ce Ou* Ou? = Ou Ou?) 1 
Ou? Ou «Ou? Our“? Ou! Ou? = Ou? Ou! | V/x 
Ou? 1 l ye. xp OR On? 
= det( ex Va Cup Ji é xB é B Alea => (2) 


Problem 8.5 Let S be a symmetric surface tensor field of second order. Show that 
the angle ¢ between a principal direction b corresponding to the principal value o, 
and the base vector a; in a surface coordinate system u is given by the formula: 


a — S} a\1 aji2 
—-—= (84.13 


Solution From Fig. 8.6 we obtain: 


tan db = 
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sind = b- 4 = (b,a7) - 5 = Bee 


‘a2 V a22 a2 sin p 
_ a a b => tang = 
cos = b+ Ti = (bya") «Fe = ae cos 


b a 
12 2 22 i 
(« - bi ) a2 (1) 


From the formulas (8.1.9) and (8.4.8) we get: 


ayy mw 42 2 Ail 

qe — Va, a= ey? a= oO (21; 
b o—S! 

ob; = Sib} +3bp > 2 =— | (3) 
by Si 


The results (1), (2), and (3) combine to: tan @ = a _ ie => (8.4.13) 
1 


Problem 8.6 Show that for a geodesic coordinate system u for a point P on a 
surface y'(u)the following hold true: 


OC, 


ih SO" y= y= tei = Cy SO iP (8.5.29) 


Solution Because the Christoffel symbols are zero in the pole P for a geodesic 
coordinate system u, it follows from the formulas (8.1.9) and (8.1.20) that: 


Ayp,y=9, %,=OinP (1) 
From the formulas (8.1.7) and (8.1.11) we write: 
Aya?! = oF bop = Copa, €F = egp/ Ja (2) 


The results (1) and (2) yield the formulas (8.5.29). 


Problem 8.7 Use the results (8.5.29) to prove that the formulas (8.5.30). 


Gp =O” y= ie = Baty =O yO —-(B.529) 


oa dav? be 5% 
ap ap on a8 
Axp |, a ly Exp |, é ly 0, a5 ae ce Be 0 (8.5.30) 


Solution In the special geodesic coordinate system u for the pole P the formulas 
(8.5.29) represent the tensor equations: 


aap F at F Exp F enh y 0 (1) 


and must therefore be valid in any general coordinate system u on the surface y'(u). 
The formulas (8.5.22) imply that: 
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The results (1) and (2) prove the formulas 8.5.30). 


Problem 8.8 Develop the formulas (8.5.31) for the covariant derivatives of the 
components of a second order tensor D: 


Dug |y = Dopry —Dipl 2, — Dual G,, DG ly = Dh + DIY, — DiDualj, (8.5.31) 


Solution Formula (8.5.31), will be developed by the following procedure. For any 
two coordinate systems u and u in the surface the components D,, and Dip of the 
tensor D are related through the formulas: 


Ou? Au’ 
“BT One One ~”* 


It follows that: 


OD,zg Ou? Ou? OD pj, Ou? uP Out Our ut 


On’ ~~ Ou Ou? Ou? On’ * OWwdux ub pi On aaiaat Oe (1) 


Let the system uz be a geodesic coordinate system in a point P in the surface. 
Then according to the formulas (8.3.14) the result (1) gives in point P: 


= OD B & OD Wi a ,| 
Dp a= a= = 55% a 6? —T? 54Dp, — 8T 4 Dpa 
OD up ; : : 
= ae _ T,Dig = V4, Daa in P (2) 


The components Dyp, i in Eq. (2) represent the covariant derivatives Dop |, of the 
tensor components Dip in P in the system u.The covariant derivatives D,, |, in the 
point P for the system u are obtained from the transformation formulas: 


= _ Ou? Ou’ ou? 
Pap Ou OuP Ou? Doi 


b= => of on ‘5? {Daa = Daaisa in P (3) 


The combination of the formulas (2) and (3) gives the result (8.5.31). 
Formula (8.5.31) will be developed by another method. Let ¢ be any surface 
vector field and define the surface vector field b = D-c > b* = D3 c}. The relation 


b* = D c’ may be differentiated in two ways: 
b*|, = Di, + Dic |,, By = Diy +Diey (4) 


The formulas (8.5.3) yield: 
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P= Pp thy oe y ten, 6) 


From the Eqs. (4) and (5) we obtain: 


BAL, = [Diy cf + Dict] +B'TY, = Dil,c? + Dsl oF, +414] > 


Di|,c8 — Diy of — Dic"V4, + DichT}, = 0 = [D§l, — Dj. DIF, + DIT, |e! = 0 


Because the result is to be true for any choice of the vector c, the term in the 
brackets [] must be zero: 


Bly 


‘ —Di 14, + Di}, = 0 => Dély = Dgsy + DZT%, — DUT}, 


=> (8.5.31), 


Bo? 


Problem 8.9 Show that: g;|, =g!|,=0, éjx|, =|, =0 (8.5.32) 
Solution In a Cartesian coordinate y-system and a geodesic u-system: 


i ijk 
sy= gi =oy, ey =e Sen > 


i) — 2064) 
2aly ral au 0, eit | 


ijk ik 0 (1 
|, = —0 (1) 
Since the formulas (1) represent tensor equations the formulas also hold true in 
space coordinate systems y and surface coordinate systems u. This argument proves 
the formulas (8.5.32). 


oy! 
Ou® |B Gj = 


Problem 8.10 Derive the formulas: Bug = 
ue i =B,pa' (8.5.33) 
Solution The following formulas will be used: 
0 1 
G19) =4,—¢-—, 
Ou 


te tahoe . _ i 
Definition : a3 = ag 


(8.5.26) > g,|,=0, (8.5.28) => ay |, = Bypa3, 


We find: 
dy’. Oy dy" i dy’ i 
ay |p = Bip 5,3 +; Au lp gi Ow lp Bypag Byp a ag; Out |p — Bup a (8.5.33), 
oy! ; 2 : 
(8.5.33). => ae [p@; = Bup a' a; Bug = vm Ie i (8.5.33), 


Problem 8.11 Let be ¢(y) scalar field on a surface y'(w). Show that: 
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Plap =Plpq (8.5.38) 


Solution By definition: ¢|, = ¢,,. Using the formula (8.5.3). and the symmetry 
of the Christoffel symbols we get: 


P lap — (|,) 56 —$|,T i = d,xp — yy My = P| pu > (8.5.38) 


Problem 8.12 Show that for the second covariant derivatives of the components 
D,p of a second order surface tensor D: 


Dip lis _ Dup sy > Do pRoy5 oP DacRhy5 Dug IF = Dug lsy only when R = 0 
(8.5.39) 


Solution Let c by any surface vector field and define the surface vector field 
b=D-c=>b,=Dy,p c#. It follows that: 


byl, = Dugl ec? +Duge*|,,  Palyls = Balys 


= Dypl, sc? + Dz cols + Dap B apc? 75 
= [Pashia — Daslsy] ct 

B 
= [baljs — Palsy] — Pap |elys — ley 


B 
5— [Papl,Als + Daglsc"|, — Daplsc’|y — Daglyc*ls| => (1) 


Using the formula (8.5.36) and the result Rays = s= —Roz,5 from the formulas 
(8.5.40) we can write: 


Dulys — Palsy = BoR%,5 = Dopc?Re,5 (2) 


Dyp G Ls — A la = Dape"R), 5 = —Dygc? Rb, (3) 


By combining the two formulas (1), (2), and (2) we obtain: 


[Dap 75 ~ Dap |5y — Dop Rays — DaoR ys ch =0 


Because the result is to be true for any choice of the vector c, the term in the 
brackets [] must be zero: 


Dap |y3 — Dap |5y — DopRiy5 — DacRjy5 =0 => 
Dug | ys Dyp|5y = = DopR°, 6+ DaoRG, 5: Daf |y = = Dyg|s, only when R = 0 © (8.5.39) 
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Problem 8.13 Prove the formula for the Gauss curvature » of a surface y'(u) : 


iL -2 
y= gore Reap, (8.5.42) 


Solution We use the formulas: 


(8.1.11) > exp = expo, 8”? =enp/Vu, (8.1.12) > eqge”? = 5? 
(8.5.41) > R5upi = PV EsxEBy 


Then we obtain: 


(ee?) (Raps) = (7165x8p)) (ee?) = ee °Rsap, = YOq0p = 7-2-2 => 
y = teePR5yp, = (8.5.42) 


Problem 8.14 Derive Weingarten’s formula: a‘|, = —Bf oy (8.5.45) 


Solution From the formulas: 


a; = a'g, (8.1.18) > a3,.= —B,ga’ = —Bhap, (8.5.26) > g;|, = 9, 
Oy’ 


A. -g=— 
(8.1.3) > ag -g Aub 


we obtain: 
8350 = a |i +a'g; | => a |B = —Bbay > 
a'|,8:-/=—Blag-g/ => a'|,=-Bl> = = (8.5.45) 
Problem 8.15 Let b be the space vector:b = bpa? + b3a3. Derive the equation: 


biv= (bp |, — bsBpx)al + (bsa+ bpBy)as (8.5.46) 


Solution We introduce a surface vector ¢ = bpa’e such that b = c+ b3a3. Then 
we use the result (8.5.4) to obtain: 


Dox = C2 +3, a3 + 53.83,4 = cp|,a" +cpah |, + 53,0 83 + 6383.4 
= bp|,a° + bpa® |, + day a3 + D383 54 


Now we use formula (8.6.18) to write: a3,. = —B,ga’and obtain the result: 
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b..= (bp|, — b3 Bpx)a’ + (b3,4 + bpBh)az = (8.5.46) 


Problem 8.16 Show that the fundamental parameters of third order C,g, of second 
order B,g, and of first order a,gof a surface y'(u) satisfy the equation: 


Cup — 2UBup + dog =O (8.7.18) 


jis the mean curvature and y is the Gauss curvature of the surface y'(u) . 


Solution First we obtain from the formula (8.1.2): 


i J i J i Ji 
aap = (2 )- (5s) Oy! Oy re oy (1) 


Bue) Bub 8) ~ Bue Dub 8 Bue Dub 8) ~ Ooh 


The formulas (8.7.16), (8.5.45), and (1) now yield: 


Oy! , Oys : 
Cop = 2! lesilp = (-BE52) (—B Pav) = BEBjayy > Cl = Beal 


C=B 


In a surface coordinate system u with base vectors parallel to the principal 
directions of the tensors B and C, the tensor matrices are: 


,_({% 0\ 7 mpm (#@ 0 
a=(0 a) 2=P=(9 ag) 


From the characteristic equation (8.7.8) of the tensor B: K? — 2uxk +) = 0, we 
obtain the matrix equation: C — 2uB+y1=0. This is a matrix representation of 
the tensor equation: C — 2uB-+y1= 0. In any surface coordinate system u one 
component representation of this tensor equation is (8.7.18). 
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A 
Absolute 
scalar field, 228 
tensor field, 228 
vector field, 228 
Absolute derivative of 
surface vector field, 288 
tensor components, 216, 219, 290 
vector components, 208, 209 
Acceleration, 26, 39 
Acceleration distribution formula, 112 
Addition of 
matrices, 2 
tensors, 81, 200 
vectors, 9 
Algebraic compliment of matrix element, 5 
Almansi’s strain tensor, 246 
Alternative definitions of tensors, 90 
Alternative invariants of second order 
tensors, 97 
Angle of rotation, 104, 108 
Angular acceleration 
tensor, 110, 112 
vector, 110, 112 
Angular momentum, 44 
Angular velocity vector, 49, 109 
Anisotropic state of stress, 174 
Antisymmetric second order tensor, 92 
Arc length, 22, 205, 277 
Arc length formula, 22, 205 
Atmospheric pressure, 180 
Axial 
scalar, 228 
tensor, 229 
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vector, 196, 229 
Axis of rotation, 107, 108, 123 


B 
Balance of angular momentum, 45, 120 
Balance of linear momentum, 45 
Base vector, 10, 187, 271 
Basic equations 
for linearly viscous fluids, 262 
in linear elasticity, 260 
Biaxial state of stress, 62, 63 
Bilinear scalar-valued function 
of two vector, 76, 77 
Binormal, 210 
Binormal vector, 22, 23 
Body couple, 44, 49 
Body force, 42 
Body-invariant tensor of second order, 120 
Box product, 18, 190, 196 
in general coordinates, 198 
Bulk modulus of elasticity, 89, 167 
Bulk viscosity, 89, 178 


Cc 
Calculus of variations, 298 
Cartesian components of a vector, 10, 11, 13 
Cartesian coordinate system, 7 
Cartesian coordinate transformation, 18 
Cartesian right-handed 

coordinate system, 18 
Cauchy-elastic material, 164 
Cauchy-Poisson law, 178 
Cauchy’s deformation tensor, 246 


Cauchy’s equations of motion, 54, 55, 56, 258 


377 


378 


Cauchy’s equations of motion (cont.) 
in cylindrical coordinates, 259 
in general coordinates, 258 
in spherical coordinates, 259 
Cauchy’s first law of motion, 55 
Cauchy’s lemma, 47 
Cauchy’s second law of motion, 56 
Cauchy’s stress tensor, 35, 50, 75, 254 
Cauchy’s stress theorem, 50, 51, 53 
Cauchy tetrahedron, 51, 331 
Cayley—Hamilton theorem, 84, 97, 112, 129 
Center of gravity, 45 
Center of mass, 45 
Central angular momentum, 121 
Change of variable in a volume integral, 327 
Characteristic equation of the 
second order tensor, 95, 284, 285 
strain tensor, 142 
stress tensor, 59 
Christoffel symbols, 204 
of first kind, 204, 274 
of second kind, 204, 273 
Circular irrotational flow, 153, 154 
Coaxial tensors, 65, 96, 98 
Codazzi equations, 307 
Cofactor of matrix element, 6 
Cofactor tensor, 93 
Column matrix, 1 
Column number, | 
Comma notation, 28 
Completely symmetric/antisymmetric 
tensor, 81 
Component displacement vector, 8 
Components of tensors in 
Cartesian systems, 77, 78 
general coordinate systems, 200 
Components of tensor of second order, 77, 78 
Components of the stress tensor, 53, 77 
Components of vectors, 10 
Composition of two tensors of second order, 
82, 85, 200, 201 
Composition of vectors, 9 
Compression modulus of elasticity, 167 
Compressive stress, 48 
Configuration of a body, 36 
Constitutive equation, 35, 163 
for Cauchy elastic materials, 164 
for linearly viscous fluids, 177, 178 
Contact force, 42 
Continuity equation 
for a fluid particle, 177 
Continuum mechanics, 35, 163 
Contraction of a tensor, 81-83, 201 
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Contravariant 
base vectors, 189, 281 
components of a tensor, 199 
components of a vector, 194, 195, 277, 281 
transformation, 188, 200, 205, 281 
transformation rule, 281 
Control surface, 335 
Control volume, 335 
Convected 
coordinates, 247 
coordinate system, 35, 37, 237, 247 
Convected derivative, 252 
differentiated vector components, 251 
Convected derivative of a vector, 252 
Convected differentiated 
vector components, 251 
Convective acceleration, 40 
Convective part of material derivative, 40 
Coordinate, 7 
invariant, 8 
line, 7, 185, 316 
plane, 7 
rate of shear strain, 149 
rates of strain, 149 
strains, 136 
stresses, 47, 48, 75 
stretch, 138 
surface, 184 
transformation formula, 20 
Coordinate axes, 7 
Coordinate rate of longitudinal strain, 149 
Couple stress, 44 
Covariant 
base vectors, 189, 281 
components of a vector, 194, 277 
components of a tensor, 198, 199 
transformation, 187, 188, 200, 205, 281 
transformation rule, 281 
Covariant derivative 
of tensor components, 216, 218 
of vector components, 208, 277, 281, 287 
of vector components in 
cylindrical coordinates, 216 
Cross product, 15 
Curl of a vector, 31, 212 
Curvature 
line, 302 
of a curve, 23, 296 
of a space curve, 210 
of a surface, 301 
tensor, 274, 301 
Curves in space, 21 
Curvilinear coordinates, 185, 316 
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Curvilinear coordinates system, 91, 185 

Cylindrical coordinates, 25, 32, 183, 185, 186, 
192, 205, 213, 243, 258 

Cylindrical surface, 274 


D 
Decomposition of a vector, 9 
Decomposition of the stress deviator, 65 
Definition of fluids, 174 
Deformation analysis, 131, 236 
Deformation gradient tensor, 134, 154, 236 
Del-operator, 30, 32, 39, 101, 207 
in cylindrical coordinates, 213, 216 
in general coordinates, 206, 207 
in orthogonal coordinates, 212, 213 
in spherical coordinates, 214 
Density, 37, 40, 174, 333 
Determinant of 
matrix, 4, 5 
second order tensor, 92, 201, 284, 
285 
Developable surface, 295 
Deviator of a second order tensor, 98 
Difference of tensors, 81 
Differential element of area, 44, 312 
Differential element of volume, 40, 322 
Differentiation of tensor fields, 204, 217 
Dilatational waves, 173 
Directional derivative of 
scalar field, 28, 29 
tensor field, 103 
Directional vector, 9 
Direction cosines, 19 
Direction of a vector, 9 
Displacement, 8 
Displacement gradient, 137 
Displacement gradient tensor, 137, 155, 238, 
245 
Displacement vector, 8, 107, 137, 233, 239 
Distortional wave, 173 
Distributive rule for vector products, 16 
Divergence of 
gradient of scalar field, 30, 31, 217 
gradient of a tensor field, 100 
gradient of a vector field, 221, 222 
Divergence of a vector field, 100, 212 
in Cartesian coordinates, 30 
in cylindrical coordinates, 211 
in orthogonal coordinates, 212 
in spherical coordinates, 214 
Divergence of tensor field of order n, 221 
Divergence of tensor of second order, 55, 100 
Divergence theorem in a plane, 314 
Divergence theorem in space, 325 
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Dot product of 

vectors, 13 
Dot product of tensors, 83, 85, 201 
Double dot product, 85, 201 
Double vector, 227 
Dual base vectors, 189 
Dual quantities, 91, 92 
Dummy index, 3 
Dyad, 82 
Dyadic, 90 
Dyadic products, 82 
Dynamics, 35 
Dynamic viscosity, 89 


E 
Eigenvalue, 59, 95 
Eigenvalue problem, 59, 95 
Eigenvalues of a second order tensor, 59 
Eigenvectors, 59, 95 
Einstein’s summation convention, 2 
Elastically homogeneous material, 164 
Elastically isotropic material, 164 
Elasticities, 165 
Elastic material, 164 
Elastic waves, 171 
Element of area, 312, 318 
Equation of state, 174 
Equations of motion, 41, 42 
Equilibrium equation for a fluid, 57 
Equivoluminal wave, 173 
Euclidian 

angles, 116 

shifters, 226, 234, 245 

space, 8, 11, 79, 320, 321 

surface, 295 
Euler equations, 298 
Eulerian coordinates, 38, 175, 233 
Eulerian description, 31, 38, 207, 233 
Eulerian fluid, 177 
Euler’s axioms, 41, 44 
Euler’s equations of motion for a rigid body, 

120 

Euler’s first axiom of motion, 35, 37, 41, 43 
Euler’s laws of motion, 44 
Euler’s second axiom of motion, 42, 44, 118 
Euler’s strain tensor, 246, 248 
Extensive quantity, 37 
Extremal value of normal stress, 66 
Extremes of a functional, 299 


F 

Film flow, 179 
Fluid at rest, 54 
Fluid definition, 174 
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Fluid mehanics, 38 
Force, 27 
Form invariant 
deformation, 161 
strain, 143 
Fourth order unit tensor, 88 
Free index, 3 
Frenet-Serret formulas, 23, 210 
for surface curve, 297, 295 
Fundamental parameters 
of first order, 191, 272, 307, 317 
of second order, 273, 307 
of third order, 307 


G 
Gas constant, 175 
Gauss curvature, 293, 295, 303 
Gauss equation, 307 
Gauss’ integral theorem 
in a plane, 313 
in space, 322 
General 
coordinates, 183, 184, 185 
homogeneous deformation, 158 
isotropic tensor of fourth order, 88 
General analysis of large deformations, 
244 
Generalized Hooke’s law, 89, 166, 260 
General rigid-body motion, 120 
Geodesic, 299 
curvature, 296, 300 
curve, 299 
Geodesic coordinate system, 282 
Geometrical sum, 9, 13 
Gradient of 
surface vector, 287 
tensor field of order n, 99 
Gradient of a scalar field, 29, 30, 207 
in Cartesian coordinates, 30 
in cylindrical coordinates, 213 
in general coordinates, 206, 207 
in orthogonal coordinates, 213 
in spherical coordinates, 214 
Gradient of a vector field, 209 
in Cartesian coordinates, 100 
in general coordinates, 209 


Gradient of divergence of a tensor field, 100, 


101 
Gradient of divergence of a vector field, 
221 
Gradient of gradient of scalar field, 220 
Gravitational force, 42 
Green’s deformation tensor, 135, 156, 236 
Green’s strain tensor, 135, 155, 237, 248 


Index 


H 
Helical constraint, 27 
Helix, 25 


Homogeneous deformation, 138 

Homogeneous pure strain, 156, 157 

Hookean material, 166 

Hookean solid, 166 

Hooke’s law, 165, 166, 168 
alternative forms, 168 

Hydrostatic stress tensor, 65 


I 
Ideal gas, 174 
Identity matrix, 4 
Improper orthogonal tensor, 125 
Incompressibility condition, 177 
Incompressible elastic material, 168, 169 
Individual derivative, 38 
Inertia tensor, 104, 117 
Infinitesimal deformations, 141 
Inner product of tensors, 83, 85 
Instantaneous axis of rotation, 106, 110 
Intensive physical quantity, 37, 38 
Intensive quantity, 37 
Intrinsic surface geometry, 294, 295 
Inverse 

deformation gradient tensor, 246 

deformation tensor, 246 

matrix, 6 

tensor, 92, 201 
Irrotational 

flow, 151 

motion, 151 

vortex, 153 

wave, 173 
Isochoric 

deformation, 161 

flow, 152, 153 

state of strain, 143 
Isometric surface, 295 
Isotropic deformation, 161 
Isotropic fourth order tensor, 88 
Isotropic function of tensors, 126 
Isotropic, linearly elastic material, 89, 166 
Isotropic scalar-valued 

function of tensors, 126 
Isotropic second order 

tensor-valued function, 126 

tensor, 82 
Isotropic second order tensor, 79 
Isotropic state of strain, 143 
Isotropic state of stress, 54, 62 
Isotropic tensor, 62, 79 
Isotrop of second order tensor, 79, 82, 98 
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J 
Jacobian, 162, 184, 280 
Jacobi determinant, 162, 316 


K 
Kinematics, 35 
Kinematics of 

general rigid-body motion, 111 
Kinetic energy density, 37 
Kinetics, 35 
Kronecker delta, 4, 79, 189 


L 
Lagrangian coordinates, 38, 233 
Lagrangian description, 38, 233 
Lamé constants, 89, 169 
Laplace-operator, 31, 32, 101, 221 
Large deformations, 154 
Law of balance 
of angular momentum, 45 
of linear momentum, 45 
Law of moments for system 
of mass particles, 42 
Left deformation tensor, 161 
Left-divergence of tensor field, 102 
Left—gradient of tensor field, 101, 
102 
Left-handed 
Cartesian system, 196 
coordinate system, 190 
system, 7, 190 
system of vectors, 190 
Left-operator, 101 
Left stretch tensor, 159, 160 
Level surface, 29 
Linearly elastic material, 89, 165 
Linearly viscous fluid, 262 
Linear mapping of 
tensors, 84, 201 
vectors, 76, 84 
Linear momentum, 37, 44 
Linear momentum of rigid body, 121 
Linear transformation of vectors, 76 
Linear vector-valued function 
of a vector, 76 
Local acceleration, 40 
Local part of material derivative, 40 
Longitudinal 
strain, 131, 135, 237, 239 
strain rate, 241 
wave, 172 
Lower-convected derivative, 252, 
254 
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M 
Magnitude of 
matrix, 6 
vector, 9, 15 
Magnitude of base vectors, 192, 195 
Mass density, 37 
Mass particle, 26, 42 
Material 
coordinates, 38, 233 
coordinates system, 231 
line, 37 
model, 35 
Material derivative of 
extensive quantity, 41, 333 
intensive quantity, 38 
particle function, 38 
place function, 37, 39 
tensor field, 103 
Material derivative of the components of 
the permutation tensor, 235 
the unit tensor, 235 
Matrix, | 
Matrix product, 2 
Maximum shear strain, 143 
in a surface, 146, 147 
Maximum shear stress, 64, 65 
Mean curvature, 302 
Mean normal stress, 167 
Mean value theorem, 326 
Metric 
coordinate, 185 
of surface, 294, 295 
of the space E3, 206 
tensor, 191, 206 
Mixed transformations 
of tensor components, 198, 199, 200 
Modulus of elasticity, 89, 165 
Mohr-diagram 
for small deformations in a surface, 147 
for state of plane stress, 71, 72 
Mohr’s strain circle, 131, 147 
Mohr’s stress circle, 61, 131 
Moment invariants 
of second order tensor, 97 
Moment of inertia, 117 
of homogeneous bodies, 117, 118 
Motion of a continuum, 103 
Motion of pure strain, 156 
Multilinear scalar—valued function 
of vectors, 76, 90, 198 
Multiplication of matrices, 3 
Multiplication theorem 
for determinants, 5 
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N 
Natural power of a matrix, 6 
Navier’s equations, 169, 170, 221, 260 
in cylindrical coordinates, 261 
in general coordinates, 260 
in orthogonal coordinates, 260 
in spherical coordinates, 261, 264 
Navier-Stokes’ equations, 179, 221, 262 
in Cartesian coordinates, 179, 262 
in cylindrical coordinates, 266 
in general coordinates, 262, 263 
in spherical coordinates, 268 
n-dimensional 
Euclidean space, 7 
matrix, 2 
Riemannian space, 8 
Newtonian fluid, 176, 178, 262 
Newton’s second law of motion, 27, 42 
for a system of mass particles, 42 
Newton’s third law of action and reaction, 42, 
46, 47 
Non-singular tensor, 124, 160 
Normal 
acceleration, 26, 211 
component of a second order tensor, 94, 
202, 285 
strain, 131 
stress, 43, 47 
vector, 22 
Norm of 
matrix, 6 
second order tensor, 92, 201 
NP-scalar field, 228 
NP-vector field, 228 
NP-tensor field, 229 


O 
Objective quantity, 6 
Objective tensor, 251 
One-dimensional 
matrix, | 
wave equation, 172 
Origin of a coordinate system, 7 
Orthogonal 
Cartesian coordinate system, 11 
coordinates, 192, 212, 213, 239, 242 
matrix, 19 
Orthogonal right-handed 
system of unit vectors, 18 
Orthogonal right-handed Cartesian 
coordinate system, 7, 35 
Orthogonal shear component of a second 
order tensor, 94, 202 
Orthogonal tensor of second order, 93 
Orthonormal set of vectors, 93 
Osculating plane, 23 
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P 
Parallelogram law, 9 
Parallel vector field, 300 
Partial-covariant derivatives, 227 
Particle, 35, 232 
Particle acceleration, 40, 235 
Particle coordinates, 37, 38, 232 
Particle derivative, 38 
Particle function, 38, 233 
Particle vector, 35, 232 
Pathline, 36 
Perfect fluid, 177 
Permutation symbols, 4, 190, 273 
Permutation tensor, 80, 202, 220, 235 
Permutation tensor for surfaces, 284 
Physical components of 
rate of deformation tensor, 242 
rate of rotation tensor, 242 
small strain tensor, 212, 213, 238, 239 
vectors, 195 
vorticity vector, 242 
Physical stress components, 256, 257 
in cylindrical coordinates, 258 
Piecewise smooth curve, 22 
Pipe flow, 267 
Place coordinates, 232 
Place function, 37, 38, 233 
Plane isotropic state of stress, 62, 63 
Plane of normals, 22 
Plane state of stress, 62, 63 
Poisson’s ratio, 165, 168 
Polar decomposition, 124, 159 
Polar decomposition theorem, 124, 160, 246 
Pole of normals, 73 
Polyad, 82 
Polyadic, 89, 90 
Positive definite symmetric tensor, 156 
Positive definite tensor, 96, 156 
Positive side of a surface, 272, 317 
Potential flow, 136, 151 
Potential vortex, 135, 153 
Potential vortex flow, 154 
Power of a tensor, 96 
Present configuration, 36, 231 
Present time, 35, 231 
Pressure in a fluid at rest, 54, 57 
Primary wave, 174 
Principal 
curvature, 302 
moments of inertia, 117, 120 
normal, 22, 296 
normal vector, 22, 23, 210, 296 
planes of stress, 58, 69 
strain, 142, 143 
stress, 56, 58 
stress directions, 58 
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stress planes, 58, 69 
stretch, 156, 160 
values of second order tensor, 94, 285 
Principal axes of 
inertia, 117 
second order tensor, 95 
stress, 62 
Principal directions of 
curvature, 302 
plane state of stress, 69 
rate of deformation tensor, 241, 242 
second order tensor, 94, 286 
small strains, 142 
stress, 56, 58 
Principal invariants of 
second order tensor, 82, 95, 182, 203 
strain tensor, 124, 141 
stress, 50, 58 
Principal normal vector, 22, 210 
Principal planes of stress, 56, 69 
Principal stresses, 58 
in a state of pure shear stress, 64 
Principal stress theorem, 58 
Principle of 
conservation of mass, 40 
superposition, 163, 164 
Product of a scalar and a vector, 9 
Product of inertia, 117 
Proper orthogonal tensor, 125 
Properties of some elastic materials, 167 
Pure 
rotation, 144, 145 
rotation about a fixed axis, 104 
rotation about a fixed point, 106 
strain, 145 
Purely viscous fluid, 176 


Q 
Q-rotation 

of tensors, 124 

of vectors, 123 
Quotient theorem, 86, 87 


R 
Radius of curvature, 23 
“Raising and lowering of indices”, 199 
Rate of 
deformation tensor, 89, 148, 241 
longitudinal strain, 148 
rotation tensor, 109, 148, 241 
shear strain, 149 
strain, 148 
strain tensor, 89 
volumetric strain, 149, 152 
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Reciprocal base vectors, 189, 272 
Reciprocal fundamental parameter 
of first order, 191, 272, 295 

Rectilinear rotational flow, 151 
Reference, 6 
body, 6 
configuration, 36, 231 
coordinates, 37, 38, 233 
description, 38, 233 
frame, 6 
related tensor, 251 
time, 35, 231 
Reference invariant quantity, 6 
Reference invariant tensor, 251 
Reference related quantity, 7 
Reference time, 231 
Relative scalar field, 228 
Relative tensor, 228, 229 
Relative tensor field, 228 
Resultant force, 44 
Resultant moment, 44 
Resultant of displacement, 9 
Reynolds’ transport theorem, 334, 335 
Riemann-Christoffel tensor, 292, 295 
Riemannian space, 8 
Right deformation tensor, 161 
Right-divergence of tensor field, 102 
Right-gradient of tensor field, 101 
Right-handed 
Cartesian coordinate system, 7 
system, 317 
system of axes, 7 
system of three vectors, 93, 272 
system of unit vectors, 18 
system of vectors, 190 
Right-hand rule, 15 
Right-operator, 101 
Right stretch tensor, 158, 160, 245 
Rigid-body 
dynamics, kinematics, 104 
dynamics, kinetics, 115 
motion, 111, 156 
rotation about a fixed axis, 105 
rotation about a fixed point, 107 
Rotational 
velocity vector, 109 
wave, 173 
Rotation angle, 124 
Rotation of 
surface vector field, 294 
tensor field of order n, 101 
two surface vectors, 279, 280 
vector field, 31, 32, 212, 221 
Rotation tensor, 105, 107, 158, 159 
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Rotation tensor for small deformations, 144, 
239 

Rotation vector for small deformation, 144 

Row matrix, 2 

Row number, | 

R-rotation of a vector field, 107 


S 
Scalar, 8 
components of a vector, 10, 11 
density, 228 
field, 28 
invariant, 8, 92 
Scalar invariant of a second order tensor, 92 
Scalar product of surface vectors, 279 
Scalar product of tensors, 83, 201 
Scalar product of vectors, 13, 196 
Scalar triple product of vectors, 18, 196 
in general coordinates, 196, 199 
Scalar-valued function of vectors, 76, 198 
Secondary wave, 174 
Shear component of second order tensor, 202, 
285 
Shear modulus, 89, 167 
Shear rate, 149 
Shear strain, 131, 132, 237, 239 
Shear strain rate, 241 
Shear stress, 43, 47 
Shear viscosity, 89, 178 
Simple shear, 249 
Simple shear flow, 151, 153 
Small deformations, 138, 139, 140, 238 
Small deformations in a material surface, 
145 
Small strains, 138, 139, 238 
Small strain tensor, 141 
Smooth curve, 21, 22 
Space coordinates, 38, 233 
Space curve, 21 
Space polygon, 13 
Space-surface tensor, 286, 287 
Spacial description, 38, 175, 233 
Specific linear momentum, 37 
Specific quantity, 37 
Spherical coordinates, 32, 183, 186, 192, 193, 
205, 214, 243 
Spin tensor, 148 
Square matrix, 1, 2 
State of 
biaxial stress, 69 
form invariant strain, 143 
plane stress, 69, 71, 72 
pure shear stress, 50, 64 
small deformations, 139 
small strains, 138 
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Steady field, 28 
Steady tensor field, 98 
Stiffness, 165 
Stokes’ four criteria for fluids, 177 
Stokes relation, 178 
Stokes’ theorem 
for a curved surface, 325 
in a plane, 314 
Strain 
deviator, 143 
isotrop, 143 
longitudinal, 131 
measures, 131, 237 
potential, 145 
rate, 148 
tensor, 134, 135 
tensor for small deformations, 89, 164, 239 
volumetric, 137, 141 
Stress 
deviator, 64, 65 
isotrop, 64, 65 
matrix, 47 
pulses, 171 
tensor, definition, 53, 76 
vector, 43, 50 
waves, 171 
Stretch, 138 
Stretch tensor, 156 
Substantial derivative, 38 
Subtraction of tensors, 200 
Summation convention, 2 
Summation index, 3 
Sum of tensors, 81 
Surface, 271 
coordinates, 271, 315, 320 
force, 42 
gradient, 290, 291 
tensor, 271, 283 
Surface vector, 277 
contravariant components, 277 
covariant components, 277 
Symmetric/antisymmetric tensor, 90 
Symmetric second order surface tensor, 284 
characteristic equation, 285 
principal directions, 286 
principal invariants, 285 
principal values, 285 
Symmetric tensor of second order, 93, 202 


T 

Tangential acceleration, 27, 211 
Tangent plane, 277 

Tangent vector, 22, 206, 210, 277, 295 
Temperature, 174 

Tensile stress, 48 
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Tensor 

algebra, 81 

components, 77, 198, 199 

definition, 76, 198, 199 

equation, 87 

field, 98 

isotropic, 62, 79 

matrix, 77, 78 

of first order, 76, 77 

of order n, 76, 80, 85, 198 

of second order, 77, 78, 79, 91 

of zeroth order, 77 

product, 81, 82, 200, 201 

sum, 81 
Tensor-derivative, 287, 288, 289, 290 
Tensor for small deformations, 141 
Tensors as polyadics, 89, 203 
Theorem of existence of solution, 164 
Theorem of uniqueness of solution, 164 
Thermodynamic pressure, 174, 177 
Three-dimensional Euclidian space, 7, 271 
Three-dimensional matrix, 2 
Time, 26, 28 
Torque, 49, 122 
Torsion of a curve, 23, 210 
Total-covariant derivative 

of tensor components, 228 
Total curvature, 293 
Trace invariants, 97 
Trace of a matrix, 6 


Trace of a second order tensor, 83, 92, 201, 285 


Traction, 42 
Transformation matrix, 19 
Translation, 111, 138 
Transposed matrix, 2 
Transposed tensor, 91, 92 
Transversal wave, 172 
Triad, 82 
Triaxial state of stress, 62 
Two-dimensional 
Euclidean space, 7, 294 
Riemannian space, 8, 271, 295 
Two dimensional matrix, | 
Two-point components of 
deformation gradient tensor, 236 
unit tensor, 226 
Two-point tensor field, 225 
Two-point vector field, 227 


U 
Uniaxial state of stress, 49, 62 
Uniform field, 28 


niform tensor field, 98 
niform vector field, 209 

nit matrix, 4 

nit tangent vector, 263, 295 
nit tensor of fourth order, 88 


Cetageton =, 


286 
Unit vector, 9 
Upper-convected derivative, 252, 254 


Vv 
Vector 
addition, 9 
algebra, 13 
components, 11 
definition, 13 
field, 28, 194 
matrix, 1, 12 
polygon, 11 
product in general coordinates, 198 
product of surface vectors, 279 
product of vectors, 15 
Vector operators 
in cylindrical coordinates, 223 
in spherical coordinates, 224 
Vector—valued function of a vector, 75, 76 
Velocity, 26, 39 
Velocity distribution formula, 112 
Velocity gradient tensor, 148, 241 
Viscometer, 175 
Viscosity, 176, 178 
Volume element, 40, 322, 329 
Volume forces, 42 
Volume invariant deformation, 161 
Volume invariant strain, 143 
Volumetric 
strain, 131, 132, 137, 237, 239 
strain rate, 214, 241 
Volumetric wave, 173 
Vorticity, 149 
Vorticity-free vortex, 154 
Vorticity tensor, 148 


Ww 

Wave front, 172 

Wave front velocity, 172, 173 
Weingarten’s formula, 294 


Z 
Zero tensor, 81, 292 
Zero vector, 9 
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nit tensor of second order, 79, 191, 199, 220, 


